






THE 


THEORY OF OPTICS 


PAUL DRUDE 

Professor of Physics at the University oj Giessen 

PROPERTY OF 

ttEfsfeit Tr(;Hi!ninst 




TRANSLATED FROM THE GERMAN 


C. RIBORG MANN and ROBERT A. MILLIKAN 


Professors of Physics in the University of Chicago 


NEW IMPEESSTON 


^LONGMANS, GREEN AND CO.- 

, FOURTH AVENUE & 80 th STREET, NEW YORK 
89 PATERNOSTER ROW. LONDON 

BOMBAY, CALCUTTA, AND MADBAS 

. , 1917 



Copyright, X901, 

BY 

LONGMiiNS, GREEN, AND 


Keprinted November ■ 
■Apnl, 19x3. November, 


:face to the English translation 


lERE does not exist to-day in the English language a 
l 1 advanced text upon Optics which embodies the im- 
t advances in both theory and experiment which have 
nade within the last decade. 

eston’s “ Theory of Light ” is at present the only gen- 
txt upon Optics in English. Satisfactory as this work 
the purposes of the general student, it approaches the 
t from the historical standpoint and contains no funda- 
1 development of some of the important theories which 
5t becoming the basis of modern optics. Thus it touches 
ightly upon the theory of optical instruments — a branch 
Lcs which has received at the hands of Abbe and his fol- 
5 a most extensive and beautiful development ; it gives 
t meagre presentation of the electromagnetic theory — 
ory which has recently been brought into particular 
nence by the work of Lorentz, Zeeman, and others ; and 
tains no discussion whatever of the application of the 
)f thermodynamics to the study of radiation, 
le book by Heath, the last edition of which appeared in 
well supplies the lack in the field of Geometrical Optics, 
iasset’s “ Treatise on Physical Optics ” (1892) is a valua- 
fid advanced presentation of many aspects of the wave 
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the relation, between the laws of radiation and the principles of 
thermodynamics, have yet been attempted in any general text 
in English. 

It is in precisely these two respects that the “ Lehrbuchder 
Optik by Professor Paul Drude (Leipzig, 1900) particularly 
excels. Therefore in making this book, written by one who 
has contributed so largely to the progress which has been 
made in Optics within the last ten years, accessible to the 
English-speaking public, the translators have rendered a very 
important service to English and American students of 
Physics. 

No one who desires to gain an insight into the most mod- 
ern aspects of optical research can afford to be unfamiliar with 
this remarkably original and consecutive presentation of the 
subject of Optics. 


Univkrsity or Chicago, 
February, 1902. 


A. A. Michejlson. 



AUTHOR’S PREFACE 


The purpose of the present book is to introduce the reader 
who is already familiar with the fundamental concepts of the 
differential and integral calculus into the domain of optics 
in such a way that he may be able both to understand the 
dms and results of the most recent investigation and, in addi- 
tion, to follow the original works in detail. 

The book was written at the request of the publisher — a 
request to which I gladly responded, not only because I 
shared his view that a modern text embracing the entire 
domain was wanting, but also because I hoped to obtain for 
myself some new ideas from the deeper insight into the sub- 
ject which writing in book form necessitates. In the second 
and third sections of the Physical Optics I have advanced some 
new theories. In the rest of the book I have merely endeav- 
ored to present in the simplest possible way results already 
published. 

Since I had a text-book in mind rather than a compen- 
dium, I have avoided the citation of such references as bear 
only upon the historical development of optics. The few refer- 
ences which I have included are merely intended to serve the 
reader for more complete information upon those points 
which can find only brief presentation in the text, especially 
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In order to keep in touch with experiment and at 
simplest possible presentation of the subject I have c: 
synthetic method. The simplest experiments lead i; 
domain of geometrical optics, in which but few assm 
need to be made as to the nature of light. Hence 
begun with geometrical optics, following closely the e: 
treatment given by Czapski in Winkelmann’s Handbi 
Physik ” and by Lommer in the ninth edition of the 
Pouillet ” text. 

The first section of the Physical Optics, which foil 
Geometrical, treats of those general properties of ligl 
which the conclusion is drawn that light consists in a ] 
change of condition which is propagated with finite vel 
the form of transverse waves. In this section I have ir 
as an important advance upon most previous texts, Si 
feld’s rigorous solution of the simplest case of diff 
Cornu’s geometric representation of Fresnel’s Integra 
on the experimental side, Michelson’s echelon spectros 

In^he second section, for the sake of the treatmer 
optical properties of different bodies, an extension 
hypotheses as to the nature of light became for the fi] 
necessary. In accordance with the purpose of the bool^ 
merely mentioned the mechanical theories of light ; 
electromagnetic theory, which permits the simplest ar 
consistent treatment of optical relations, I have prese 
the following form : 

Let F, Z, arid nr, /?, y represent respectively th 
ponents of the electric and magnetic forces (the first m 
in electrostatic units) ; also let , and re 

the components of the electric and magnetic current di 

i*e. — times the number of electric or magnetic lines 


electromagnetic to the electrostatic unit, the following funda- 
mental equations always hold : 

c ~ -dy ^ ~ ^2 ^y’ 

The number of lines of force is defined in the usual way. 
The particular optical properties of bodies first make their 
appearance in the equations which connect the electric and 
magnetic current densities with the electric and magnetic 
forces. Let these equations be called the substance equations 
in order to distinguish them from the above fundamental 
equations. Since these substance equations are developed 
for non-homogeneous bodies, i.e. for bodies whose properties 
vary from point to point, and since the fundamental equa- 
tions hold in all cases, both the differential equations of the 
electric and magnetic forces and the equations of condition 
which must be fulfilled at the surface of a body are imme- 
diately obtained. 

In the process of setting up substance and fundamental 
equations ” I have again proceeded synthetically in that I 
have deduced them from the simplest electric and magnetic 
experiments. Since the book is to treat mainly of optics this 
process can here be but briefly sketched. For a more com- 
plete development the reader is referred to my book Physik 
des Aethers auf elektromagnetische Grundlage” (Enke, 1894). 

In this way however, no explanation of the phenomena of 
dispersion is obtained because pure electromagnetic experi- 
ments lead to conclusions in what may be called the domain 
of macrophysical properties only. For 'the explanation of 
optical dispersion a hypothesis as to the microphysical proper- 
ties of bodies must be made. As such I have made use of 
the ion-hypothesis introduced by Helmholtz because it seemed 
to me the simplest, most intelligible, and most consistent way 
of presenting not only dispersion, absorption, and rotary 
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polarization, but also magneto -optical phenomena and th 
optical properties of bodies in motion. These two last-namei 
subjects I have thought it especially necessary to conside 
because the first has acquired new interest from Zeeman’s dis 
covery, and the second has received at the hands of H. A 
Lorentz a development as comprehensive as it is elegani 
This theory of Lorentz I have attempted to simplify by th 
elimination of all quantities which are not necessary to optics 
With respect to magneto-optical phenomena I have pointe( 
out that it is, in general, impossible to explain them by th 
mere supposition that ions set in motion in a magnetic fieb 
are subject to a deflecting force, but that in the case of th 
strongly magnetic metals the ions must be in such a continuou 
motion as to produce Ampere’s molecular currents. Thi 
supposition also disposes at once of the hitherto unanswerei 
question as to why the permeability of iron and, in fact, of a] 
other substances must be assumed equal to that of the fre 
ether for those vibrations which produce light. 

The application of the ion-hypothesis leads also to som 
new dispersion formulae for the natural and magnetic rotation 
of the plane of polarization, formulae which are experimental!; 
verified. Furthermore, in the case of the metals, the ion 
hypothesis leads to dispersion formulae which make the con 
tinuity of the optical and electrical properties of the metal 
depend essentially upon the inertia of the ions, and which hav( 
also been experimentally verified within the narrow limits thu: 
far accessible to observation. 

The third section of the book is concerned with the rela 
tdon of optics to thermodynamics and (in the third chapter) t 
the kinetic theory of gases. The pioneer theoretical work h 
these subjects was done by Kirchhofif, Clausius, Boltzmanr 
and W. Wien, and the many fruitful experimrental investiga 
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IX 


Imbued with this conviction, I have written this book in the 
endeavor to make the theory accessible to that wider circle of 
readers who have not the time to undertake the study of the 
original works. I can make no claim to such completeness as 
is aimed at in Mascart’s excellent treatise, or in Winkelmann’s 
Handbuch. For the sake of brevity I have passed over many 
interesting and important fields of optical investigation. My 
purpose is attained if these pages strengthen the reader in 
the view that optics is not an old and worn-out branch of 
Physics, but that in it also there pulses a new life whose further 
nourishing must be inviting to every one. 

Mr. F. Kiebitz has given me efficient assistance in the 
reading of the proof. 


Leipzig, January, 1900. 



INTRODUCTION 


Many optical phenomena, among them those which have 
found the most extensive practical application, take place in 
accordance with the following fundamental laws : 

1. The law of the rectilinear propagation of light; 

2. The law of the independence of the different portions of 
a beam of light; 

3. The law of reflection; 

4. The law of refraction. 

Since these four fundamental laws relate only to the 
geometrical determination of the propagation of light, conclu- 
sions concerning certain geometrical relations in optics may 
be reached by making them the starting-point of the analysis 
without taking account of other properties of light. Hence 
these fundamental laws constitute a sufficient foundation for 
so-called geometrical optics^ and no especial hypothesis which 
enters, more closely into the nature of light is needed to make 
the superstructure complete. 

In contrast with geometrical optics stands physical optics ^ 
which deals with other than the purely geometrical properties, 
and which enters more closely into the relation of the physical 
properties of different bodies to light phenomena. The best 
success in making a convenient classification of the great 
multitude of these phenomena has been attained by devising 
particular hypotheses as to the nature of light. 

From the standpoint of physical optics the four above-men- 
tioned fundamental laws appear only as very close approxima- 
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tions. However, it is possible to state within what limits the 
laws of geometrical optics are accurate, i,e. under what cir- 
cumstances their consequences deviate from the actual facts. 

This circumstance must be borne in mind if geometrical 
optics is to be treated as a field for real discipline in physics 
rather than one for the practice of pure mathematics. The 
truly complete theory of optical instruments can only be 
developed from' the standpoint of physical optics ; but since, 
as has been already remarked, the laws of geometrical optics 
furnish in most cases very close approximations to the actual 
facts, it seems justifiable to follow out the consequences of 
these laws even in such complicated cases as arise in the 
theory of optical instruments. 
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CHAPTER I 


THE FUNDAMENTAL LAWS 


I. Direct Experiment. — The four fundamental laws stated 
ove are obtained by direct experiment. 

The rectilinear propagation of light is shown by the shadow 
an opaque body which a point source of light P casts upon 
screen 5. If the opaque body contains an aperture Z, then 
e edge of the shadow cast upon the screen is found to be the 
tersection of 5 with a cone whose vertex lies in the source P 
id whose surface passes through the periphery of the aper- 
re L, 

If the aperture is made smaller, the boundary of the shadow 
)on the screen 5 contracts. Moreover it becomes indefinite 
ben L is made very small (e.g. less than i mm.)^ for 
)ints upon the screen which lie within the geometrical shadow? 
)W receive light from P. However, it is to be observed 
at a true point source can never be realized, and, on account 
the finite extent of the source, the edge of the shadow could 
wer be perfectly sharp even if light were propagated in 
raight lines (umbra and penumbra). Nevertheless, in the 
.se of a very small opening L (say of about one tenth mm. 
ameter) the light is spread out behind L upon the screen so 
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The same result is obtained if the shadow which an opaque 
body casts upon the screen .9 is studied, instead of the 
spreading out of the light which has passed through a hole in 
an opaque object. If S' is sufficiently small, rectilinear 
propagation of light from P does not take place. It is there- 
fore necessary to bear in mind that the law of the rectilinear 
propagation of light holds only when the free opening through 
which the light passes, or the screens which prevent its passage, 
are not too small. 

In order to conveniently describe the propagation of light 
from a source P to a screen 5, it is customary to say that P 
sends rq;ys to S. The path of a ray of .light is then defined 
by the fact that its effect upon 5 can be cut off only by an 
obstacle that lies in the path of the ray itself. When the 
propagation of light is rectilinear the rays are straight lines, 
as when light from P passes through a sufficiently large open- 
ing in an opaque body. In this case it is customary to say 
that P sends a beam of light through L, 

Since by diminishing L the result upon the screen S is the 
same as though the influence of certain of the rays proceeding 
from P were simply removed while that of the other rays 
remained unchanged, it follows that the different parts of a 
beam of light are independent of one another. 

This law too breaks down if the diminution of the open- 
ing L is carried too far. But in that case the conception of 
light rays propagated in straight lines is altogether untenable. 

The concept of light rays is then merely introduced for 
convenience. It is altogether impossible to isolate a single 
ray and prove its physical existence. For the more one tries 
to attain this end by narrowing the beam, the less does light 
proceed in straight lines, and the more does the concept of 
light rays lose its physical significance. 

If the homogeneity of the space in which the light rays exist 
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face of the body upon which the light falls is plane, then the 
plane of incidence is that plane which is defined by the incident 
ray and the normal N to the surface, and the angle of 
incidence 0 is the angle included between these two direc- 
tions. 

The following laws hold : The reflected and refracted rays 
both lie in the plane of incidence. The angle of reflection (the 
angle included between iVand the reflected ray) is eqtial to the 
angle of mcidence. The angle of refraction cp! (angle included 
between iVand the refracted ray) bears to the angle of incidence 
the relation 


sin 0 
sin 0' 


(0 


in which n is sl constant for any given color, and is called the 
indea: of refraction of the body with reference to the surround- 
ing medium. — Unless otherwise specified the index of refraction 
with respect to air will be understood. — For all transparent 
liquids and solids n is greater than /. 

If a body A is separated from air by a thin plane parallel 
plate of some other body B, the light is refracted at both sur- 
faces of the plate in accordance with equation (i); i.e. 


sin 0 


sin 0' 


= n. 


sin 0' 


sin 0 


= 



in which 0 represents the angle of incidence in air, 0' the 
angle of refraction in the body B, 0" the angle of refraction in 
the body n^^ the index of refraction of B with respect to air, 
n^^ the index of refraction of A with respect to B\ therefore 


sin 0 
sin 0" 
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last equation in combination with (i) then gives, denoting 
the index of refraction of A with respect to air, 


or 






( 2 ) 


1 e. the index of refraction of A with respect to B is equal to 
the ratio of the indices of A and B with respect to air. 

T^i f ^^1 considered had been that of an infinitely thin 
plate A placed upon the body B, the same process of reason- 
ing would have given 


Hence 


: Wa. 


= I : 


'ba > 


i.e. thei'i^x of A with respect to B is the reciprocal of the 
index of B with respect to A . 

The law of refraction stated in (i) permits, then, the con- 

inXV d^^ regarded as the angle of incidence 

n the body, and 0 as the angle of refraction in the surround- 

riveT^dffl propagation may be 

reversed without changing the path of the rays. For the case 

biHty ako hoWr' 

of equation (i), which corresponds to the passage 

of light from a body ^ to a body 5 or the reverse, Ly fe 
put in the symmetrical form > 

«„-sin0^ = . sin ^ 2 ) 

normal^TFlnrl^d^^^^^ included between the 

normal iV and the directions of the ray in A and B respec- 

respective indices with respect to 
some medium hke air or the free ether 

The difference between the index « of a body with respect 
to air and its index wiJ-h r#»crk<3ir''f- « • ^ 
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in which n' denotes the index of a vacuum with respect to air. 
Its value at atmospheric pressure and o° C. is 

W = \ \ 1.00029. (5) 

According to equation (3) there exists a refracted ray (0^) 
to correspond to every possible incident ray 0^ only when 
for if n^> and if 

sin 0a > J (6) 

then sin 0^ > i; i.e. there is no real angle of refraction 0^. 
In that case no refraction occurs at the surface, but reflection 
only. The whole intensity of the incident ray must then be 
contained in the reflected ray; i.e. there is total reflection. 

In all other cases {^partial reflectio 7 i) the intensity of the 
incident light is divided between the reflected and the re- 
fracted rays according to a law which will be more fully 
considered later (Section 2, Chapter II). Here the observa- 
tion must suffice that, in general, for transparent bodies the 
refracted ray contains much more light than the reflected. 
Only in the case of the metals does the latter contain almost 
the entire intensity of the incident light. It is also to be 
observed that the law of reflection holds for very opaque bodies, 
like the metals, but the law of refraction is no longer correct 
in the form given in (i) or (3). This point will be more fully 
discussed later (Section 2, Chapter IV). 

The different qualities perceptible in light are called colors. 
The refractive index depends on the color, and, when referred 
to air, increases, for transparent bodies, as the color changes 
from red through yellow to blue. The spreading out of white 
light into a spectrum by passage through a prism is due to this 
change of index with the color, and is called dispersion. 

If the surface of the body upon which the light falls is not 
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above laws. However, this process is reliable only w] 

whln^h^ surface does not exceed a certain lin 

When the surface may be considered smooth. 

irregular (diffuse) reflectic 
fraction and act as though they themselves emitted 
Ihe surface of a body is visible only because of diffuse 
tion and refraction. The surface of a perfect mirror is 

n y objects which lie outside of the mirror, and 
rays are reflected by it, are seen. 

2. £aw of the Extreme Path*_All of these e 
mental facts as to the direction of light rays are compreh 
n the law of the extreme path. If a ray of light in pi 
rom a point P to a point A" experiences any number of i 
tions and refractions, then the sum of the products c 
dex of refraction of each medium by the distance trav 
,.J ’ a maximum or minimum value: i 

1 ers rom a like sum for all other paths which are infii 
close to the actual path by terms of the second or higher o 
Thus if denotes the variation of the first order. 


SiSnl = o. 


. , product, index of refraction times distance trav 
IS known as the optical length of the ray. 

POP' proposition for a single refracti 

SZ r I), OE the 

sectaon of the plane of incidence /’OA with the surfece 

gent plane) of the refracting body, 0' a point on the si 

of the refracting body infinitely near to so that 

makes any angle ^ with the plane of incidence, i.e. wit 

j proved that, to terms of the s« 

or higher order. 


■FO + n'.OP' = n-PO' + n' • OP', 
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in which n and represent the indices of refraction of the 
adjoining media. 

If a perpendicular OR be dropped from 0 upon PO^ and a 
perpendicular OK upon P’ 0\ then, to terms of the second 
order, 

PO' ^PO^ R0\ OP' = OP' OP'. . . (9) 

Also, to the same degree of approximation, 

RO' = 00'. cos POO', O'R' = 00'. cos P'00\ (lo) 



In order to calculate cos POO' imagine an axis OP perpen- 
dicular to ON and 0£, and introduce the direction cosines of 
the lines PO and 00' referred to a rectangular system of 
coordinates whose axes are OiV, OP, and OP. If 0 represent 
the angle of incidence PON^ then, disregarding the sign, the 
direction cosines of PO are 


cos 0, sin 0, o, 

:hose of 00' are 

o, cos t 9, sin 0. 


8 
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products of the corresponding direction cosines of the 1 
reference to a s/stem of rectangular coordinates, i.e. 

cos POO' =. sin 0-cos 

and similarly 

cos P' 00 ' — sin 0'-cos 

in which 0' represents the angle of refraction. 

Then, from (9) and (10), 

n • PO' -|- ri • O'P' =: n • PO -f- n • 00 ' • sin 0 • cos 

+ n'*OP' — n'- 00 ' -sin 4 

Since now from the law of refraction the relation e: 

• sin 0 = n' • sin 0', 

it follows that equation (8) holds for any position 
of the point O' which is infinitely close to 0 . 

For the case of a single reflection equation (7) 
more simply proved. It then takes the form 

d{PO + OP') = o, . . . . 

in which (Fig. 2) PO and OP' denote the actual patl 
ray.^ If P^ be that point which is symmetrical to 



respect to the tangent plane OE of the refracting bod 


THE FUNDAMENTAL LAWS 


9 


tion at the tangent plane OF is, then, for every position of the 
point 0\ equal to Now this length is a mini- 

mum if Pj , 0\ and P' lie in a straight line. But in that case 
the point 0' actually coincides with the point 0 which is 
determined by the law of reflection. But since the property 
of a minimum (as well as of a maximum) is expressed by the 
vanishing of the first derivative, i.e. by equation (ii), there- 
fore equation ( 7 ) is proved for a single reflection. 

It is to be observed that the vanishing of the first derivative 
is the condition of a maximum as well as of a minimum. In 
the case in which the refracting body is actually bounded by a 
plane, it follows at once from the construction given that the 
path of the light in reflection is a minimum. It may also be 
proved, as will be more fully shown later on, that in the case 
of refraction the actual path is a minimum if the refracting 
body is bounded by a plane. Hence this principle has often 
been called the law of least path. 

When, however, the surface of the refracting or reflecting 
body is ^ curved, then the path of the light is a minimum or a 
maximum according to the nature of the curvature. The 
vanishing of the first derivative is the only property which is 
common to all cases, and this also is entirely sufficient for the 
determination of the path of the ray. 

A clear comprehension of the subject is facilitated by the 
introductiqn of the so-called aplanatic surface, which is a sur- 
face such that from every point upon it the sum of the optical 
paths to two points Pand P' is constant. For such a surface 
the derivative, not only of the first order, but also of any 
other order, of the sum of the optical paths vanishes. 

In the case of reflection the aplanatic surface, defined by 

PA + P^A = constant C, . . . . ( 12 ) 

is an ellipsoid of revolution having the points P and P' as foci. 








yomis w within the ellipsoid AOA 
m (12), the sum PO + OP' is sma] 
while for all points outside, this sum 
the actual point of reflection O, it is ( 
In the case of refraction the apian 

^■PA+n'.P'A = cc 

a so-called Cartesian oval which 
the less refractive medium (in FiV. 4 , 
convex than a sphere HpcirriK/az-T 


THE FUNDAMENTAL LAWS 


II 


two media, and PO, P'O the actual path which the light takes 
in accordance with the law of refraction, then the length of the 
path through (9 is a maximum or a minimum according as 
SOS' is more or less convex toward the less refracting medium 



than the aplanatic surface AOA\ The proof appears at once 
from the figure. 

If, for example, SOS' is a plane, the length of the path is 
a minimum. In the case shown in the figure the length of the 
path is a maximum. 

Since, as will be shown later, the index of refraction is 
inversely proportional to the velocity, the optical path nl is 
proportional to the time which the light requires to travel the 
distance /. T^e principle of least path is then identical with 
Fermaf s principle of least time^ but it is evident from the 
above that, under certain circumstances, the time may also be 
a maximum. 

Since d'^nl = o holds for each single reflection or refrac- 
tion, the equation d'2nl = o may at once be applied to the 
case of any number of reflections and refractions. 

T'l.k A T A TTrr A-P TUTa A m 
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tomic system), and those for which no such surface F CdiXi b( 
found (anorthotomic system). With the help of the preceding 
principle the law of Malus can now be proved. This law i< 
stated thus: An orthotomic system of rays remains orthotomu 
after any member of reflections and refractioeis . From th( 
standpoint of the wave theory, which makes the rays th^ 
normals to the wave front, the law is self-evident. But it car 
also be deduced from the fundamental geometrical laws already 
used. 

Let (Fig. 5 ) ABCDE and A' B' C U E' be two rays infinitely 
close together and let their initial direction be normal to a 

, surface F, If L represents the total 
optical distance from A to E, then 
it may be proved that every ray 
whose total path, measured from its 
origin Ay A'y etc., has the same 
optical length Z, is normal to a sur- 
face F^ which is the locus of the ends 
Ey E'y etc., of those paths. For 
the purpose of the proof let A'B and 
E'D be drawn. 

According to the law of extreme 
path stated above, the length 01 
the path A'B^C' D' E' must be equal to that of the infinitely 
near path A^BCDE'y i.e. equal to Z, which is also the length 
of the path ZdTZZ. If now from the two optical distances 
A' BCDE^ and ABCDE the common portion BCD be sub- 
tracted, it follows that 

n-AB + n^.DE=n^A'B+n^-DE\ 

in which n represents the index of the medium between the 
surfaces F and By and n' that of the medium between L 
and F' * But since AB ~ A' By because AB is by hypothesis 
mttml to Fy it follows that 
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DE is perpendicular to the surface F\ In like'' manner 
may be proved that any other ray UE' is normal to F', 
Rays which are emitted by a luminous point are normal to 
•surface Fy which is the surface of any sphere described about 
le luminous point as a centre. Since every source of light 
lay be looked upon as a complex of luminous points, it 
allows that light rays always form an orthotomic system. 


CHAPTER II 

GEOMETRICAL THEORY OF OPTICAL IMAGE 

I. The Concept of Optical Images If in the ne 

hood of a luminous point P there are refracting and re- 
bodies having any arbitrary arrangement, then, in g 
there passes through any point P' in space one and oi 
ray of light, i.e. the direction which light takes from i 
is completely determined. Nevertheless certain points . 
be found at which two or more of the rays emitted by 1 
sect. If a large number of the rays emitted by Pinter 
a point P', then P' is called the optical image of P. 
intensity of the light at P' will clearly be a maximum, 
actual intersection of the rays is at P' , the image is calle. 
If P' is merely the intersection of the backward prolon 
of the rays, the image is called virtual. The simplest 
pie of a virtual image is found in the reflection of a lur 
point P in a plane mirror. The image P' lies at that 
which is placed symmetrically to Pwith respect to the n 
Real images maybe distinguished from virtual by the 
illumination which they produce upon a suitably placed 
surface such as a piece of white paper. In the case of 
mirrors, for instance, no light whatever reaches the poii 
Nevertheless virtual images may be transformed into n 
certain optical means. Thus a virtual image can be see 
cause it is transformed by the eye into a real image 
illumines a certain spot on the retina. 

The cross-section of the bundlf^ nf 
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dimension. Consider, for example, the case of a single refrac 
tion. If the surface of the refracting body is the aplanati 
surface for the two points P and P\ then a beam of any siz 
which has its origin in P will be brought together in P' ; fc 
all rays which start from P and strike the aplanatic surfac 
must intersect in P\ since for all of them the total optical dis 
tance from P to P' is the same. 

If the surface of the refracting body has not the form of th 
aplanatic surface, then the number of rays which intersect i 
P is smaller the greater the difference in the form of the tw 
surfaces (which are necessarily tangent to each other, se 
page lo). In order that an infinitely narrow, i.e. a plan< 
beam may come to intersection in P\ the curvature of the sui 
faces at the point of tangency must be the same at least in or 
plane. If the curvature of the two surfaces is the same at 
for two and therefore for all planes, then a solid elemental 
beam will come to intersection in P' ; and if, finally, a fini1 
section of the surface of the refracting body coincides with tl 
aplanatic surface, then a beam of finite cross-section will con 
to intersection in PL 

Since the direction of light may be reversed, it is possib! 
to interchange the source Pand its image P', i.e. a source ; 
P' has its image at P. On account of this reciprocal relatioi 
ship P and P' are called conjugate points. 

2. General Formulae for Images. —Assume that by meai 
of reflection or refraction all the points P of a given space ai 
imaged in points P' of a second space. The former space wi 
be called the object space ; the latter, the image space. Fro: 
the definition of an optical image it follows that for every rz 
which passes through P there is a conjugate ray passir 
through PL Two rays in the object space which intersect 
P must correspond to two conjugate rays which intersect 
the image space, the intersection being at the point P' whic 
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also mtarsect in a point, namelyTlf^ ““ 

*e four images P'P'P'p, ,. ™age of Hence 
words, to every point,’ r^ 'o/^^'*' “ Plaoe. I„ other 
corresponds one, and but one "^ooTr'” 

Other. Such a relation of two sn^ the 

collmear relationship. ^ in geometry a 

be easily obtained. collinear relationship can 

^ of the object space referred to coordinates of a point 
^'the coordinates of the oort 

Srsk' n’' “"-esponds one andrifor?'' ““ 

his is only possible if > .T > ^ > and z/iee 

+ (5y -H r,s- _j_ <y > ' 

y = fctVstikf + ^2 

-\- by -^ cs 

P = fi^+JslstSs^ + d^ 

“ »Mch a, d , “ + "-' + oa+^’J 

f. y. y the Calief oT/yT*" k“‘ '''>■• S*- 

three linear equations (l) ■ ’and t ^ calculated from the 
^ determine .ir', y ^ inversely, given values of^ y 

were not the quotient' of two' Itar' fofrf 'f 

- "'"TwVy, there would hT. I°“ '> 

Furthermore the denominatmof thi ™'"“ '■ 

the same linear function (aje quotient must be one and 

a- plane in the image space + ^)> since otherwise 

T, ,, + 

not again correspond to a- nlah,a 


(i; 
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If the equations (i) be solved for and -S', forms analo- 
gous to (i) are obtained; thus 

+ b;y' + c^z' + d( 
a'x' -^-b'y' ^c'z' -^d' ' ^ ‘ ' ‘ ' ■ 

From (i) it follows that for 

ax Ar by cz d — o\ x' = y^ =: z' oo , 

Similarly from (2) for 

a'x' -f- b'y -j- c'z' = x = y = z = 00 , 

The plane ax by cz d = o is called the focal plane 
g of the object space. The images of its points P lie at 
infinity. Two rays which originate in a point P of this focal 
plane correspond to two parallel rays in the image space. 

The plane dx' + b'f d z’ d^ = o is called the focal 
plane ^ of the image space. Parallel rays in the object space 
correspond to conjugate rays in the hmage space which inter- 
sect in some point of this focal plane g'. 

In case a — b ■= c ~ o, equations (i) show that to finite 
values of .r, y, z correspond finite values of x\ y', d \ and, in- 
versely, since, when a, by and are zero, dy If c' are also 
zero, to finite values of x' y y' y z' correspond finite values of 
Xy y, z. In this case, which is realized in telescopes, there 
are no focal planes at finite distances. 

3* Images Formed by Coaxial Surfaces. — In optical in- 
struments it is often the case that the formation of the image 
takes place symmetrically with respect to an axis; e.g. this 
is true if the surfaces of the refracting or reflecting bodies are 
surfaces of revolution having a common axis, in particular, sur- 
faces of spheres whose centres lie in a straight line. 

From symmetry the image P' of a point P must lie in the 
plane which passes through the point P and the axis of the 

cxrofAm ?»nd it ic; AntirAlv' c;nffiriAnt fnr tliA Qtndxr nf imao-A 



If the xy plane of the object space and the x'y plane 
image space be made to coincide with this meridian plai 
if the axis of symmetry be taken as both the and the ; 
then the z and z' coordinates no longer appear in equatic 
They then reduce to 

y ^ + + ^ ^2^ +^ 2 :^ + ^2 

ax by ^ ax by d ' 

The coordinate axes of the xy and the x'y systei 
then parallel and the ;ir and x' axes lie in the same line, 
origin 0' for the image space is in general distinct frc 
origin 0 for the object space. The positive direction of 
be taken as the direction of the incident light (from 



y 





0 

.X 0 ' 



Fig. 6. 



right); the positive direction of x\ the opposite, i.e, 
right to left. The positive direction of y andj/' will be 
upward (see Fig. 6). 

From symmetry it is evident that x' does not chan 
value when y changes sign. Therefore in equatior 
b^=z b o. It also follows from symmetry that a chai 
sign of y produces merely a change in sign of y\ ] 
a^z= d^= O and equations (3) reduce to 

_ ■ 
ax d^ ^ ax d ' 

Five constants thus remain, but their ratios alon 
sufficient to determine the formation of the image. ] 
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there are in general four characteristic constants which deter- 
mine the formation of images by coaxial surfaces. 

The solution of equations (4) for x and y gives 


dx' — d. a.d — ad. y' 

- " -■■■ -y ' — ^ 

— ax' * a^ — ax'' 


( 5 ) 


The equation of the focal plane of the object space is 
ax d ■=^ that of the focal plane of the image space 
ax' — = o. The intersections F and F' of these planes 

with the axis of the system are called the principal foci. 

If the principal focus F of the object space be taken as the 
origin of x^ and likewise the principal focus F' of the image 
space as the origin of x' ^ then, if x^, x^ represent the coordi- 
nates measured from the focal planes, ax^ will replace ax d 
and — axf a.^ — ax' . Then from equations (4) 


ad^ 


■ a^d 




Z- 

y 


ax. 


• • ( 6 ) 


Hence only two characteristic constants remain in the 
equations. The other two were taken up in fixing the posi- 
tions of the focal planes. For these two complex constants 
simpler expressions will be introduced by writing (dropping 
subscripts) 


xx'=ff', 


y X 



(7) 


In this equation x and x' are the distances of the object a7id 
the image from the principal focal planes ^ a7id ^ respectively. 

The ratio y' \y is called the mag7iificatio7i. It is i for 
X f i.e. x' = f'. This relation defines two planes § and 
which are at right angles to the axis of the system. These 
planes are called the unit planes. Their points of intersection 
and H' with the axis of the system are called unit points. 
The unit planes are characte7dzed by the fact that the dis- 
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ance with the above, the distance of the unit planes fro 

the focal planes g, %'■ The constant / is called the foe 
length of ihe object space; f, the focal IcJigth of the imai 
space. The direction of / is positive when the ray falls fir 
upon the focal plane g, then upon the unit plane § ; for/' tl 
case is the reverse. In Fig. 7 both focal lengths are positive 
The significance of the focal lengths can be made clear i 
the following way; Parallel rays in the object space must hav 
conjugate rays in the image space which intersect in som 
point in the focal plane %' distant, say, y' from the axis. Th 
value of^' evidently depends on the angle of inclination u c 
the incident ray with respect to the axis. If u — o, it follow 
from symmetry thaty' = o, i.e. rays parallel to the axis havi 
conjugate rays which intersect in the principal focus F' . Bu 



riG. 7. 

» is not equal to zero, consider a ray PFA which pass( 
the first principal focus F, and cuts the unit plane , 
which is conjugate to it, AP', mu< 

ray passe 

the property of the unit planes 

fhelLt 7 ^7^ Consequent! 

L7f^ , ^ - appears at one 

y =/tan u 

Hem* flie fellowincr u 
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med in the focal plane of the image space to the apparent 
^idar^ magnitude of its infinitely distant object, A. similcir 
nition holds of course for the focal lengthy' of the image 
ce, as is seen by conceiving the incident beam of parallel 
3 to pass first through the image space and then to come 
L focus in the focal plane g. 

If in Fig. 7 A'P' be conceived as the incident ray, so that 
functions of the image and object spaces are interchanged, 

1 the following may be given as the definition of the focal 
rth f which will then mean the focal length of the image 
:e: 

The focal length of the image space is equal to the distance 
jeen the axis and any ray of the object space which is 
%llel to the axis divided by the tangent of the inclinatum of 
onjugate ray. 

Equation (8) may be obtained directly from (7) by making 
uz=i y\x and tan u! =y:;r'. Since ;tr and x' are taken 
five in opposite directions and y andj^' in the same dircc- 
it follows that u and iL are positive in different directions. 
angle of inclination u of a ray in the object space is positive 
e ray goes upward from left to right; the angle of inclina-- 
u of a ray in the image space is positive if the ray goes 
iward from left to right, - 

fhe magnification depends, as equation (7) shows, upon 
le distance of the object from the principal focus /% and 
L f the focal length. It is, however, independent of y, 
:he image of a plane object which is perpendicular to tlie 
of the system is similar to the object. On the other hand 
image of a solid object is not similar to the object, as is 
mt at once from the dependence of the magnification 
jr. Furthermore it is easily shown from (7) that the 
nification in depth, i.e. the ratio of the increment dx' of 
an increment dx of x, is proportional to the square of the 
il magnification. 
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^ and the axis in P ("Fip- R) Tt^ i 

respect to the axis is given by ^ ^ inclination « w 



proper sign represents the distance of 


Fig. 8 

The angle of inclination u' of th 
:he axis is given by 

tan u' — A 

represent the distance oI P' 
points conjugate to /> and A 
he unit planes AH =, a'H-, 
two equations with (7) 


conjugate ray with 


rom and and 
On account of the prop 
then by combination of 



je 




k 

1 '“xi 



^ M 

M 
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fact that a ray through one nodal point K is cofijugate and 
parallel to a ray through the other nodal point K\ The posi- 
tion of the nodal points for positive focal lengths /and/' is 



Fig. 9. 

shown in Fig. 9. KA and are two conjugate rays. It 
follows from the figure that the distance between the two nodal 
points is the same as that between the two unit points. If 
/=/', the nodal points coincide with the unit points. 

Multiplication of the second of equations (7) by (9) gives 
y tan u* f 

y tan u /' 

If e be the distance of an object P from the unit plane 
and d the distance of its image from the unit plane e and 
being positive if P lies in front of (to the left of) ^ and P' 
behind (to the right of) Sf , then 

e =:f^ X, d =zf ^ x\ 

Hence the first of equations (7) gives 

/ , /' 

7+ "7 = ^ (") 

The same equation holds if e and e' are the distances of P 
and P from any two conjugate planes which are perpendicular 
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Construction of Conjugate Points. — A simple graphic 
interpretation may be given to equati( 
(ii). If ABCB(Fig. lo) is a rectang 
with the sides / and f\ then ai 
straight line ECE' intersects the pr 
longations of/ and f' at such distanc 
from A that the conditions AE = e 3.1 
AE' = A satisfy equation (i i). 

It is also possible to use the ur 
plane and the principal focus to determine the point P' conji 
gate to P. Draw (Fig. ii) from P a ray PA parallel to tl 
axis and a ray PF passing through the principal focus i 




Fig. II. 


AF^ is conjugate to PA, A' being at the same distance froi 
the axis as A ; also P'B\ parallel to the axis, is conjugate t 
PFB, B' being at the same distance from the axis as B, Th 
intersection of these two rays is the conjugate point sough' 
The nodal points may also be conveniently used for this cor 
struction. 

The construction shown in Fig. 1 1 cannot be used when j 
and P^ lie upon the axis. Let a ray from P intersect the foc2 
plane ^ at a distance g and the unit plane at a distance 
from the axis (Fig. 12). Let the conjugate ray intersect 
and ^ at the distances h) and /. Then from the figur 

g PF ^ X F PF' ~ 
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■nd by addition, since from equation (y) 


^ + £'' _ 2 .y.ar^ — /r' —fx 

^ . . (12) 

may then be found by laying- off in r i 
stance g' h — o- anH in ^ plane the 

and in the unit plane the distance 


I. • • ( 12 ) 



Trained'^ '^'J'^and to^T PO“ts thus 

'w the axis ^ if they lie 

i~n^^ZVa: Sys- 

h^ 0.,y i„ ae signs of She taTler^/ald//”” 

y). «.e. tasgl tSs~:", 1' trn* 

lecreasas).. This follows at onoo *0^00 t , ?*'“ 
g into account the directions in which y 
:d positive (see above n i 8 ^ Ti- -n f ^ 

?on :.oroT.“„°nfh 

nation of the two. Since thrid'nd of ""““I”!". *“ .* 
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If the two focal lengths have opposite signs the system i 
contracurrent, i.e. if the object moves from left to right, th. 
image moves from right to left, as appears from the formul; 

= ff- This case occurs if the image is produced by an ode 
number of reflections or by a combination of an odd number o 
such with refractions. This kind of image formation is callec 
hatoptric. When it occurs the direction of propagation of th< 
light in the image space is opposite to that in the object space, 
so that both cases may be included under the law : In all case: 
of tmage fonfnatton if a point P be conceived to tnove along a Tay 
in the direction in which the light travels, the image P' of tha, 
point mo7.>es along the co'tyugate ray in the direction in which 
the light travels. 

Among dioptric systems a distinction is made between those 
having positive and those having negative focal lengths. The 
former systems are called convergent, the latter divergent, 
because a bundle of parallel rays, after passing the unit plant 
of the image space, is rendered convergent by the former, 
divergent by the latter. No distinction between systems or 
the ground that their foci are real or virtual can be made, foi 
it will be seen later that many divergent systems (e.g. the 
microscope) have real foci. 

By similar definition katoptric systems which have a nega- 
tive focal length in the image space are called convergent,— 
for in reflection the direction of propagation of the lig-ht is 
reversed. 

There are therefore the four following kinds of optical 
systems ; 


Dioptric... if Convergent: +/, +/'. 

{o. Divergent: /\ 


Katoptric.. if -\-f> -f- 

{o. Divergent: — 


6, Telescopic Systems — Thus far it has been assume 
the foc3.1 Dianes He at 
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Ik •>'•« reduce by a 

ble choice of the ongia of the a: coordinates to . ^ 

X' T= OIX, y=Py e 

x' = o when x = o, it is evirl^nf fVio* a ^ 

1.3 may serve as orfeins which 

TX:: :txz 

*33.. for, given any two conjugS'Ta;^?;^ “ tl‘‘“ 
■sechons With the axis of thf system Ta^tyf is “ 

and its^to ^ coordinates 

’ . conjugate point P' the coordinates ,ar' fh 
ents of the angles of inclination are ^ > J' > the 

tan u=jT : ,r, tan u' z=z v> ■ p 

:eby(i3) 

tan u' ; tan u ■= B : a , , 

***** (^4) 

St be poshive forkatoptric (contracurrent) systems n.... 
or dioptric (concurrent) systems For r ? ' ^ 

« from (.4)\„d a conliSIZ' of Z wa'ytn I' 'h " 

are taken positive (see above n ^ ^ 

images of infinitely distant objects are forced ’f“‘“''' 

>, inverted images. There are “h: 2e fet «rS; 
of telescopic systems depending „p„„ the Jg„fo7 o 

[uations (14) and (13) give 

• y tan u' /J2 

J' tan u ~ 'at' (15) 

.WafiLe’Sti'o Tta 

/ /?« 


28 


theory of optics 


'quil to that of the image 

then « = _ (rf. eqmttion (9), Chapter III) 

Th- — I ; /? 

c-oTs;': ^t,?r " “sSr"' " ?r *' 

y ‘.y ~ — r 

^^^escopes the recitrorr,! e'.i ' ' ' ‘ ' ' 
’■’‘’n^rUally ,,ual „ r/„ f ^«‘SniJicati„ i, 

7- Combinations of Z tT. 
be e ^ 7 oms -A senes of several systems 

1 ?“ a " ""* oyslems If f '? "“«»n 

gths of the first system a 1 are the focal 

second, and /and //hose of tT’ of the 

b°S -nd the positions 0^“ 

hmation can be calculated or cons?""?. 

for h* " ^ 3 ) is known 'T 

or brevity the separatle^ of the twi ' . ^slJed 

onsidered positive if r . and 2, and will 

"osiative. ' -f bes to the left of A) , «heZs" 

' '3). which is parallel to th ■ 

pP jejjo/ e axis and at a 

r* j^' I 3 e’ 



distance j, from it 


Fig. 13. 

■» Will hf' 


geometricjl theory of optical mages ,, 


al fo”l '® '■*' P"“- 

. be caIc„>a.e;SrLf2:.Tat‘r;"a 

nts of the second system, i.e. (cC eq. 7) «”J«Srate 

P'r?' 

" ~ A 

/hich F^F is positive if F' lies to the right oi F ’ F' rr.. 
determined graphically from the construction I' ^ u ^ 
page 2S, since the intersection of 5 and 9°! 'ST 

^ distances ^ and from the axis 

f «.e image space of the colLta "xhu'^yf^r 
e combination From ttfn . 

ivs thof ™ ^ construction and the figure it 

that/ IS negative when A is positive 

may be determined analyticallv frnm ti,,. r r • 

n of the ray ^ For /ZZ i Z ! 

/ • -r or the relation holds : 

tan = y 

Iich is to be taken with the opposite sign if F is con 
^d the object ray of the second system. Now by 
tan u' A 
tan Uy~ y^' 
ce tan Wj = — y : 


tan 2^' = — _j, . 


/i7/' 


er, since (cf. the law, p. 21") r f f • 

, p. 21 j ./_ tan 22 ', It follows 


/' = _ 

• (18) 

liar consideration of a ray parallel tr> ft, • • , 

space and its conineate raj I it! I// “ *' 
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and for the distance of the principal focus F of the combinatio 
from the principal focus , 


FF,=. 



(2C 


in which FF^ is positive if F lies to the left of F^. 

Equations (17), (18), (19), and (20) contain the character 
istic constants of the combination calculated from those of th 
systems which unite to form it. 

Precisely the same process may be employed when th 
combination contains more than two systems. 

If the separation A of the two systems is zero, the foca 
lengths y and y' are infinitely great, i.e. the system is tele 
scopic. The ratio of the focal lengths, which remains finite 
is given by (18) and (19). Thus 


/' /.' /, 

From the consideration of an incident ray parallel to the axi: 
the lateral magnification y •. y is seen to be 

/ : j = /3 = — y :y/ (22 

By means of (21), (22), and (16) the constant a, which repre- 
sents the magnification in depth {cf. equation (13)) is found. 
Thus 




Hence by (14) the angular magnification is 


• • (23: 


tan : tan « = /J ; « = y :y'. . . . (24; 

The above considerations as to the graphical or analytical 
determination of the constants of a combination must be 
somewhat modified if the combination contains one or more 
telescopic systems. The result can, however, be easily 
obtained by constructing or calculating the path through the 
successive systems of an incident ray which is narallel tc 


CHAPTER III 


PHYSICAL CONDITIONS FOR IMAGE FORMATION 

Abbe’s geometrical theory of the formation of optical 
images, which overlooks entirely the question of their physical 
realization, has been presented in the previous chapter, because 
the general laws thus obtained must be used for every special 
case of image formation no matter by what particular physical 
means the images are produced. The concept of focal points 
and focal lengths, for instance, is inherent in the concept of 
an image no matter whether the latter is produced by lenses 
or by mirrors or by any other means. 

In this chapter it will appear that the formation of optical 
images as described ideally and without limitations in the 
previous chapter is physically impossible, e.g. the image of 
an object of finite size cannot be formed when the rays have 
too great a divergence. 

It has already been shown on page 1 5 that, whatever the 
divergence of the beam, the image of one point may be pro- 
duced by reflection or refraction at an aplanatic surface. Images 
of other points are not produced by widely divergent rays, since 
the form of the aplanatic surface depends upon the position of 
the point. For this reason the more detailed treatment of 
special aplanatic surfaces has no particular physical interest. 
In what follows only the formation of images by refracting and 
reflecting spherical surfaces will be treated, since, on account 
of the ease of manufacture, these alone are used in optical 
instruments ; and since, in any case, for the reason mentioned 
above, no other forms of reflecting or refracting surfaces furnish 
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It wi 1 appear that the formation of optical images can b 
practically accomplished by means of refracting or reflectinj 
spherical surfaces if certain limitations are imposed,, namely 
imitations either upon the size of the object, or upon th( 
divergence of the rays producing the image. 

• j Refraction at a Spherical Surface.— In a medium o: 
index K, let a ray PA fall upon a sphere of a more strongly 
refractive substance of index n' (Fig. 14). Let the radius ol 



^ find the path of th. 

Q ray, construct about C two spheres i and 2 of radi 

^ (method of Weierstrass). 

3 ‘ ” injecting spier. 

evident from the feet that the triangles ADC and KAr 
are similar. For AC : CD = BC ■ (S-ff m 1 

kiBAC — ^ ^&Ie of refraction, and since 
^ 0, the angle of incidence, it follows that 

^^•f>'^m^=BC:AC=^n' -.n, 
which is the law of refraefron. 
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constructed, it becomes evident from fl fu 
fs will not all intersect in ^ 

R.-sij.syZ: %:; 


‘^’•^"^t‘Hivdy.Mich,f„ allray,. Min, i.„lation 

Tl>«e two p„i„,3 

ed the aplanatic points of the sphere ^ 

BoZT‘ *'■' “'■‘"'““‘ion with rospect 

^ =11, ^ = a ', 

. as was shown above, ^ABC— ^ n Air' t- 

isidoMion of the triangle ACC it foltows laf “' 

^^^^'■smu=:AC:CD=n':n. . . . rI^ 
IS case then the ratio of the sines of the angles of indinV 

)f the conjugate rays is independent of nnr . . 

9) on page 22, the ratio of the tangents' The H'ff 
len the two cases lies in this thTt h.f ^ 
don of space was assumed to 'be fo’rmed wh^ 
na.. of a tnriace fo^ed bp^M^di^ 

.f two conjaglr.w'^trf JsV 
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Hence equation (i) may be written : 

sin^ u-s-n^ = sin^ u' • • • • • 

It will be seen later that this equation always holds for 
surfece elements s and s' which have the relation of object 
image no matter by what particular arrangement the imag 
p*<xiuced. 

In order to obtain the image of a portion of space by me 
of refraction at a spherical surface, the divergence of the r 
which form the image must be taken very small. Let j 
(Fig. 15) be an incident ray, AP' the refracted ray, and PC 



Je Kbc jdning P with the centre of the sphere C. Then fro 
the tnamgle PAC, 

sin ^ : sin = PH ^ ; HA, 
asd fcom the triangle P'AC, 


^ ^ : sin ar = P'H— p ; H'A. 
Hfacse hy ^aon. 


PH-\-r H'A 

n ~P’H— r' ~HA' ' * • (; 


considered equal 
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Then from (3) 


or 


e r 

gf — r* e n'* 

n n’ n' — n 

e'^ e' r 


( 4 ) 


In which r is to be taken positive if the sphere is convex 
toward the incident light, i.e. if C lies to the right of H, e is 
positive if P lies to the left of H\ e' is positive if P' lies to the 
right oi H. To every e there corresponds a definite e' which 
is independent of the position of the ray PA, i.e. an image 
of a portion of space which lies close to the axis PC is formed 
by rays which lie close to PC. 

A comparison of equation (4) with equation (ii) on page 
23 shows that the focal lengths of the system are 


/ = 


f 


n 


( 5 ) 


and that the two unit planes § and coincide and are tan- 
gent to the sphere at the point H. Since / and/' have the 
same sign, it follows, from the criterion on page 25 above, 
that the system is dioptric or concurrent. If a convex 

curvature (positive r) means a convergent system. Real 
images (/ > o) are formed so long as ^ >/ Such images 
are also inverted. 

Equation (10) on page 23 becomes 
y tan u' n 

v tan u n'' ' (6) 

By the former convention the angles of inclination u and u' of 
conjugate rays are taken positive in different ways. If they 
are taken positive in the same way the notation 'u will be used 
instead of u' , i.e. 'u-= — u'. Hence the last equation may 
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In this equation a quantity which is not changed by refrac 
tion appears, — an optical invariant. This quantity remain 
constant when refraction takes place at any number of coaxia 
spherical surfaces. For such a case let n be the index o 
refraction of the first medium, n' that of the last; then equa 
tion (7) holds. But since in general for every system, fron 
equation (10), page 23, 

y tan iT _ / 

^ tan ~ ^ 

there results from a combination with (7) 

/ \f — n\n\ (9 

i.e. In the formation of images by a system of coaxial refract 
ing spherical surfaces the ratio of the focal lengths of th 
system is equal to the ratio of the mdices of refraction of th 
first and last media. If, for example, these two media ar 
air, as is the case with lenses, mirrors, and most optical instru 
ments, the two focal lengths are equal. 

2. Reflection at a Spherical Surface. — Let the radius r b 
considered positive for a convex, negative for a concave mirror 



By the law of reflection (Fig. 16) ^ PAC = ^ P'AC 
Hence from geometry 

PA ‘,PA ^ PC ',FC (ic 

irrre^ rt rrl o 
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la the axis varies with the angle. -In that case no image of 
point P exists. But if the angle APC is so small that the 
'le itself may be used in place of its sine, then foi every 
at P there exists a definite conjugate point P' , i.e. an image 
now formed. It is then permissible to set PA — PIT, 
i = P'll, so that (10) becomes 

PH-.P'H= PC -.P'C, . . . • (ii) 

f pjj— e, P'H — — e', then, since r in the figure is nega- 



( 12 ) 


comparison of this with equation (il) on page 23 shows 
t the focal lengths of the system are 

f=-\r, /'=+V; .... ( 13 ) 

t the two unit planes § and coincide with the plane 
gent to the sphere at the vertex H\ that the two principal 
coincide in the mid-point between C and //; and that the 
ial points coincide at the centre C of the sphere. The 
ns of e and are determined by the definition on page 23. 
Since f and f' have opposite signs, it follows, from the 
erion given on page 25, that the system is katoptric or con- 
rurrent. By the conventions on page 26 a negative r, i.e. 
Dncave mirror, corresponds to a convergent system ; on the 
er hand a convex mirror corresponds to a divergent system. 
A comparison of equations (13) and (5) shows that the 
ilts here obtained for reflection at a spherical surfiicc may 
deduced from the former results for refraction at such a sur- 
) by writing n^: 7 i ^ 1, In fact when n':-n = — - i, the 

of refraction passes into the law of reflection. Use may 
made of this fact when a combination of several refracting 
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=1“ -■ -- -- -TSit r„ “ 

brought out from Fig'™ 'J^h rebt”*”!™* 

The numbers r ^ *» » “"«ve mirror 

consent heigh.^i„taetr„';'.re^Srm°'m^^^^^^ 

4iS , e“ ““ “ 

uin .'he m W ‘d “ X.^ btre “ ^“' “ 

««b a. them. Feai 





-mm 


m 




Fig. 17. 





continuous Imes, virtual rays by dotted lines. The point 

obiXj;s ixt™? s5 - - 

tinuous line denotes real 'images theVotted^r"^' 

ages. Any image ooint y ,!f u ” ° ^ ™- 

by drawing through the object ^ 
sfraiVTif ,,.1.. , . Mjcs.c^ancl the princinal 
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to the axis, this line will intersect the previously constructed 
image line in the point sought, namely 2'. From the figure it 
may be clearly seen that the images of distant objects are real 
and inverted, those of objects which lie in front of the mirror 
within the focal length are virtual and erect, and those of virtual 
objects behind the mirror are real, erect, and lie in front of the 
mirror. 

Fig. 18 shows the relative positions of object and image 



for a convex mirror. It is evident that the images of all real 
objects are virtual, erect, and reduced ; that for virtual objects 
which lie within the focal length behind the mirror the images 
are real, erect, and enlarged; and that for more distant virtual 
objects the images are also virtual. 



Eauation fill asserts that PCP'H are four harmonic ooints. 
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From any point L (Fig. 19) draw two rays LC and LH^ and 
then draw any other ray PDB. Let O be the intersection of 
DH with BC : then LO intersects the straight line PH in a 
point P' which is conjugate to jP. For. a convex mirror the 
construction is precisely the same, but the physical meaning of 
the points C and interchanged. 

3. Lenses. — The optical characteristics, of systems com- 
posed of two coaxial spherical surfaces (lenses) can be directly 
deduced from § 7 of Chapter II. The radii of curvature 
and are taken positive in accordance with the conventions 
given above (§1); i.e. the radius of a spherical surface is 
considered positive if the surface is convex toward the inci- 
dent ray (convex toward the left). Consider the case of a lens 
of index n surrounded by air. Let the thickness of the lens, 
i.e. the distance between its vertices 5 ^ and (Fig. 20), be 



denoted by d. If the focal lengths of the first refracting sur- 
face are denoted by andy^', those of the second surface by 
f% > then the separation A of the two systems (cf. page 

is given by 

(14) 

and, by (5), 

^ ^ ^ . n T 
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Hence by equations (19) and (18) of Chapter II (page 29) 
focal lengths of the combination are 


f=f = 


n — I d{tt — I) — nr^ -f- nr’ 


(16) 


:e the positions of the principal foci F and F' of the cona- 
tion are given by equations (17) and (20) of Chapter II 
^e 29). By these equations the distance 0 of the principal 
s in front of the vertex and the distance 0' of the 
cipal focus F' behind the vertex Sj are, since 0 = F'F\ -|- 7^ 
<r' = F/F' +//, 


_ _ d(n — i) nr^ 

~ n ~ I d(n — l) — nr^ -f nr^ 

- ^2 . — - 1) 

n — I din — i) — ?ir^ 

I h represents the distance of the first unit plane ^ in front 
e vertex 5^, and h' the distance of the second unit plane 
ehind the vertex then f h •=:: cr and 
from (i6), (17), and (18), it follows that 

r^d 

d{ji — l) — 7ir^-{-nr,J * ' * * (^9) 

A' — — r^d 

d[n — i) — nr^ nr^ 

, since the distance p between the two unit planes § and 
p Tiz d h h\ it follows that 


. . (17) 

. . (IS) 


p == d{n — i) 


d — 

d{n — i) — nr^ + 7 tr^ 


. . ( 21 ) 


'f=f\ the nodal and unit points coincide (cf. page 23). 
fom these equations it appears that the character of the 
m is not determined by the radii r, and r. alone, but that 
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not too great thickness d, acts as a convergent system, i 
possesses a positive focal length; on th^ other hand it acts 
a divergent system when d is very great. 

4. Thin Lenses.— In practice it often occurs that the thi< 
ness d of the lens is so small that d{/i — i) is negligible 
comparison with n{r^ — Excluding the case in whi 
» which occurs in concavo-conve:?c lenses of equal rac 
equation (16) gives for the focal lengths of the lens 


/=/' 


or 


(n - i)(r^ - 

while equations (I 9 )» (20), and (21) show that the unit plar 
nearly coincide with the nearly coincident tangent planes 
the two vertices Sj and 

More accurately these equations gfiv'e, when <ar(« — i) 
neglected in comparison to 


n 


A' = ^ 






— I 


n 


* -a ' 1 ' 2 

distance f between the two unit planes is indepe 
dent of the radii of the lens. For n=^ 1.5, j} =: \d. For be 
ou e-convex and double-concave lenses, since h and h' a 
negative, the unit planes lie inside of the lens. For eat 

““ ‘■”“=■5. =^'=-K? 

planes from the surface is one thi 

laave the same sis 
IS eoncavo.conveit and the unit planes may lie outsit 

Lo^rfpositive focal lengths (convergent lenses) includ, 
0 «^-ccmvex lenses (r, > o, r <r o-\ 

I^BO-ccmvex lenses (r, > o r = 00 V 
Cmcavo-convex lenses {r,> o r > o 
Aort «U len®s which are f-hiVUn 


"2 

4 . 1 ^ . 


''2 > ^0. 
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Lenses of negative focal length (divergent lenses) include 
Double-concave lenses (^i < o, o), 

Plano-concave lenses (^^ = 00, r^> o), 
Convexo-concave lenses (r^ >0, o, < r^y 

i.e. all lenses which are thinner in the middle than at the 
edges.* 

The relation between image and object is shown diagram- 
matically in Figs. 21 and 22, which are to be interpreted in 



the same way as Figs. 17 and 18. From these it appears that 
whether convergent lenses produce real or virtual images of 



real objects depends upon the distance of the object from the 
lens ; but divergent lenses produce only virtual images of real 


* The terms collective (dioptric), for systems of positive focal length, dispersive, 
for those of negative focal length, have been chosen on account of this property of 
lenses. A lens of positive focal length renders an incident beam more convergent, 
one of negative focal length renders it more divergent. When images are formed 
by a system of lenses, or, in general, when the unit planes do not coincide, say, 
with the first refracting surface, the conclusion as to whether the system is con- 
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objects. However, divergent lenses produce real, uprig! 
and enlarged images of virtual objects which lie behind t 
lens and inside of the principal focus. 

If two thin lenses of focal lengths and are united 
form a coaxial, system, then the separation A (cf. page 40) 
Hence, from equation (19) of Chapter 
(page 29), the focal length of the combination is 

yr ft 

ot 


I ^ I 


+ 



It is customary to call the reciprocal of the focal length 
a lens its power. Hence the law: The power of a combinatt 
of thin lenses is equal to the sum of the powers of the separc 
lenses. 

5. Experimental Determination of Focal Length, — F 

thin lenses, in which the two unit planes are to be consider! 
as practically coincident, it is sufficient to determine the po< 
liofis of an object and its image in order to deduce the foe 
length. For example, equation (ii) of Chapter II, page 2 
mliMres here, since to 


Snee the positions of real images are most convenient 
d^rmined by the aid of a screen, concave lenses, whic 
furnish only virtual images of real objects, are often combine 
with a convex lens of known power so that the combinatic 
furnisher a real image. The focal length of the concave lei 
IS ffien easily obtained from (24) when the focal length of tl 
combination has been experimentally determined. This pr< 
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ned by means of an incident beam of parallel rays. If then 
i positions of an object and its image with respect to the 
ncipal foci be determined, equations (7), on page 19, or (9), 
page 22, give at once the focal length f { = /'). 

Upon the definition of the focal length given in Chapter II, 
ge 20 (cf. equation (8)), viz., 

y‘=y:tan2if, (26) 

!s easy to base a rigorous method for the determination of 
:al length. Thus it is only necessary to measure the angular 
Lgnitude u of an infinitely distant object, and the linear mag- 
udey of its image. This method is particularly convenient 
apply to the objectives of telescopes which are mounted 
on a graduated circle so that it is at once possible to read 
‘ the visual angle u. 

If the object of linear magnitude y is not at infinity, but is 
a distance e from the unit plane §, while its image of linear 
lgnitude y is at a distance e' from the unit plane then 

(27) 

cause, when / = /', the nodes coincide with the unit points, 
;. object and image subtend equal angles at the unit points. 
By eliminating ^ and e' from (25) and (27) it follows that 



Dw if either e or e' are chosen large, then without appreci- 
le error the one so chosen may be measured from the centre 
the optical system (e.g. the lens), at least unless the unit 
anes are very far from it. Then either of equations (28) 
ay be used for the determination of the focal length y when 
)r e' and the magnification y-.j^ have been measured. 
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the object which are a measured distance I apart. For, fro 
(7), page 19, 

-f. 

\y'K~ r 

hence 



m which (9/ -.y')^ denotes the reciprocal of the magnification fo 
the position x of the object, (jr ; y')^ the reciprocal of the mag 
nification for a position x I of the object. / is positive if, ii 
passing^ to its second position, the object has moved the dis 
tance / in the direction' of the incident light (i.e. from left tc 
right). 

Abbe’s focometer, by means of which the focal lengths o: 
microscope objectives can be determined, is based upon this 
principle. For the measurement of the size of the image / a 
second microscope is used. Such a microscope, or even a 
simple magnifying-glass, may of course be used for the meas- 
urement of a real as well as of a virtual image, so that this 

method is also applicable to divergent lenses, in short to all 
cases.* 

6. Astigmatic Systems. — In the previous sections it 
been shown that elementary beams whose rays have but a 
small inclination to the axis and which proceed from points 
either on the axis or in its immediate neighborhood may be 
brought to a focus by means of coaxial spherical surfaces. 
In this case all the rays of the beam intersect in a single point 
of the image space, or, in short, the beam is homocentric in 
the image space. What occurs when one of the limitations 
imposed above is dropped will now be considered, i.e. an 


elementary beam having any inclination to the axis will no*v 
be assumed to proceed from a point P, 

In this case the beam is, in general, no longer homocentri< 
in the image space. An elementary beam which has startec 
from a luminous point P and has suffered reflections and re 
fractions upon surfaces of any arbitrary form is so constitutec 
that, by the law of Malus (cf. page 12), it must be classec 
as an orthotomic beam, i.e. it may be conceived as made u] 
of the normals iV to a certain elementary surface 12. Thes( 
normals, however, do not in general intersect in a point 
Nevertheless geometry shows that upon every surface 2 then 
are two systems of curves which intersect at right angles (th< 
so-called lines of curvature) whose normals, which are also a 
right angles to the surface 2^ intersect. 

If a plane elementary beam whose rays in the image spac< 
are normal to an element of a line of curvature be alon( 
considered, it is evident that an image will be formed. Th( 
image is located at the centre of curvature of this element 
since its normals intersect at that point. Since every elemen 
/j of a line of curvature is intersected at right angles by som< 
other element of another line of curvature, a second elemen 
tary beam always exists which also produces an image, bu 
the positions of these two images do not coincide, since ir 
general the curvature of is different from that of l^. 

What sort of an image of an object P will then in genera 
be formed by any elementary beam of three dimensions } ILe 
j, 2, j, ^ (Fig. 23) represent the four intersections of the foui 
lines of curvature which bound the element d2 of the sur- 
face 2. Let the curves 1-2 and be horizontal, 2-j anc 
1-4. vertical. Let the normals at the points / and 2 interseci 
at 72 , those at 3 and 4 at J4. Since the curvature of the lin^ 
7-2 differs by an infinitely small amount from that of the line 
the points of intersection 12 and J4 lie at almost the same 
distance from the surface 2. Hence the line p^ which connects 
the points 12 and J4 is also nearly perpendicular to the ray i 
which passes through the middle of d2 and is normal to it. 


48 


THEORY OF OPTICS 


This ray is called the principal ray of that elementary be 
which is composed of the normals to From the symmc 

of the figure it is also evident that the line p^ must be para 
to the lines and i.e. it is vertical. The normals 
any horizontal line of curvature intersect at some point of 
line py 



Likewise the normals to any vertical line of curvat 
intersect at some point of the line p^ which connects and . 
Also, p^ must be horizontal and at right angles to S, Th( 
two lines p^ and p ^ , which are perpendicular both to one anotl 
and to the principal ray, are called the two focal lines of 1 
elementary beam. The planes determined by the princi] 
ray S and the two focal lines and p^ are called the focal plat 
of the beam. It can then be said that in general the image o 
luminous point P, formed by any elementary beam, consists 
two focal lines which are at right angles to each other and 
the principal ray, and lie a certain distance apart. This d 
tance is called the astigmatic difference. Only in special cas< 
as when the curvatures of the two systems of lines of curvati 
are the same, does a homocentric crossing of the rays and a tr 
image formation take place. This present more general ki 
of image formation will be called astigmatic in order to d 
tinguish it from that considered above.* 

A sharp, recognizable image of a collection of object poir 
P is not formprl h\r an ^ ^ 
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iject is a straight line can a straight-line image be formed ; 
id only then when the line object is so placed that all the 
:al lines which are the images of all the points P of the line 
)ject coincide. Since the image of every point consists of 
^o focal lines and which are at right angles to each 
her, there are also two positions of the line object 90° apart 
hich give rise to a line image. These two images lie at 
fferent distances from the surface 5 '. 

Similarly there are two orientations of a system of parallel 
raight lines which give rise to an image consisting of parallel 
raight lines. 

If the object is a right-angled cross or a network of lines 
: right angles, there is one definite orientation for which an 
lage of one line of the cross or of one system of parallel lines 
' the network is formed in a certain plane of the image 
)ace; while in another plane 5P2 of the image space an' image 
‘ the other line of the cross or of the other system of lines of 
le network is formed. This phenomenon is a good test for 
;tigmatism. 

Astigmatic images must in general be formed when the 
ementary refracting or reflecting surface has two different 
irvatures. Thus cylindrical lenses, for example, show marked 
;tigmatism. Reflection or refraction at. a spherical surface 
so renders a homocentric elementary beam astigmatic when 
le incidence is oblique. 

In order to enter more fully into the consideration of this 
ise, let the point object P, the centre C of the sphere, and 
le point A in which the principal ray of the elementary beam 
nitted by P strikes the spherical surface, lie in the plane of 
le figure (Fig. 24). Let the line PA be represented by s, 
le line AP^ by Now since 

APAP^ = APA C + ACAP ^ , 


follows that 
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in which 0 and <p' denote the angles of incidence and refr 
tion respectively, and r the radius of the sphere. Since n 
by the law of refraction sin cj) •=^ n sin 0', it follows from 
last equation that 

cos 0' — cos 0) = srfi + s/, or 


inn cos 0' — cos 0 
7 +};= r 


• . ( 


It is evident that all rays emitted by P which have the sa 
angle of inclination u with the axis must, after refraction, cr 



the axis at the same point P^. The beam made up of si 
rays is called a sagittal beam. It has a focal point at P^. 

On the other hand a meridional beam, i.e. one whose n 
all lie in the plane PA C, has a different focal point Py 1 
PB be a ray infinitely near to PA , and let its angle of inclii 
tion to the axis be » -j- du and its direction after refract 
BPy Then ^BP.^A is to be considered as the increment , 
of u' , and ^BCA as the increment da of a. It is at oi 
evident that 


s . du=.AB cos Ip, s^. du' = AB . cos <p', r . da = AB. (; 
But since 
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it follows that 

d(t> = da du j , 


d(P' Z= da- du! = Ab{^ - . . . (32) 

But a differentiation of the equation of refraction sin 0 = 
n sin (p' gives 

cos 0 . d^ = n cos 0' . d(p' . 

Substituting in this the values of dcp and dcp' taken from (32), 
there results 

cos^ 0 n cos^ 0' n cos 0' — cos 0 
— + ^;— = • • • (33) 

From (33) and (30) different values and corresponding to 
the same s are obtained, i.e. P is imaged astigmatically. The 
astigmatic difference is greater the greater the obliquity of the 
incident beam, i.e, the greater the value of 0. It appears 
from (30) and (33) that this astigmatic difference vanishes, i.e. 
^^ = 52 = s' y only when s z=z — ns' . This condition determines 
the two aplanatic points of the sphere mentioned on page 33. 

The equations for a reflecting spherical surface may be 
deduced from equations (30) and (33) by substituting in them 
nz=z ^ \y i.e. 0' = — 0 (cf. page 37). Thus for this case* 


I I cos 0 I I 2 

s s^^ r * s Sj^^^ r cos 0' 

Or by subtraction, 


(34) 




or 



2 . 

= - sin 0 tan 0, . 


• • ( 35 ) 
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an equation which shows clearly how the astigmatism increa 
with the angle of incidence. This increase is so rapid that 
astigmatism caused by the curvature of the earth may, 
suitable means, be detected in a beam reflected from the s 
face of a free liquid such as a mercury horizon. Thus if 
reflected image of a distant rectangular network be observec 
a telescope of 7.5 m. focal length and ^ m. aperture, 
astigmatic difference amounts to tV mm., i.e. the position* 
which the one or the other system of lines of the network 
in sharp focus are mm. apart. In the giant telescope 
the Lick Observatory in California this astigmatic differe: 
amounts to ^ mm. Thus the phenomena of astigmatism n 
be made use of in testing the accuracy of the surface of a pi; 
mirror. Instead of using the difference in the positions of 
images of the two systems of lines of the network, the an 
of incidence being as large as possible, the difference in 
sharpness of the images of the two systems may be taken 
the criterion. For this purpose a network of dotted lines n 
be used to advantage. 

7. Means of Widening the Limits of Image Format! 

— It has be'en shown above that an image can be formed 
refraction or reflection at coaxial spherical surfaces only wl 
the object consists of points lying close to the axis and 
inclination to the axis of the rays forming the image is sm; 
If the elementary beam has too large an inclination to 
axis, then, as was shown in the last paragraph, no image ( 
be formed unless all the rays of the beam lie in one plane. 

Now such arrangements as have been thus far conside; 
for the formation of images would in practice be utterly u 
less. For not only would the images be extremely fain 
they were produced by single elementary beams, but also, 
will be shown in the physical theory (cf. Section i, Chap 
IV), single elementary beams can never produce sharp imag 
but only diffraction patterns. 
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the limited sensitiveness of the eye comes to our assistance: 
we are unable to distinguish two luminous points as separate 
unless they subtend at the eye an angle of at least one minute. 
Hence a mathematically exact point image is not necessary, 
and for this reason alone the beam which produces the image 
does not need to be elementary in the mathematical sense, i.e. 
one of infinitely small divergence. 

By a certain compromise between the requirements it is 
possible to attain a still further widening of the limits. Thus 
it is possible to form an image with a broadly divergent beam 
if the object is an element upon the axis, or to form an image 
of an extended object if only beams of small divergence are 
used. The realization of the first case precludes the possibility 
of the realization of the second at the same time, and vice 
versa. 

That the image of a point upon the axis can be formed by 
a widely divergent beam has been shown on page 3 3 in con- 
nection with the consideration of aplanatic surfaces. But this 
result can also be approximately attained by the use of a suit- 
able arrangement of coaxial spherical surfaces. This may be 
shown from a theoretical consideration of so-called spherical 
aberration. To be sure the images of adjacent points would 
not in general be formed by beams of wide divergence. In 
fact the image of a surface element perpendicular to the axis 
can be formed by beams of wide divergence only if the so- 
called sine law is fulfilled. The objectives of microscopes and 
telescopes must be so constructed as to satisfy this law. 

The problem of forming an image of a large object by a 
relatively narrow beam must be solved in the construction of 
the eyepieces of optical instruments and of photographic 
systems. In the latter the beam may be quite divergent, since, 
under some circumstances (portrait photography), only fairly 
sharp images are required. These different problems in image 
fnrmatinn will be more rarefullv ron.qtdered later. The fnrma~ 
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sure, impossible, if for no other reason, simply because, 
will be seen later, the sine law cannot be simultaneously f 
filled for more than one position of the object. 

8. Spherical Aberration.— If from a point P on the a: 
two rays and are emitted of which makes a very sm 
angle with the axis, while Sj makes a finite angle u, the 
after refraction at coaxial spherical surfaces, the image rays . 
and 5/ in general intersect the axis in two different points j 
and P^. The distance between these two points is known 
the spherical aberration (longitudinal aberration). In case tl 
angle u which the ray makes with the axis is not too grej 
this aberration may be calculated with the aid of a series 
ascending powers of u. If, however, u is large, a dire 
trigonometrical determination of the path of each ray is to 1 
preferred. This calculation will not be given here in detail 
Fcmt relatively thin convergent lenses, when the object 
distant, the image P^ formed by rays lying close to the ax 
is farther from the lens than the image P^ formed by the mo 
oblique rays. Such a lens, i.e. one for which P^ lies near 
to the object than P ^ , is said to be undercorrected. Inverse! 
a lens for which P^ is more remote from the object than P^ 
said to be overcorrected. Neglecting all terms of the pow 
series in a save the first, which contains tP as a factor, the: 
results for this so-called aberration of the first order, if tl 
object P is very distant, 

_p,pr 2 — -f -f cr(« -f 2n^—7.n^) -|- } 

f.2n{n— i)\i — a-f 

in which h represents the radius of the aperture of the len 
yits focal length, n its index of refraction, and <r the ratio 
its radii of curvature, i.e. 
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; signs of and are determined by the conventions 
pted on page 40 ; for example, for a double-convex lens 
; positive, negative. is negative for an undercor- 

ed lens, positive for an overcorrected one. Further, the 
) h \f h called the relative aperture of the lens. It 
sars then from (36) that if a remains constant, the ratio 
he aberration P^P^ to the focal length f is directly pro- 
ional to the square of the relative aperture of the lens. 

For given values of y*and h the aberration reaches a mini- 
n for a particular value or' of the ratio of the radii.* By 
this value is 


4 — 2n^ 

7 i{i + 2 n) 


■ (38) 


1.5, cr= — 1:6. This condition may be realized 
er with a double-convex or a double-concave lens. The 
ice of greater curvature must be turned toward the incident 
n. But if the object lies near the principal focus of the 
, the best image is formed if the surface of lesser curvature 
irned toward the object ; for this case can be deduced from 
above considered, i.e. that of a distant object, by simply 
rchanging the roles of object and image. t For n =: 2^ 
gives d' = -f- i- This condition is realized in a con- 
D-concave lens whose convex side is turned toward a dis- 
object P. 

Ihe following table shows the magnitude of the longi- 
lal aberration e for two different indices of refraction and 
different values of the ratio cr of the radii, f has been 
med equal to i m. and ^ -j^, i.e. A = 10 cm. The 

ailed lateral aberration C, i.e. the radius of the circle 
:h the rays passing through the edge of a lens form upon 


This minimum is never zero. A complete disappearance of the aberration 
i first order can only be attained by properly choosing the thickness of the 
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a screen placed at the focal point is obtained, as app( 
at once from a construction of the paths of the rays, by mu 
plication of the longitudinal aberration by the relative apert 
h : /, i.e. in this case by . Thus the lateral aberral 
determines the radius of the illuminated disc which the out 
rays from a luminous point P form upon a screen placed in 
plane in which P is sharply imaged by the axial rays. 


/=. I m. h = 10 cm. r • 



« = T.5 

1 

« = 3 


Form of lens 

cr 

__ ^ 


<T 

— € 


Front face plane 

CO 

4.5 cm 

4.5 mm 

00 

2 cm 

2 

Both sides alike. 

— I 

1 

1.67 “ 

1.67 

— I 

r “ 

I 

Rear face plane 

1 

0 

1.17 “ 

1. 17 “ 

0 

0.5 “ 

0.5 

Most advantageous form 

— ^ 

1.07 “ 

1.07 “ 


0.44 

0.4 


That a plano-convex lens produces less aberration when 
convex side is turned toward a distant object than when 
sides are reversed seems probable from the fact that in the 
case the rays are refracted at both surfaces of the lens, in 
second only at one; and it is at least plausible that the 
tribution of the refractioa between two surfaces is .unfavor: 
to aberration. The table further shows that the most fa’ 
able form of lens has but little advantage over a suitably ph 
plano-convex lens. Hence, on account of the greater eas 
construction, the latter is generally used. 

Finally the table shows that the aberration is very ir 
less if, for a given focal length, the index of refraction is rr 
large. This conclusion also holds when the aberration 
higher order than the first is considered, i.e. when the rem 
ing terms of the poyrer series in u are no longer neglec 
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lenses.* By selecting for the compound system lenses of 
different form, it is possible to cause the aberration not only 
of the first but also of still higher orders to vanish, f One 
system can be made to accomplish this for more than one 
position of the object on the axis, but never for a finite length 
of the axis. 

When the angle of inclination ti is large, as in microscope 
objectives in which u sometimes reaches a value of 90°, the 
power series in u cannot be used for the determination of the 
aberration. It is then more practicable .to determine the paths 
of several rays by trigonometrical calculation, and to find by 
trial the best form and arrangement of lenses. There is, how- 
ever, a way, depending upon the use of the aplanatic points of 
a sphere mentioned on page 33, of diminishing the divergence 
of rays proceeding from near objects without introducing aber- 
ration, i.e. it is possible to produce virtual images of any size, 
which are free from aberration. 

Let lens i (Fig. 25) be plano-convex, for example, a hemi- 



spherical lens of radius , and let its plane surface be turned 
toward the object P. If the medium between P and this lens 
'has the same index as the lens, then refraction of the rays 


<■ €> 
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proceeding from the object first takes place at the rear surf 
of the lens; and if the distance of P from the centre of cur 
ture of the back surface is , then the emergent r 
produce at a distance from a virtual image free fr 
aberration. If now behind lens i there be placed a sec( 
concavo-convex lens 2 whose front surface has its centre 
curvature in P^ and whose rear surface has such a radius t 
P^ lies in the aplanatic point of this sphere (the indej 
lens 2 being then the rays are refracted only at this 1 
surface, and indeed in such a way that they form a viri 
image P^ which lies at a distance from the centre of cur 
ture of the rear surface of lens 2, and which again is entii 
free from aberration. By addition of a third, fourth, e 
concavo-convex lens it is possible to produce successive vir 1 
images P^, P^, etc., lying farther and farther to the left, 
it is possible to diminish successively the divergence of 
rays without introducing aberration. 

This principle, due to Amici, is often actually employee 
the construction of microscope objectives. Nevertheless 
more than the first two lenses are constructed according to 
principle, since otherwise the chromatic errors which are inl 
duced are too large to be compensated (cf. below). 

9. The Law of Sines. — In general it does not follow t 
if a widely divergent beam from a point P upon the axis gi 
rise to an image P' which is free from aberration, a suri 
element da- perpendicular to the axis at P ’^yill be imaged 
a surface element da' at P' , In order that this may be 
case the so-called sine law must also be fulfilled. This 
requires that if u and u' are the angles of inclination of any • 
conjugate rays passing through P and P\ sin u : sin u' = coi 

According to Abbe systems which are free from abei 
tion for two points P and P' oii the axis and which fulfil 
sine law for these points are called aplanatic systems, 
points P and P' are called the aplanatic points of the systi 
The aplanatic points of a sphere mentioned on nag’e f 


PHYSICAL CONDITIONS FOR IMAGE FORMATION S 9 


sines is constant. The two foci of a concave, mirror whose 
surface is an ellipsoid of revolution are not aplanatic points 
although they are free from aberration. 

It was shown above (page 22, equation (9), Chapter II) 
that when the image of an object of any size is formed by a 
collinear system, tan u : tan 2/ = const. Unless u and 2/ are 
very small, this condition is incompatible with the sine law, 
and, since the latter must always be fulfilled in the formation 
of the image of a surface element, it follows that a point-for- 
point imaging of objects of any size by widely divergent beams 
is physically impossible. 

Only when u and 2/ are very small can both conditions be 
simultaneously fulfilled. In this case, whenever an image P' 
is formed of P, an image da' will be formed at P' of the surface 
element da at P. But if n is large, even though the spherical 
aberration be entirely eliminated for points on the axis, unless 
the sine condition is fulfilled the images of points which lie to 
one side of the axis become discs of the same order of magni- 
tude as the distances of the points from the axis. According 
to Abbe this blurring of the images of points lying off the axis is 
due to the fact that the different zones of a spherically corrected 
system produce images of a surface element of different linear 
magnifications. 

The mathematical condition for the constancy of this linear 
magnification is, according to Abbe, the sine law.* The same 
conclusion was reached in different ways by Clausius t and v. 
Helmholtz Their proofs, which rest upon considerations of 
energy and photometry, will be presented in the third division 
of the book. Here a simple proof due to Hockin§will be 
given which depends only on the law that the optical lengths 
of all rays between two conjugate points must be equal (cf. 
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page 9).* Let the image of P (Fig. 26) formed by an 
ray PA and a ray PS of inclination ti lie at the axial point 
Also let the image of the infinitely near point P^ formed b 
ray P^A^ parallel to the axis, and a ray P^S^ parallel to 2 
lie at the point P/. The ray F^P^ conjugate to P^A^ m 
evidently pass through the principal focus of the imj 
space. If now the optical distance between the points P z 
P' along the path through A be represented by {PAP')^ t 



along the path through SS' by {PSS'P'), and if a sim 
notation be used for the optical lengths of the rays proceed 
from P ^ , then the principle of extreme path gives 

{PAP') = {PSS'P ') ; {P,A,F'P') = {P,S,S'P'), 

and hence 

{PAP') ^ = {PSS'P') - . ( 

Now since F' is conjugate to an infinitely distant object 7 
the axis. {TPAF') = {TP,A,F'). But evidently 7 P= Z 
since PP^ is perpendicular to the axis. Hence by subtrad 

{PAF') = {P,A,F'), . . ... ( 
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Further, since P'P/ is perpendicular to the axis, it follows 
that when is small F'P^ = F'P(, Hence by addition 

{PAPP') = {P^A^FP^\ 

i.e. the left side of equation (39) vanishes. Thus 

{PSS'P')^{P,S,S^P') (41) 

Now if iq' is the intersection of the rays P'S' and P^S^y then 
iq' is conjugate to an infinitely distant object , the rays from 
which make an angle u with the axis. Hence if a perpendic- 
ular PN be dropped from P upon P^S ^ , an equation similar to 
(40) is obtained ; thus 

{PSS'F^) = {NS,S^F^) (42) 

By subtraction of this equation from (41), 

(F/P0=-(^A) + (W)- • • . (43) 

If now n is the index of the object space, n' that of the image 
space, then, if the unbracketed letters signify geometrical 
lengths, 

{NP^ = n-NP^ = n-PP^-sm 2^. . . . (44) 

Further, if P'N' be drawn perpendicular to F(P' y then, since 
P'P/ is infinitely small, 

{F;P{) - {h;P') = n'^N'P; = n'P'P ^- sin u'. . (45) 

Equation (43) in connection with (44) and (45) then gives 
n • PP^ • sin u= n' • P'P( • sin u' . 

Ifj/ denote the linear magnitude PP^ of the object, and j/' the 
linear magnitude -P' jPj' of the image, then 

sin u n'y' 
sin u' ny 


(46) 
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that obtained in equation (2), page 34, for the aplanatic po] 
of a sphere. 

The sine law cannot be fulfilled for two different points 
the axis. For if and (Fig. 27) are the images of P i 
P^^ then, by the principle of equal optical lengths, 

{PAP')=^{PSS^P'), {P^AP') = {P^S,S'P^), . 0 

m which PS and P^S^ are any two parallel rays of inclii 
tion 2^. 



{P^T^)-{P^P)^^{P^N)J^{NPy 

or 

n.P^P{i _ cos u) = n'.P;P‘ (i _ cos u'), 

i.e. 1 \ 

sin^ _ n'-P'P ^' 

sin ’ n .pP^' ■ • • • • (4^ 

This equation is then the condition for the formation, by 
beam of large divergence, of the image of two neighborin 
points upon the axis, i.e. an image of an element of tb<^ =.v:= 
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The fulfilment of the sine law is especially important in the 
ie of microscope objectives. Although this was not known 
m theory when the earlier microscopes were made, it can be 
perimentally proved, as Abbe has shown, that these old 
:roscope objectives which furnish good images actually 
isfy the sine law although they were constructed from 
rely empirical principles. 

10. Images of Large Surfaces by Narrow Beams. — It 

necessary in the first place to eliminate astigmatism (cf. 
^e 46). But no law can be deduced theoretically for accom- 
shing this, at least when the angle of inclination of the rays 
^h respect to the, axis is large. Recourse must then be had 
practical experience and to trigonometric calculation. It is 
be remarked that the astigmatism is dependent not only 
on the form of the lenses, but also upon the position of the 

>p. 

Two further requirements, which are indeed not absolutely 
jential but are nevertheless very desirable, are usually im- 



sed upon the image. First it must be plane, i.e. free from 


64 


THEORY OF OPTICS 


For a complete treatment of the analytical conditions for th 
requirement cf. Czapski, in Winkelmann’s Handbuch d 
Physik, Optik, page 124. 

The analytical condition for freedom from distortion mj 
be readily determined. Let PP^P^ (Fig. 28) be an obje 
plane, P'P^P^ the conjugate image plane. The beams fro 
the object are always limited by a stop of definite si 
which may be either the rim of a lens or some specially intr 
duced diaphragm. This stop determines the position of 
virtual aperture B, the so-called entrance-pupil^ which is 
situated that the principal rays of the beams from the objec 
P^, P^, etc., pass through its centre. Likewise the beams 
the image space are limited by a similar aperture t 
so-called exit-pupil^ which is the image of the entrance-pupil 
If I and r are the distances of the entrance-pupil and the ex 
pupil from the object and image planes respectively, then, frc 
the figure, 

tan = PP^ : /, tan = PP^ : /, 

tan < = P'P; : tan PT' : F. 


If the magnification is to be constant, then the following re] 
tion must exist; 


hence 




PP^ = P^P^ 


PP. 


2 » 


tan u/ 
tan Uj^ 


tan u/ 

= const. 

tan 


• • 


Hence for constant magnification the ratio of the tangents of - 
angles of inclination of the principal rays must be constant, 
this case it is customary to call the Intersections of the pr 
cipal rays with the axis, i.e. the centres of the pupils, orti 
scopia points. Hence it may be said that, if the image is 
be free from distortion^ the centres of perspective of object c 
image must be orthoscopic points. Hence the positions of 1 
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.n example taken from photographic optics shows how the 
tion of orthoscopy may be; most simply fulfilled for the 
3f a projecting lens. Let R (Fig. 29) be a stop on either 
)f which two similar lens systems i and 2 are symmetrically 
d. The whole system is then called a symmetrical double 
tive. Let 5 and S' represent two conjugate principal 
The optical image of the stop R with respect to the 
m I is evidently the entrance-pupil, for, since all principal 
must actually pass through the centre of the stop i?, the 
ngations of the incident principal rays 5 must pass through 
:entre of By the optical image of R with respect to 7. 
vise B'y the optical image of R with respect to 2, is the 
pupil. It follows at once from the symmetry of .arrange- 
that zi is always equal to u' y i.e. the condition of orthos- 
is fulfilled. 


Fig. 29. 

uch symmetrical double objectives possess, by virtue of 
symmetry, two other advantages: On the one hand, the 
dional beams are brought to a sharper focus,* and, on the 
•, chromatic errors, which will be more fully treated in the 
paragraph, are more easily avoided. The result u = u' y 
h means that conjugate principal rays are parallel, is 
ether independent of the index of refraction of the system, 
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and hence also of the color of the light. If now each of the 
two systems i and is achromatic with respect to the position 
of the image which it forms of the stop R, i.e. if the posi- 
tions of the entrance- and exit-pupils are independent of the 
color,* then the principal rays of one color coincide with those 
of every other color. But this means that the images formed 
in the image plane are the same size for all colors. To be 
sure, the position of sharpest focus is, strictly speaking, some- 
what different for the different colors, but if a screen be placed 
in sharp focus for yellow, for instance, then the. images of 
other colors, which lie at the intersections of the principal 
rays, are only slightly out of focus. If then tlie principal rays 
coincide for all colors, the image will be nearly free from 
chromatic error. 

The astigmatism and the bulging of the image depend upon 
the distance of the lenses z and 2 from the stop R. In 
general, as the distance apart of the two lenses increases the 
image becomes flatter, i.e. the bulging decreases, while the 
astigmatism increases. Only by the use of the new kinds of 
glass made by Schott in Jena, one of which combines large 
dispersion with small index and another small dispersion with 
'large index, have astigmatic -flat images become possible. 
This will be more fully considered in Chapter V under the head 
of Optical Instruments. 

II. Chromatic Aberration of Dioptric Systems. — Thus 
far the index of refraction of a substance has been treated as 
though it were a constant, but it is to be remembered that for 
a given substance it is different for each of the different colors 
contained in white light. For all transparent bodies the index 
continuously increases as the color changes from the red to 
the blue end of the spectrum. The following table contains 
the indices for three colors and for two different kinds of glass, 
the index for the red light corresponding to the Fraun- 

^As will be seen later, this achromatizing can be attained with sufFicient accu- 
racy; on the otlier hand it is not possible at the same time to make the sizes of the 
different images of M independent of the color. 
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hofer line C of the solar spectrum (identical with the red 
hydrogen line), that for the yellow sodium light, and Up that 
for the blue hydrogen line. 


Glass. 


Hd 

np 

np - 

V 





- I 

Calcium-silicate-crown 

1.5153 

I- 5 I 79 

1-5239 

0.0166 

Ordinary silicate-flint 

1 6143 

1.6202 _j 

1.6314 

0.0276 


The last column contains the so-called dispersive power v, 
of the substance. It is defined by the relation 


It is practically immaterial whether or the index for any 
other color be taken for the denominator, for such a change 
can never affect the value of v by more than 2 per cent. 

Since now the constants of a lens system depend upon the 
index, an image of a white object must in general show colors, 
i.e. the differently colored images of a white object differ from 
one another in position and size. 

In order to make the red and blue images coincide, i.e. in 
order to make the • system achromatic for red and blue, it is 
necessary not only that the focal lengths, but also that the 
unit planes, be identical for both colors. In many cases a 
partial correction of the chromatic aberration is sufficient. 
Thus a system may be achromatized either by making the focal 
length, and hence the magnification, the same for all colors ; 
or by making the rays of all colors come to a focus in the same 
plane. In the former case, though the magnification is the 
same, the images of all colors do not lie in one plane ; in the 
latter, though these images lie in one plane, they differ in size. 
A system may be achromatized one way or the other according 
to the purpose for which it is intended, the choice depending 
upon whether the magnification or the position of the image is 
most important. 
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A system which has been achromatized for two colors, 
red and blue, is not in general achromatic for all other 
colors, because the ratio of the dispersions of different sub- 
stances in different parts of the spectrum is not constant 
The chromatic errors which remain because of this and which 
give rise to the so-called secondary spectra are for the most 
part unimportant for practical purposes. Their influence can 
be still farther reduced either by choosing refracting bodies for 
which the lack of proportionality between the dispersions is as 
small as possible, or by achromatizing for three colors. The 
chromatic errors which remain after this correction are called 
spectra of the third order. 

The choice of the colors which are to be used in practice 
in the correction of the chromatic aberration depends upon the 
use for which the optical instrument is designed. For a system 
wliich is to be used for photography, in which the blue rays 
are most effective, the two colors chosen will be nearer the 
blue end of the spectrum than in the case of an instrument 
which is to be used in connection with the human eye, for 
which the yellow-green light is most effective. In the latter 
case it is easy to decide experimentally what two colors can be 
brought together with the best result. Thus two prisms of 
different kinds of glass are so arranged upon the table of a 
spectrometer that they furnish an almost achromatic image 
of the slit; for instance, for a given position of the table 
of the spectrometer, let them bring together the rays C 
and F. If now the table be turned, the image of the slit will 
in general appear colored ; but there will be one position in 
which the image has least color. From this position of the 
prism it is easy to calculate what two colors emerge from the 
prism exactly parallel. These, then, are the two colors which 
can be used with the best effect for achromatizing instruments 
intended for eye observations. 

Even a single thick lens may be achromatized either with 
reference to the focal length or with reference to the position 
of the focus. But in practice the cases in which thin lenses 
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focal lengths of a thin double achromatic lens ahvays have 
opposite signs. 

From (54) and (52) it follows that the expressions for the 
separate focal lengths are 


I ^ I ^2 I ^ 1 ^ 

fl f ■>'2 ~ ^l’ fl /'^2 — ■»'l' 


( 55 ) 


Hence in a combination of positive focal length the lens with 
the smaller dispersive power has the positive, that with the 
larger dispersive power the negative, focal length. 

If /is given and the two kinds of glass have been chosen, 
then there are four radii of curvature at our disposal to make 
/ andy^ correspond to (SS)- Hence two of these still remain 
arbitrary. If the two lenses are to fit together, r/ must be 
equal to Hence one radius of curvature rem.ains at our 
disposal. This may be so chosen as to make the spherical 
aberration as small as possible. 

In microscopic objectives achromatic pairs of this kind are 
very generally used. Each pair consists of a plano-concave 
lens of flint glass which is cemented to a double-convex lens 
of crown glass. The plane surface is turned toward the 
incident light. 

Sometimes it is desirable to use two thin lenses at a greater 
distance apart; then their optical separation is (cf. page 28) 

Hence, from (19) on page 29, the focal length of the combina- 
tion is given by 


( 56 ) 


j JL I £. ^ 

+ * * * 

If the focal length is to be achromatic, then, from (56) and (53), 


or 


4. _ ^(^^1 + ^2) 

A AA ’ 


^ii/i 4 ~ ^^1/2 


( 57 ) 
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they are at the distance 


f\Ar fi 


• (58) 


they fomn a system zvhich is achromatic with respect to the focal 
length. Since v^z=iy^^ this achromatism holds for all colors. 

If it is desired to achromatize the system not only with 
reference to the focal length, but completely, i.e. in respect to 
both position and magnification of the image, then it follows 
from Fig. 30 that 

y _ _ 

^ 1 ' yi 

i.e. the ratio of the magnifications is 

j/' : (59) 

r 


Fig. 30. 

If, therefore, the image is to be achromatic both with 
respect to magnitude and position, then, since e^ is constant 
for all colors, 

= 0 , de^z=o ( 60 ) 

But since e^ ^ e^:=z a (distance between the lenses) is also 
constant for all colors, it follows that de^ = — de^, while, from 
(60), d(e//e^) — o. Hence de^^ = o and de^ = o, i.e. each of 
the two separate lenses must be for itself achromatized, i.e. 
must consist of an achromatic pair. 

Hence the following general conclusion may be drawn: 
A combmation which co?tsists of several separated systems is 
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only perfectly achromatic (i.e. with respect to both position and 
magnification of the image) when each system for itself is 
achromatic. 

When the divergence of the pencils which form the image 
becomes greater, complete achromatism is not the only con- 
dition for a good image even with monochromatic light. The 
spherical aberration for two colors must also be corrected as 
far as possible ; and, when the image of a surface element is 
to be formed, the aplanatic condition (the sine law) must be 
fulfilled for the two colors. Abbe calls systems which are free 
from secondary spectra and are also aplanatic for several 
colors ^ ^ apochromatic ^ ' systems. Even such systems have a 
chromatic error with respect to magnification which may, 
however, be rendered harmless by other means (cf. below 
under the head Microscopes). 


CHAPTER IV 


APERTURES AND THE EFFECTS DEPENDING UPON THEM. 

I. Entrance- and Exit-pupils. — The beam which passes 
through an optical system is of course limited either by the 
dimensions of the lenses or mirrors or by specially introduced 
diaphragms. Let P be a particular point of the object (Fig. 
31); then, of the stops or lens rims which are present, that 
one which most limits the divergence of the beam is found in 
the following way: Construct for every stop B the optical 
image formed by that part of the optical system which 
lies between B and the object P. That one of these images 
B^ which subtends the smallest angle at the object point P is 
evidently the one which limits the divergence of the beam. 
This image is called the ent 7 'ance-'pitpil of the whole system. 
The stop B is itself called the aperture or The angle 

2U which the entrance-pupil subtends at the object, i.e. the 
angle included between the two limiting rays in a meridian 
plane, is called the angular aperture of the system. 

The optical image B^ which is formed of the entrance- 
pupil by the entire system is called the exit-pupiL This 
evidently limits the size of the emergent beam which comes to 
a focus in P\ the point conjugate to P. The angle which 
the exit-pupil subtends at P' is called the angle of projection 
of the system. Since object and image are interchangeable, 
it follows at once that the exit-pupil P/ is the image of the 


the iris lies in front of the front lens of the system, it is identical with the 
entrance- pupil. 
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stop B formed by that part of the optical system which lies 
between B and the image space. In telescopes the rim of the 
objective is often the stop, hence the image formed of this rim 
by the eyepiece is the exit-pupil. The exit-pupil may be 
seen, whether it be a real or a virtual image, by holding the 



instrument at a distance from the eye and looking through it 
at a bright background. 

Under certain circumstances the iris of the eye of the 
observer can be the stop. The so-called pupil of the eye is 
merely the image of the iris formed by the lens system of the 
eye. It is for this reason that the general terms entrance- 

pupil and iris have been chosen. 

As was seen on page $2, the position of the pupils is of 
importance in the formation of images of extended objects by 
beams of small divergence. If the image is to be similar to 
the object, the entrance- and exit-pupils must be orthoscopic 
points. Furthermore the position of the pupils is essential to 
the determination of the principal rays ^ i.e. the central rays of 
the pencils which form the image. If, as will be assumed, the 
pupils are circles whose centres lie upon the axis of the 
system, then the rays which proceed from any object point P 
toward the centre of the entrance-pupil, or from the centre of 
the exit- pupil toward the image point P', are the principal 
rays of the object and image pencils respectively. When the 
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paths of the rays in any system are mentioned it will be 
understood that the paths of the principal rays are meant. 

2. Telecentric Systems — Certain positions ofthe iris can 
be chosen for which the entrance- or the exit-pupils lie at 
infinity (in telescopic systems both lie at infinity). To attain 
this it is only necessary to place the iris behind S^ at its 
principal focus or in front of S^ at its principal focus (Fig. 31). 
The system is then called telecentriCy — in the first case, tele- 
centric on the side of the object; in the second, telecentric on the 
side of the image. In the former all the principal rays in the 
object space are parallel to the axis, in the latter all those 
of the image space. Fig. 32 represents a system which is 
telecentric on the side of the image. The iris B lies in front 
of and at the principal focus of the lens 5 which forms the 
real image of the object P^ and P^. The principal rays 



Fig. 32. 


from the points P^ and P^ are drawn heavier than the limiting 
rays. This position of the stop is especially advantageous when 
the image P^P^ is to be measured by any sort of a micrometer. 
Thus the image P^P^ always has the same size whether it 
coincides with the plane ofthe cross-hairs or not. For even 
with imperfect focussing it is the intersection of the principal 
rays with the plane of the cross-hairs which determines for the 
observer the position of the (blurred) image. If then the prin- 
cipal rays of the image space are parallel to the axis, even 
with improper focussing the image must have the same size as 
if it lay exactly in the plane of the cross-hairs. But when the 
principal rays are not parallel in the image space, the apparent 
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size of the image changes rapidly with a change in the position 
of the image with respect to the plane of the cross-hairs. 

If the system be made telecentric on the side of the object, 
then, for a similar reason, the size of the image is not depen- 
dent upon an exact focussing upon the object. This arrange- 
ment is therefore advantageous for micrometer microscopes, 
while the former is to be used for telescopes, in which the 
distance of the object is always given (infinitely great) and the 
adjustment must be made with. the eyepiece. 

3. Field of View. — In addition to the stop B (the iris), the 
images of which form the entrance- and exit-pupils, there are 
always present other stops or lens rims which limit the size of 
the object whose image can be formed, i.e. which limit the field 
of view. That stop which determines the size of the field of view 
may be found by constructing, as before, for all the stops the 
optical images which are formed of them by that part of the 
entire lens system which lies between the object and each stop. 
Of these images, that one which subtends the smallest angle 
2 w at the centre of the entrance-pupil is the one which deter- 
mines the size of the field of view. 2 w is called the aiigular 
field of view. The correctness of this assertion is evident at 
once from a drawing like Fig. 31 . In this figure the iris the 
rims of the lenses and and the diaphragm G are all 
pictured as actual stops. The image of G formed by 5 ^^ is 

; and since it will be assumed that subtends at the centre 
of the entrance-pupil a smaller angle than the rim of or the 
image which forms of the rim of the lens , it is evident that 
G acts as the field-of-view stop. The optical image C/ which 
the entire system forms of G^ bounds the field of view 

in the image space. The angle 2 w' which subtends at the 
centre of the exit-pupil is called the angle of the image. 

In Fig. 31 it is assumed that the image G^ of the field-of- 
view stop lies in the plane of the object. ThiS'xase is charac- 
terized by the fact that the limits of the field of view are 
perfectly sharp, for the reason that every object point P can 
either completely fill the entrance-pupil with rays or else can 
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send none to it because of the presence of the stop If the 
plane of the object does not coincide with the image (9^, the 
boundary of the field of view is not sharp, but is a zone of con- 
tinuously diminishing brightness. For in this case it is evident 
that there are object points about the edge of the field whose 
rays only partially fill the entrance-pupil. 

In instruments which are intended for eye observation it is 
of advantage to have the pupil of the eye coincide with the 
exit-pupil of the instrument, because then the field of view is 
wholly utilized. For if the pupil of the eye is at some distance 
from the exit-pupil, it itself acts as the field-of-view stop, and 
the size of the field is thus sometimes greatly diminished. For 
this teason the exit-pupil is often called the eye-ring^ and its 
centre is called the position of the eye. 

Thus far the stops have been discussed only with reference 
to their influence upon the geometrical configuration of the 
rays, but in addition they have a very large effect upon the 
brightness of the image. The consideration of this subject is 
beyond the domain of geometrical optics ; nevertheless it will be 
introduced here, since without it the description of the action 
of the different optical instruments would be too imperfect. 

4. The Fundamental Laws of Photometry. — By the total 
quantity of light which is emitted by a source Q is meant 
the quantity which falls from Q upon any close'd S com- 

pletely surrounding Q. S may have any form whatever, since 
the assumption, or better the definition, is made that the total 
quantity of light is neither diminished nor increased by propa- 
gation through a perfectly transparent medium.* 

It is likewise assumed that the quantity of light remains 
constant for every cross-section of a tube whose sides are 
made up of light rays (tube of light). t If Q be assumed 


* In what follows perfect transparency of the medium is always assumed, 
f The definitions here presented appear as necessary as soon as light quantity 
is conceived as the energy which passes through a cross-section of a tube in unit 
time. Such essentially physical concepts will here be avoided in order not to for- 
sake entirely the domain of geometrical optics. 
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to be a point source, then the light-rays are straight lines 
radiating from the point Q. A tube of light is then a cone 
whose vertex lies at Q, By angle of aperture (or solid angle) 
of the cone is meant the area of the surface which the cone 
cuts out upon a sphere of radius i (i cm.) described about its 
apex as centre. 

If an elementary cone of small solid angle dfl be consid- 
ered, the quantity of light contained in it is 

dL^K da (6 i ) 

The quantity K is called the candle-power of the source Q in 
the direction of the axis of the cone. It signifies physically 
that quantity of light which falls from Q upon unit surface at 
unit distance when this surface is normal to the rays, for in 
this case dPl — i. 

The candle-power will in general depend upon the direction 
of the rays. Hence the expression for the total quantity of 
light is, by (6l), 

M= jKdCi, (62) 

in which the integral is to be taken over the entire solid angle 
about Q. If K were independent of the direction of the rays, 
it would follow that 

since the integral of dO taken over the entire solid angle about 
Q is equal to the surface of the unit sphere described about Q 
as a centre, i.e. is equal to An. The mean candle-power 
is defined by the equation 

r Kda 

“ fda " 4 ^- • 

If now the elementary cone dCl cuts from an arbitrary sur- 
face 5 an element dS^ whose normal ma,kes an angle 0 with 
the axis of the cone, and whose distance from the apex Q of 
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the cone, i.e. from the source of light, is r, then a simple 
geometrical consideration gives the relation 


d£l ■ H ~ dS • cos 


(64) 


Then, by (61), the quantity of light which falls upon dS is 


dL = K 


dS- cos 0 

* 


(65) 


The quantity which falls upon unit surface is called the 
intensity of illumination B. From (65) this intensity is 


Bz=K 


cos 0 


( 66 ) 


i.e. the intensity of illumination is inversely proportional to the 
square of the distance from the point source and directly pro- 
portional to the cosine of the angle which the normal to the 
illuminated surface makes with the direction of the incident rays. 

If the definitions here set up are to be of any practical 
value, it is necessary that all parts of a screen appear to the eye 
equally bright when they are illuminated with equal intensities. 
Experiment shows that this is actually the case. Thus it is 
found that one candle placed at a distance of i m. from a screen 
produces the same intensity of illumination as four similar 
candles placed close together at a distance of 2 m. 

Hence a simple method is at hand for comparing light 
intensities. Let two sources and illuminate a screen 
from such distances r^ and r^ (0 being the same for both) that 
the intensity of the two illuminations is the same. Then the 
candle-powers and of the two sources are to each other 
as the squares of the distances r^ and r^. A photometer is used 
for making such comparisons accurately. The most perfect 
form of this instrument is that constructed by Lummer and 
Brodhun.* 

* A complete treatment of this instrument, as well as of all the laws of pho- 
tometry, is given by Brodhun in Winkelmann’s Handbuch der Physik, Optik, p. 
450 sq. 
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The most essential part of this instrument is a glass cube 
which consists of two right-angled prisms A and B (Fig. 
33) whose hypothenuses are polished so as to fit accurately 
together. After the hypothenuse of prism A has been ground 
upon a concave spherical surface until its polished surface has 
been reduced to a sharply defined circle, the two prisms are 
pressed so tightly together that no air-film remains between 
them. An eye at (9, which with the help of a lens w looks 



Fig. 33. 


perpendicularly upon one of the other surfaces of the prism 
receives transmitted and totally reflected light from immedi- 
ately adjoining portions of the field of view. Between the two 
sources and which are to be compared is placed a screen 
5 of white plaster of Paris, whose opposite sides are exactly 
alike. The light diffused by vS is reflected by the two mirrors 
and S 2 to the glass cube AB. If the intensities of illumina- 
tion of the two sides of 5 are exactly equal, the eye at 0 sees 
the glass cube uniformly illuminated, i.e. the figure which dis- 
tinguishes the transmitted from the reflected light vanishes. 
The sources and are then brought to such distances 
and ^2 from the screen 5 that this vanishing of the figure takes 
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place. In order to eliminate any error which might arise from 
a possible inequality in the two sides of 5 , it is desirable to 
make a second measurement with the positions of the two 
sources and interchanged. The screen S, together with 
the mirrors S^ and ^2 and the glass cube, are rigidly held in 
place in the case KK. 

As unit of candle-power it is customary to use the flame of a 
standard paraffine candle burning 50 mm. high, or, better still, 
because reproducible with greater accuracy, the Hefner light. 
This light was introduced by v. Hefner- Alteneck and is pro- 
duced by a lamp which burns amyl-acetate and is regulated 
to give a flame 40 mm. high. 

When the candle-power of any source has been measured, 
the intensity at any distance can be calculated by (66). The 
unit of intensity is called the candle-meter. It is the in- 
tensity of illumination produced by a unit candle upon a 
screen standing l m. distant and at right angles to the direc- 
tion of the rays. Thus, for example, an intensity of 50 candle- 
meters, such as is desirable for reading purposes, is the 
intensity of illumination produced by 50 candles upon a book 
held at right angles to the rays at a distance of i m., or that 
produced by 12^ candles at a distance of m., or that pro- 
duced by one candle at a distance of m. 

Photometric measurements upon lights of different colors 
are attended with great difficulties. According to Purkinje 
the difference in brightness of differently colored surfaces varies 
with the intensity of the illumination.* 

If the source Q must be looked upon as a surface rather 
than as a point, the amount of light emitted depends not only 
upon the size of the surface, but also upon the inclination of the 
rays. 

A glowing metal ball appears to the eye uniformly bright. 
Hence the same quantity of light must be contained in all ele- 

* Even when the two sources appear colorless, if they are composed of different 
colors physiological effects render the measurement uncertain. Cf. A. Tschermak, 
Arch. f. ges. Physiologic, 70, p. 297, 1898. 
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mentary cones of equal solid angle dco whose vertices lie at the 
eye and which intersect the sphere. But since these cones 
cut out upon the metal sphere (cf. eq.'(64)) surface elements 
ds such that 


dOD^f^ 

ds — 

cos 


(67) 


in which t 9 is the angle of inclination of ds with the axis of the 
cone, it follows that the surface elements which send a given 
quantity of light to the eye increase in size as the angle 
included between the normal and the direction of the rays to 
the eye increases, i.e. the surfaces are proportional to i : cos 6 . 

Hence (cf. eq. (65)) the quantity of light dL which a sur- 
face element ds sends to another surface element dS is 


dL=: 


i^ds^dS^cos -9 -cos 0 
-2 : 


( 68 ) 


in which r represents the distance between the surface elements, 
and and © represent the inclinations of the normals at ds 
and dS to the line joining the elements, i is called the inten- 
sity of radiation of the surface ds. It is the quantity which unit 
surface radiates to another unit surface at unit distance when 
both surfaces are at right angles to the line joining them. 

The symmetry of eq. (68) with respect to the surface 
element which sends forth the radiations and that upon which 
they fall is to be noted. This symmetry can be expressed in 
the following words : The quantity of light which a surface 
Hement radiating with an intensity i sends to another surface 
element is the same as the former would receive from the latter 
if it were radiating with the intensity i. 

Equation (68) can be brought into a simpler form by intro- 
ducing the solid angle dTl which dS subtends at ds. The 

*■ This equation, which is often called the cosine law of radiation, is only approxi- 
mately correct. Strictly speaking, i always varies with 0, and this variation is 
different for different substances. The subject will be treated more fully when 
considering Kirchhoft's law (Part III, Chapter II). This approximate equation will, 
however, be used here, i.e. i will be regarded as constant. 
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relation existing bewteen dTl and dS is expressed in equation 
(64). Hence (68) may be written 

dL — i' ds' cos • dD (6q) 

On the other hand it is possible to introduce the solid angle 
d<£> which ds subtends at dS, A substitution in (68) of its 
value taken from (67) gives 

dL — i‘dS -cos C>-doo (jq) 

The relation which the intensity of radiation i bears to the 
total quantity AT which is emitted by ds is easily obtained. 

Thus a comparison of equations (61) and (69) shows that 
the candle-power K of the surface ds in a direction which 
makes an angle with its normal has the value 

K = ids cos (71) 

Let now the quantity of light be calculated which is con- 
tained between two cones whose generating lines make the 
angles d and -f- d^ respectively with the normal to the sur- 
face ds. The volume enclosed between the two cones is a 
conical shell whose aperture is 

d£l ~ 27 t sin d d^, (72) 

for it cuts from a sphere of radius i a zone whose width is dd 
and whose radius is sin -S. Hence, from equations (69) and 
(72), the quantity of light contained in the shell is 

dL = 27 tids sin ^ cos d^. 

Hence the quantity contained in a cone of finite size whose 
generating line makes the angle U with the normal to ds is 
ru 

L =: 27 tids I sin cos ^ dd^ = Tcids sin^ U. . (73) 


In order to obtain the total quantity U must be set 


7 t 


equal to ^ and the result multiplied by 2 in case the surface 
2 

element ds radiates with intensity i on both sides. Hence 

M = 27 tids (74) 
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5. The Intensity of Radiation and the Intensity of Illu- 
mination of Optical Images. — Upon the axis of a coaxial 
optical system let there be placed perpendicular to the axis a 
surface element which radiates with intensity i. Let U be 
the angle between the axis of the system and the limiting rays, 
i.e. those which proceed from ds to the rim of the entrance- 
pupil; then, by (73), the quantity of light which enters the 
system is 

L = nids sin^ U. (75) 

Thus this quantity increases as U increases, i.e. as the 
.entrance-pupil of the system increases. If now ds’ is the 
optical image of ds^ and U' the angle between the axis and the 
limiting fays of the image, i.e. the rays proceeding from the 
exit-pupil to the image, then the problem is to determine the 
intensity of radiation i of the optical image. According to 
(73) the quantity of light which radiates from the image would 
be 

V = nids' sin^ U' (76) 

Now L' cannot be greater than i, and can be equal to it only 
when there are no losses by reflection and absorption; for then, 
by the definitions on page 77, the quantity within a tube of 
light remains constant. If this most favorable case be assumed, 
it follows from (75) and (76) that 

. ds sin^ U , ■ 

^ ~ ^ds' sin® U' 

But if ds' is the optical image of ds^ it follows from the sine 
law (equation (46), page 61) that 

ds sin2 U n'^ 

ds' sin2 U' ^ 

in which 71 is the index of the object space, and n' that of the 
image space. Hence, from (77), 


r * 4 
A X ;• 
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Hence if the indices of the object and image spaces are the 
same^ the intensity of radiatioit of the image is at best equal to 
the intensity of radiation of the object. 

For example, the intensity of radiation of the real image 
of the sun produced by a burning-glass cannot be greater than 
that of the sun. Nevertheless the intensity of illumination of 
a screen placed in the plane of the image is greatly intensified 
by the presence of the glass, and is proportional directly to the 
area of the lens and inversely to its focal length. This intensity 
of illumination B is obtained by dividing the value of H as 
given in (76) by dd . If w = n\ it follows that B — ni' sin^ U' . 
The fact that an optical system produces an increase in the 
intensity of illumination is made obvious by the consideration 
that all the tubes of light which pass through the image ds^ 
must also pass through the exit-pupil. Hence the total quantity 
of light which is brought together in the image ds' is, by the 
proposition of page 82, the same as though the whole exit- 
pupil radiated with the intensity i of the sun upon the element 
ds\ The effect of the lens is then exactly the same as though 
the element ds' were brought without a lens so near to the 
sun that the angle subtended by the sun at ds^ became the 
same as the angle subtended by the exit-pupil of the lens at its 
focus. 

The same consideration holds for every sort of optical 
instrument. Therefore 7 to arrangement for concentrating light 
can accomplish more than to produce^ with the help of a given 
source of light which is small or distant y an effect which wotdd 
be pfodticed without the arrangement by a larger or nearer 
source of equal intensity of radiation. 

In case n and n^ have different values, an increase of the 
intensity of radiation of the image can be produced provided 
n < n^ . For example, this is done in the immersion systems 
used with microscopes in which the light from a source <2 in a 
medium of index unity is brought together by; a condenser in 
front of the objective in a medium (immersion fluid) of greater 
index n^ . The quantity of light which therefore enters the 

t ' 

r 
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microscope is proportional to r? sln^ U, in which U represents 
the angle between the limiting rays which enter the entrance- 
pupil. The product 

n ^vci U ^ a (8o) 

is called by Abbe the mtmerical aperture of the instrument. 
Then the quantity of light received is proportional to the 
square of the numerical aperture. The intensity of radiation in 
the image, which again lies in air, is, of course, never more 
than the intensity of the source Q. 

6. Subjective Brightness of Optical Images. — It is neces- 
sary to distinguish between the (objective) mteizsity of illuzni- 
nation which is produced at a point (9 by a luminous surface s 
and the (subjective) brightness of such a surface as it appears to 
an observer. The sensation of light is produced by the action 
of radiation upon little elements of the retina which are sensitive 
to light. If the object is a luminous surface s, then the image 
upon the retina covers a surface s‘ within which these sensitive 
elements are excited. The brightness of the surface s is now 
defined as the quantity of light which falls upon unit surface of 
the retina, i.e. it is the intensity of illumination of the retina. 

If no optical system is introduced between the source of 
light and the eye, then the eye itself is to be looked upon as 
an optical system to which the former considerations are 
applicable. The illumination upon the retina may be obtained 
from equations (76) and (79); but in this case it is to be 
remembered that n^ the index of the object space, and n^ ^ that 
of the image space, have in general different values. Hence 
the brightness which is produced when no optical instru- 
ments are present and when the source lies in a medium of 
index n ■= i \s called the natural brightness and has the value 

= nin"'^ sin^ (81) 

i here is the intensity of radiation of the source (losses due 
to the passage of the rays through the eye are neglected), 
is the angle included between the axis of the eye and lines 
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drawn to the middle point of the image upon the retina from 
the rim of the pupil. Therefore 2 W^' is the angle of projection 
in the eye (cf. page 73). If the size of the pupil remains 
constant, is also constant. Hence the brightness 

depends only upon the intensity of radiation i of the source and 
is altogether independent of the distance of the source from the 
eye. 

This result actually corresponds within certain limits with 
physiological experience. To be sure when the source of 
light is very close to the eye, so that the image upon the 
retina is very much larger, a blinding sensation which may 
be interpreted as an increase in brightness is experienced. As 
the pupil is diminished in size becomes smaller and hence 

decreases. 

If now an optical instrument is introduced before the eye, 
the two together may be looked upon as a single system 
for which the former deductions hold. Let the eye be made 
to coincide with the exit-pupil, a position which (cf. page 77) 
gives the largest possible field of view. Then two cases are 
to be distinguished : 

7. The exit-pupil is equal to or greater than the pupil of 
the eye. Then the angle of projection 'iW' of the image in 
the eye is determined by the pupil of the eye, i.e. W = Wf 
The brightness is given by equation (81), in which i is the 
intensity of radiation of the source (all losses in the instrument 
and in the eye are neglected and the source is assumed to be 
in a medium of index n ^ i). If this index differs from 
unity, H must be divided by 7^, This case is, however, 
never realized in actual instruments. The source always lies 
in air or (as the sun) in space. This is also the case with the 
immersion systems used in microscopes, for the source is not 
the object immersed in the fluid, as this is merely illuminated 
from without. The real source is the bright sky, the sun, a 
lamp, etc. In what follows it will always be assumed that the 
source lies in a medium of index n=\. Hence the result: 
Provided no losses take place by reflection and absorption in 
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the instrument, the brightness of the optical image produced by 
an instf^timent is equal to the natural brightness of the source. 

2 , ZThe exit-pupil is smaller than the pupil of the eye. Then 
the brightness is given by an equation analogous to (8i), 
namely, 

Hz=i nin'^ sin^ W'^ (82) 

in which i is the intensity of radiation of the source, and 2 W' 
is the angle of projection of the image in the eye. But now 

W' < TVf i.e. the brightness of the image is less than the 

natural brightness of the source. The ratio of these two 
brightnesses as obtained from (81) and (82) is 

H : sin^ W : sin^ (83) 

Since now is a small angle and even smaller (in the 

human eye is about 5°), the sine may be replaced by the 

tangent., so that the right-hand side of (83), i.e. the ratio of 
the br£g;‘htness of the image to the natural brightness of the 
source, is equal to the ratio of the size of the exit-pupil of the 
instrument to the size of the pupil of the eye (or, better, to the 
size of the image of the iris formed by the crystalline lens and 
the front chamber of the eye). In short: In the case of 
extefided objects an optical instrument can do no more than 
increase the visual angle wider which the object appears with- 
out incr-easing its brightness. 

This result could have been obtained as follows: By the 
principle on page 85, the intensity of radiation of the image is 
equal to that of the source (when n =: n' =: 1 and reflection 
and absorption losses are neglected). An optical instrument 
then produces merely an apparent change of position of the 
source. But since, by the principle of page 87, the brightness 
of the source is entirely independent of its position provided 
the wbole pupil of the eye is filled with rays, it follows that 
the brightness of the image is equal to the natural brightness 
of the source. But if the exit-pupil is smaller than the pupil 
of the eye, the latter is not entirely filled with rays, i.e. the 
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'igrhtness of the image must be smaller^ than the natural 
‘iglitness. The ratio H : comes out the same in this case 

before, since the inclination to the axis of the image rays is 
^^11 when the image lies at a sufficient distance from the eye 
be clearly visible. 

If the image ds' of a luminous surface ds lies at the distance 
from the exit-pupil (i.e. from the eye, since the latter is to 
- placed at the position of the exit-pupil), then d tan is 
^ radius of the exit-pupil, 2U’ being the angle of projection 
tile image (in air). Hence, replacing sin C/' by tan C/', the 
tio of the brightness H of the image to the natural brightness 

0 of the source when the radius of the exit-pupil is smaller 
a-m the radius p of the pupil of the eye is 

H 6 ^ sin^ U 

ow by the law of sines (equation (78)), the index n' of the 
\SLgQ space being equal to unity, 

jH sin2 U ds . 

.... (84) 

which ds is the element conjugate to ds^ and whose limiting 
3^s make an angle U with the axis of the instrument. Let « 

1 the index of refraction of the medium about dsy then 
f. (80)) n U — a \s equal to the numerical aperture of 
e system, dd ; ds is the square of the lateral magnification 

tzlie instrument. Representing this by F, (84) becomes 


H _ 

^0 ^ 


(85) 


his equation holds only when H < It shows clearly the 
fliaence of the numerical aperture upon the brightness of the 
rage, and is of great importance in the theory of the micro- 
ope. 

The magnification which is produced by an optical instru- 
ent when its exit-pupil is equal to the pupil of the eye, i.e. 
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when the image has the natural brightness of the source, is 
called the normal magnification. If the radius p of the pupil 
be taken as 2 mm. and the distance d of the image from the 
eye as 25 cm. (distance of most distinct vision), then, from 
(85), the normal magnifications corresponding to different 
numerical apertures are 

when a = 0.5 62; 

‘‘ ^ = i.o F,, = 125 ; 

“ a=i.s V„=i 87 . 


When the magnification V is equal to 2 the brightness 
i/ is a quarter of the natural brightness Hq. 2 may be 
looked upon as about the limit to which the magnification can 
be carried without diminishing the clearness of the image. 
For a = 1.5 this would be, then, a magnification of about 380. 
For a magnification of 1000 and <2 = 1.5 the brightness ff is 
^ of the natural brightness 

For telescopes equation (85) is somewhat modified in prac- 
tice. Thus if h is the radius of the objective of the telescope, 
then, by equation (14') on page 28, the radius of its exit-pupil 
is equal to A : F, in which T is the angular magnification of the 
telescope. Hence the ratio of the area of the exit-pupil to 
that of the pupil of the eye is (cf. p. 87, eq. (83 et seq.) 

~ 

For a normal magnification the radius of the objective 
of a telescope must be p-F^y i.e. it must be 2, 4, 6, 8, etc., 
mm. if the normal magnification has the value i, 2, 3, 4, etc., 
and p is taken as 2 mm. Thus, for example, if the normal 
magnification is 100, the radius of the objective must be 
20 cm. 

7, The Brightness of Point Sources. — The laws for the 
brilliancy of the optical images of surfaces do not hold for the 
images of point sources such as the fixed stars. On account 
of diffraction at the edges of the pupil, the size of the image 
upon the retina depends only on the diameter of the pupil, 
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being altogether independent of the magnification. (Cf. Chapter 
IV, Section I of Physical Optics.) As long as the visual 
angle of an object does not exceed one minute the source is to 
be regarded as a point. 

The brightness of a point source P is determined by the 
quantity of light which reaches the eye from P. The natural 
brightness is therefore proportional directly to the size of 
the pupil and inversely to the square of the distance of P from 
the eye. By the help of an optical instrument all the light 
from P which passes through the entrance-pupil of the in- 
strument is brought to the eye provided the exit-pupil is 
smaller than the pupil of the eye, i.e. provided the normal 
magnification of the instrument is not exceeded. If the rim of 
the objective is the entrance-pupil of the instrument, then the 
brightness of a distant source such as a star exceeds the 
natural brightness in the ratio of the size of the objective to 
the size of the pupil of the eye.* 

But if the natural magnification of the telescope has not 
yet been reached, i.e. if its exit-pupil is larger than the pupil 
of the eye, then in the use of the instrument the latter consti- 
tutes the exit-pupil and its image formed by the telescope the 
entrance-pupil. According to equation (14^) on page 28 this 
entrance-pupil is times as great as the pupil of the eye, F 
representing the magnification of the telescope. Hence the 
brightness of the star is times the natural brightness. 

Since, then, the brightness of stars may be increased by the 
use of a telescope, while the brightness of the background is 
not increased but even diminished (in case the normal mag- 
nification is exceeded), stars stand out from the background 
more clearly when seen through a telescope than otherwise 
and, with a large instrument, may even be seen by day. 

8. The Effect of the Aperture upon the Resolving Power 
of Optical Instruments. — Thus far the effect of the aperture 
upon the geometrical construction of the rays and the bright- 

♦ The length of the telescope must be negligible in comparison with the dis- 
tance of the source. 
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ness of the image has been treated. But the aperture also 
determines the resolving poiver of the instrument, i.e. its ability 
to optically separate two objects which the unaided eye is 
unable to distinguish as separate. It has already been, 
remarked on page 52 that, on account of diffraction pheryomena, 
very narrow pencils produce poor images. These diffraction 
phenomena also set a limit to the resolving power of optical 
instruments, and it is at once clear that this limit can be pushed " 
farther and farther on by increasing the width of the beam 
which forms the image, i.e. by increasing the aperture of the 
instrument. The development of the numerical relations 
which exist in this case will be reserved for the chapter on the 
diffraction of light. But here it may simply be remarked that 
two objects a distance d apart may be separated by a micro- 
scope if 

(87) 


in which X is the wave-length (to be defined later) of light in 
air, and a the numerical aperture of the microscope. A tele- 
scope can separate two objects if the visual angle p which they 
subtend is 


0^ 0.6- 


in which h is the radius of the aperture of the telescope. 


CHAPTER V 


OPTICAL INSTRUMENTS* 

I. Photographic Systems. — In landscape photography 
the optical system must throw a real image of a very extended 
object upon the sensitive plate. The divergence of the pencils 
which form the image is relatively small. The principal 
sources of error which are here to be avoided have already been 
mentioned on page 63. Attention was there called to the 
advantage of the symmetrical double objective as well as to the 
influence of suitably placed stops upon the formation of a cor 
rect image. But the position of the stop has a further influence 
upon the flatness of the image. 

For the case of a combination of two thin lenses of focal 
length and and of indices and the greatest flatness of 
image can be obtained t when 

«/i = - ^2/2 (0 

The condition for achromatism for two thin lenses is, by 
equation (54) on page 69, 

’^%f\ ” 2. (^) 

The two conditions (i) and (2) can be simultaneously fitl- 
filled only when the lens of larger index n has the smaller 
dispersive power v. 


*For a more complete treatment cf. Winkelmann’s liandbuch der Physik 
Optik, p. 203 sq. Mtiller-Pouillet, 9th Ed. Optik, p. 721 sq. 

•j-For a deduction of this condition, first stated by Petzval in the year 1843, cf. 
Lummer, Ztschr. f. Instrk., 1897, p. 231, where will be found in three articles 
(pps. 208, 225, 264) an excellent review of photographic optics. 
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Formerly no kinds of i^luss were known which julfillccl this 
condition, namely, that the one witli laryer index have the 
smaller disf>crsion. I'or crown hotli the relrattion and 

the dispersion were small; for Hint both lari-e. 

Only recently has Schott in Jena proihtce<l {.glasses which show 
in some dci'ree the rev'erse relation,* and hence it has hecome 
possible to obtain at the same time achromatism and flatness 
of the ima^je. Such systems of lenses arc calletl the new 
achromats to distinp:uish them from the oUl achrcmuits. 

For another reason the use of these new kiruls of {•lass, 
which combine a lar{>:e » with a small f. is atlvanlatjeous for 
photographic optics. Astigmatism may he corrected liy com- 
bining an old achromat with a new, Iwcause the ft»rmer, on 
account of the disper-sive elTect at the junction la*twecn the 
lenses, produces an astigmatic difference of o[»jtosite sign fnim 
that produced by the latter, which has a convergent effect at 
the junction. Such symmetrical «loiihle objectives which have 
on both sides a combination of old and new achromats are 
called anastigmatic aplanats. 

In order to produce as large images as jKwsible of a di.stant 
object, the focal length of the .system must as great as 
possible. This would necessitate, if the lenses of the system 
lie close together," an inconvenient lengthening of the camera, 
since its length 6 must be a[){jroxiiniitely equal to the focal 
length /. This difficulty can be avoided by the use of a 
so-called teleobjective, which consists of a errmbination of a 
convergent and a divergent system placer! at a rlistance a 
apart. The latter forms (cf. Fig. la, jrage 43) erect, enlarger! 
imkges of virtual objects which lie tehintl it but in frrrnt t»f its 
second principal focus The princijral locus /*‘/of the con- 
vergent lens must also lie in front of /•g. As is shown in Fig, 
34, the focal length / of the whole sy.stem is greater than the 
distance of the convergent system from the {K>«ition of the 


* The barirun-slUc&to gk«m produce brgar refraction lint rauUer dii^^emkw 
than crown glati. 
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imajjc, i.c. than tl»’ c.uiu-ra l'<>r fv.mnilr. in order 

to be uVjIc' to UHC a {Inal k'i!;;lh f "1 cm. in a i.um-ia whoa* 
Jenj^th in about io eni.. a voj!%ri{;«-iit b n-* t.t Irnjjili 

It) CJJi. niUHt Ik* t'ornl'intd nith a divt ij;t nt b iVNi ni loi.d !rn;;lh 
5 citJ. so that the optival *ic |uration .J 1.35 » ««., i.e tlu* dt«” 



fn,. n. 


tance between the lenses must Itr f» 15 , em. I hrsr vabtr « air 
obtained from the equations iJJ) an«l ii»j* f«»r 4 r«»m|»nm«s 
system given tin page iq 

In a jKirtrait lens the si^e of the .ijK'ttuie »■» «»f the greatest 



lens. This prfHhitcs (ef Fig 3t, jwgr 4i|4ti ernt ndarged 
virtual image of an objret which lies Ijelwern the Iriei and its 
{mncqial ftreus. If this image is at a distam e «f d** from the 
eye, then, by equation {7} on |>age fq, the magnification f *«f 
the lens is 

-ft# 

" / ' / / • * ■ * • • 
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in which x' denotes the distance of the image from the second 
principal focus, and a that of the eye. Generally a may be 
neglected in comparison with in which case the magnifi- 
cation produced by the lens is 

( 4 ) 

Thus it is inversely proportional to the focal length of the 
lens. 

If the diameter of the magnifying-glass is greater than that 
of the image which it forms of the pupil of the eye, then the 
latter is the aperture stop, the former the field-of-view stop. 
In order to obtain the largest possible field of view it is neces- 
sary to bring the eye as near as possible to the lens. As the 
distance of the lens from the eye is increased, not only does 
the field of view become smaller, but also the configuration of 
the rays changes in that the images of points off the axis arc 
formed by portions of the lens which lie to one side of the axis. 
This is evident at once from a graphical construction of the 
entrance-pupil of the system, i.e. a construction of the image 
of the pupil of the eye formed by the lens. The orthoscopy 
is in this way generally spoiled, i.e. the image appears blurred 
at the edges. 

A simple plano-convex lens gives good images for mag- 
nifications of less than eight diameters, i.e. for focal lengths 
greater than 3 cm. The plane side of the lens must be turned 
toward the eye. Although this position gives a relatively 
large spherical aberration on the axis (cf. page 55), because 
the object lies near its principal focus of the lens, nevertheless 
it is more satisfactory than the inverse position on account of 
the smaller aberration off the axis. 

The image may be decidedly improved by the use of two 
simple lenses because the distribution of the refraction over 
several lenses greatly diminishes the spherical aberration on 
the axis. Figs, 35 and 36 show the well-known Fraunhofer 
and Wilson magnifying-glasses. In the latter the distance 
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\ the lennes is iiuHii ^:s!\art than in thr lurnuT. In 
y tin* ailvantagr is i^unni that tin- ilillrmua's in tlu* 
cntitinn Inr t!ic ditirmil i«4«»is is iliimni'»lnsl, altlnni>;li 
iis| cif the distance lifthc i*h|rct Itsuii flu* Irn*.."’ 
ireinali/.titinii is attained in Steinhrir*. ».*» isdlisl aj 4 a' 
ia|.tnilyj«i|.^-glass by a chuice ni ihUeieiU knid^ m1 i;Le*s 
P‘1. In this a duubleH'nnvex lens « 4 'u't»uii is 

;:d between twi» cnitvexa^tanscave lenses <4 llinl yjass. 



^5, Fin. F 8 *c ,17. 


Brhcke rnagnifyinit^itlass, which consists uf a ctmvrr- 
hromatic front lens anti at mmv ilistancr Irorii it a 
diveri-^ent lens, is rharai leri/rd i»y the fail that Ihr 
lies at a cinisiilerablr distance. I'he divergriil Inis 
's inverted, enlarged* virtual images 1,4 virtual objnis 
ie Indiinil its nreond jirincijsil fm'iisul' b'i|.y jsige 
lie arrangement of the lenses may I^e I hr same as in 
‘objective |Mg. 34), Le, the optical srjMration t 4 the 
;ent and the dtvrrgml lenses may he pistiive, Nec^r^ 
if the object h syflicieiilly close, ihr iitiagr fbrmnl liy 
ivergeni lens may lie litliirKl the srconil fmiis ^4 the 
nt Iriw. Like the siiiijite magnllyiiig-gtass this c«iftl*« 
I fnriiishe^A erect Images, for the iiiiagr f««rtiird by itie 
:ent lens alone tvoisld be inverted w^rrr anoiher ittvrr’^ 
I prmiuced by the divergent lens, llie r»biectiofi4ti{e 
of this inslriimenl is the nmallnesH of tfir field of views 

rba Micr0§w^pt*— ##* i^rmrid i In order 

in greater rriagnificalitm il is advantageous to replace 

rfril »4 flir Isrlwrass* Ia’i6trr4li«s«s? tmwn 

Kivr, 70 Tbr aularif Will ii|* ig-44i8 wlicts lt»« <4 

mml ii4irtasiii|^i ut^lrr 
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the magnifying-glass of short focal length by a microscope. 
This consists of two convergent systems relatively far apart. 
The first system (the objective) produces a real, inverted, en- 
larged image of an object which lies just beyond its first 
principal focus. This image is again enlarged by the second 
system (the eyepiece) which acts as a magnifying-glass. Apart 
from the fact that, on account of the greater distance apart of 
the two systems of the microscope, a greater magnification 
can be produced than with a single system used as a simple 
magnifier, the chief advantage of the instrument lies in this, 
that the problem of forming the image is divided into two 
parts which can be solved separately by the objective and the 
eyepiece. This division of labor is made as follows: the 
objective, which has the greatest possible numerical aperture,* 
forms an image of a surface element, while the eyepiece, like 
any magnifying-glass, forms the image of a large field of view 
by means of pencils which must be of small divergence, since 
they are limited by the pupil of the eye. It has been shown 
above (Chapter III, §§8, 9, 10) that these two problems may 
be separately solved. 

d. The Objective . — The principal requirements which an 
objective must fulfil are as follows : 

1. That with a large numerical aperture the spherical 
aberration upon the axis be eliminated and the aplanatic 
condition, i.e. the sine law, be fulfilled. 

2. That chromatic errors be corrected. This requires that 
the aplanatic condition be fulfilled for at least two colors, and 
that a real achromatic image of the object be formed by the 
objective. If only partial achromatism is required it is suf- 
ficient to make the objective achromatic with respect to the 
first principal focus; for the position of the image of an object 
which lies near this focal point would vary rapidly with the 
color if the position of F depended upon the color. If a system 
has been achromatized thus with respect to the focus A', i.e. 

* This requirement is introduced not only for the sake of increased brightness 
but also of increased resolving power. Cf. above, pp. 90, 92. 
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with respect to the position of the image, it is not achromatic 
with respect to the focal length. The different colors, there- 
fore, produce images of different sizes, i.e. chromatic differences 
in magnification still remain. These must be corrected by 
means of the eyepiece. 

It is customary to distinguish between drj/ and immersion 
systems. In the latter the space between the front lens of the 
objective and the cover-glass under which the object lies is 
filled with a liquid. The advantages of this method of increas- 
ing the numerical aperture are evident. Furthermore, by the 
use of the so-called homogeneous immersions, in which the 
liquid has the same index and dispersion as the cover-glass 
and the front lens, the formation of aplanatic images by a 
hemispherical front lens may be attained in accordance with 
the principle of Amici (cf. page 
58). Fig. 38 shows, in double the 
natural size, an objective designed 
by Abbe, called an aprochromat^ in 
which the above conditions are ful- 
filled by a combination of ten 
different lenses used with a homo- 
geneous immersion. The apro- 
chromat, being achromatic for three 
colors, is free from secondary spec- 
tra, and the aplanatic conditions 38 - 

are fulfilled for two colors. The focal length of the system is 
2 mm. and its numerical aperture a = 1.40. The light- 
collecting and dioptric excellence of this objective is such that 
the limit of resolving power of a microscope (equation (87), 
page 92) may be considered as actually attained by it. 

c. The Eyepiece , — The chief requirements for the eyepiece 
are those Tor the formation of the image of an extended object 
by means of narrow pencils, namely: 

1. The elimination of astigmatism in the oblique pencils. 

2. The formation of orthoscopic images. 

3. The formation of achromatic images. 
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The first two points have been discussed in Chapter III, 

§ lo, page 63 ; as to the last, partial achromatlzation is 
sufficient. Consider the case in which the image formed by 
an objective is free from chromatic errors. On account of the 
length of the microscope tube, i.e. on account of the relatively 
large distance between the real image formed by the objective 
and the exit-pupil of the objective, the principal rays which 
fall upon the eyepiece have but a small inclination to the axis 
of the instrument. If now the eyepiece is made achromatic 
with respect to its focal length, then it is evident from the 
construction of conjugate rays given on page 24, as well as 
from the property of the focal length given on page 20, that a 
ray of white light which falls upon the eyepiece is split up into 
colored rays all of which emerge from the eyepiece with the 
same inclination to the axis. Hence an eye focussed for 
parallel rays sees a colorless image. Even when the image 
lies at the distance of most distinct vision (25 cm.) an eyepiece 
which has been made achromatic with respect to its focal 
length nearly fulfils the conditions 71 for a colorless image. 

Now it was shown on page 71 that two simple lenses of 
focal lengths yi andy^? niade of the same kind of glass, when 

y* j_ /* 

placed at a distance apart a = ' ^ resultant focal 

length /which is the same for all colors. Since, in addition, 
the construction of an eyepiece from two lenses produces an 
improvement of the image in the matter of astigmatism, eye- 
pieces are usually made according to this principle. The lens 
which is nearer the objective is called the field-lens ^ that next 
the eye the eye- lens. 

The two most familiar forms of achromatic eyepiece are the 
following : 

I. The Ramsden eyepiece (cf. Fig. 40, page 109). This 
consists of two equal plano-convex lenses which have their 
curved sides turned toward each other. Since / = /, the 
distance a between the lenses is <2 = / = /. But this arrange- 
ment has the disadvantage that the field-lens lies at the prin- 
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cipal focus of the eye-lens, and hence any dust-particles or 
scratches upon the former are seen magnified by the latter. 
Hence the field-lens is placed somewhat nearer to the eye- 
lens, for instance, a =: In this way a further advantage 

is obtained. When a = , the optical separation of the 
two lenses (cf. page 28) J Hence, by equation (20) 

on page 30, the focal length P of the combination lies 
at a distance before the field-lens; while, when a~f^, 
i.e. A = it would fall in the objective lens itself. Since 

the real image formed by the objective of the microscope lies 
near the principal focus F of the eyepiece, if ^ , it is 

still in front of the field-lens ; hence the image in the micro- 
scope may be measured by introducing in front of the field- 
lens, at the position of the real image formed by the objective, 
a micrometer consisting of fine graduations upon glass or a 
cross-hair movable by means of a screw. 

2. The Huygens eyepiece (Fig. 39). In this the focal 
length of the field-lens is larger than that of the eye- 

f 4 - f 

lens. Generally = 37^. Then from a = — - it follows 

that a = r= 2/^, The optical separation has the value 
A = — -l/i , hence by (20) on page 30 the focal length F of the 
combination lies a distance \f^ behind the field-lens. The 
real image formed by the objective must, therefore, fall behind 
the field-lens as a virtual object, and a micrometrical measure- 
ment of it is not easily made since both the lenses in the eye- 
piece take part in the formation of the image of the object, 
while the image of the micrometer is formed by the eye-lens 
alone. This eyepiece also consists of two plano-convex lenses 
but their curved surfaces are both turned toward the object. The 
advantage of the combination of a weak field-lens with an eye- 
lens three times as powerful lies in the fact that the bending 
of the rays at the two lenses is uniformly distributed between 
them.* 


*For this calculation cf. Heath, Geometrical Optics, Cambr., 1895. 
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If chrom2i.tic errors exist in the image formed by the objec- 
tive, they may be eliminated by constructing the eyepiece to 
have chromatic errors of opposite sign. It was shown above 
(page 99) that the chromatic errors of magnification are not 
eliminated in the aprochromat objective, the blue image being 
larger than the red. Abbe then combines with such objectives 
the so-called compensating eyepieces which are not achrome- 
tized with respect to focal length, i.e. with respect to mag- 
nification, but which produce larger red images than blue. 

d. The Condenser . — In order that full advantage may be 
taken of the large numerical aperture of the objective, the rays 
incident upon it must be given a large divergence. To obtain 
such divergence there is introduced under the stage of the 
microscope a condenser which consists of one or more conver- 
gent lenses of short focal length arranged as in an objective, 
but in the inverse order. From the discussion above on page 
85 it is evident that such a condensation of the light does not 
increase the intensity of the source but merely has the effect 
of bringing it very close to the objective. 

e. Geometrical Configuration of the Rays . — If the normal 
magnification (cf. page 90) has not been reached, the pupil of 
the eye is the exit-pupil of the entire microscope, and the image 
of the pupil of the eye formed by the instrument is the 
entrance-pupil. If the normal magnification is exceeded, a 
stop or the rim of a lens in the microscope is the aperture stop. 
This stop always lies in the objective, not in the eyepiece. Fig. 
39 shows a case of very frequent occurrence in which the rim 

of the hemispherical front lens of the objective is both 
aperture stop and entrance -pupil. The image of B^B^ 

formed by the whole microscope is the exit-pupil. If the 
length of the tube is nbt too small, this image lies almost at 
the principal focus of the eyepiece. The eyepiece shown in 
Fig. 39 is a Huygens eyepiece. The real image of the object 

formed by the objective and the field-lens of the eyepiece 
is The field-of-view stop GG is placed at P(Pf In 

this way the edge of the field of view becomes sharply defined, 
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because the image of G formed by the field-lens and the objec- 
tive lies in the plane of the object i*emark on page 

76). The points P^P^ must lie on the edge of the field-of- 
view stop. Then P^P^ is the size of the field of view on the 
side of the object. The virtual image P^'P^^ formed by the 
eye-lens of the real image P^P^ is the image seen by the 
observer. If this image is at a distance d from the exit-pupil, 



then the observer, the pupil of whose eye ought to be coin- 
cident with the exit-pupil (cf. page 77), must focus his 

eye for this distance By a slight raising or lowering of the 
whole microscope with respect to the object P^P^ the image 
P^'P^' may easily be brought to any desired distance d. It 
is usually assumed that 6 is the distance of most distinct vision, 
namely, 25 cm. 

In Fig, 39 the principal and the limiting rays which proceed 
from P^ are shown. From P^ the principal ray only is drawn, 
the limiting rays being introduced behind the eye-lens. 
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f. The Magnificatioii . — Let the object have the linear 
magnitude y. By equation (7) on page 19, the objective 

forms a real image of sizey in which // is the second 

focal length of the objective,* and I the distance of the image 
from the second principal focus. Since, as was shown above, 
this image y lies immediately in front of or behind the field- 
lens of the ocular, I may with sufficient accuracy be taken as the 
length of the microscope tube. Likewise, by equation (7), the 

virtual image formed by the eyepiece has the size z^y 

in which y represents the focal length of the eyepiece and d 
the distance of the virtual image from its second principal 
focus. Since, as was above remarked, this eyepiece lies close 
to the exit-pupil, i.e. to the pupil of the eye, d may be taken 
as the distance of the image from the eye. The magnification 
V produced by the whole microscope is then 


v = ^- = 


d-l 


( 5 ) 


Since the second principal focal length of the entire 
microscope is, by equation (18) on page 29, t 




/tX 


( 6 ) 


Ay the optical separation between the objective and the eye- 
piece being almost equal to /, it follows that, disregarding the 
sign, (5) may be written 

''-7 ( 7 ) 

Thus the magnification depends upon three factors which 
are entirely arbitrary, namely, upon //, , and 1 . The length 


*A distinctipn between first and second principal foci is only necessary for 
iniinersion systems. 

f For tbe eyepiece = f^. 




I 
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/ of the tube cannot be increased beyond a certain limit with- 
out making the instrument cumbrous. It is more practicable to 
obtain the effect of a longer / by increasing the power of the 
eyepiece. Furthermore the focal length of the objective is 
always made smaller than that of the eyepiece. In this way 
not only may the lenses in the objective be made relatively 
small even for high numerical aperture, but also a certain 
quality of image (near the axis) may be more easily obtained 
for a given magnification the smaller the focal length of the 
objective. But since, with the diminution of the focal length 
of the objective, the errors in the final image formed by the 
eyepiece increase for points off the axis, the shortening of 
cannot be carried advantageously beyond a certain limit (1.5-2 
mm. in immersion systems). 

g. The Resolving Power . — This is not to be confused with 
magnification, for, under certain circumstances, a microscope 
of smaller magnifying power may have the larger resolving 
power, i.e. it may reveal to the eye more detail in the object 
than a more powerfully magnifying instrument. The resolving 
power depends essentially upon the construction of the objec- 
tive : the detail of the image formed by it depends (cf. page 
92) on the one hand upon the numerical aperture of the 
objective, on the other upon the size of the discs which arise 
because the focussing is not rigorously homocentric. If two 
points and of an object be considered such that the discs 
to which they give rise in the image formed by the objective 
do not overlap, they may be distinguished as two distinct 
points or round spots in case the eyepiece has magnified the 
image formed by the objective to such an extent that the visual 
angle is at least i L But if these discs in the image formed by 
the objective overlap, then the most powerful eyepiece cannot 
separate the points P^ and P^. For every objective there is 
then a particular ocular magnification, which will just suffice 
to bring out completely the detail in the image formed by the 
objective. A stronger magnification may- indeed be con- 
veniently used in bringing out this detail, but it adds no new 
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element to the picture. From the focal length of the objective, 
the length of the tube, and the focal length of the eyepiece 
which is just sufficient to bring out the detail in the image, it 
is possible to calculate from ($) the smallest permissible mag- 
nification for complete resolution. This magnification is 
greater the greater the resolving power of the objective. 
Assuming a perfect objective, the necessary magnification of 
the whole instrument depends only upon the numerical aper- 
ture. This has not yet been pushed beyond the limit (for 
immersion systems) a i. 6 , Hence, by equation (87) on 
page 92, the smallest interval d which can be optically resolved 


ts 


, A. 0.00053 mm. 

d=z — = = o.oooio mm. 

2 a 3.2 

if A, be the wave-length of green light. Now at a distance 
d = 25 cm. from the eye an interval d^ = 0.145 mm. has a 
visual angle of 2', which is the smallest angle which can be 
easily distinguished. Since d^ \ d'=^ 905, the limit of resolution 
of the microscope is attained when the total magnification is 
about poo. Imperfections in the objective reduce this required 
magnification somewhat. By equation (85) on page 89 the 
ratio of the brightness of the image to the normal brightness 
is for this case 

r/ _ _ /250.1.6V I 

\ 2.900 / ~ 20' 

the radius p of the pupil of the eye being assumed as 2 mm. 

h. Experimental Determination of the Magnification and the 
Numerical Aperture , — The magnification may be determined 
by using as an object a fine glass scale and drawing with the 
help of a camera lucida its image upon a piece of paper placed 
at' a distance of 2 5 cm. firom the eye. The simplest form of 
camera lucida consists .of a little mirror mounted obliquely to 
the axis of the instrument, from the middle of which the silver- 
ing has been removed so as to leave a small hole of about 2 
mm. diameter. The image in the microscope is seen through the 
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hole, while the drawing-paper is at the same time visible in the 
mirror.* The ratio of the distances between the divisions in 
the drawing to those upon the glass scale is the magnification 
of the instrument. 

From the magnification and a measurement of the exit- 
pupil of the microscope its numerical aperture may be easily 
found. Since, according to the discussion on page 88, the 
ratio of the brightness of the image to the normal brightness is 
equal to the ratio of the exit-pupil to the pupil of the eye, it 
follows, from (85) on page 89, that 




in which b represents the radius of the exit-pupil, 
numerical aperture is 



Hence the 

• • (9) 


A substitution of the value of V from (7) gives 

a ^ b :f'y (10) 

i.e. the mimerical apei'tiire is equal to the ratio of the radhts of 
the exit- pupil to the second focal length of the whole microscope. 

Abbe has constructed an apertometer which permits the 
determination of the numerical aperture of the objective 
directly, t 

4. The Astronomical Telescope. — This consists, like the 
microscope, of two convergent systems, the objective and the 
eyepiece. The former produces at its principal focus a real 
inverted image of a very distant object. This image is enlarged 
by the eyepiece, which acts as a simple magnifier. If the eye 
of the observer is focussed for parallel rays, the first focal plane 
of the eyepiece coincides with the second focal plane of the 


* Other forms of camera lucida are described in Mtlller-Pouillet, Optik, p. 839. 
f A description of it will be found in the texts referred to at the beginning of 
this chapter. 
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objective, and the image formation is telescopic in the sense 
used above (page 26), i.e. both the object and the image lie 
at infinity. The magnification F means then the ratio of the 
convergence of the image rays to the convergence of the object 
rays. But, by (24) on page 30, 

r=: tan : tan = :/2, . . . . (ii) 

in which /j is the focal length of the objective and that of 
the eyepiece. Hence for a powerful magnification must be 
large andy^ small. 

The magnification may be experimentally determined by 
measuring the ratio of the entrance-pupil to the exit-pupil of 
the instrument. For when the image formation is telescopic, 
the lateral magnification is constant (cf. page 26), i.e. it is 
independent of the position of the object and, by (14') on page 
28, is equal to the reciprocal of the angular magnification. 
Now (without reference to the eye of the observer, cf. below) 
the entrance-pupil is the rim of the objective, hence the exit- 
pupil is the real image (eye-ring) of this rim formed by the 
eyepiece. Hence if the diameter of this eye-ring be measured 
with a micrometer, the ratio between it and the diameter of 
the objective is the reciprocal of the angular magnification of 
the telescope. 

Fig. 40 shows the configuration of the rays when a Rams- 
den eyepiece is used (cf. page 100). the entrance- 

pupil (the rim of the objective), B^B^ the exit-pupil, and 
is the real image formed by the objective of an infinitely dis- 
tant point P. The principal ray is drawn heavy, the limiting 
ray light. P^ lies somewhat in front of the field-lens of the 
eyepiece. The field-of-view stop GG is placed at this point. 
Since its image on the side of the object lies at infinity, the 
limits of the field of view are sharp when distant objects are 
observed. P' is the infinitely distant image which the eyepiece 
forms oi P^, When the eye of the observer is taken into con- 
sideration, it is necessary to distinguish between the case in 
which the exit-pupil of the instrument is smaller than the 
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pupil of the eye and that in which it is greater. Only in the 
first case do the conclusions reached above hold, while in the 
second the pupil of the eye is the exit-pupil for the whole 
system of rays, and the image of the pupil of the eye formed 
by the telescope is the entrance-pupil. 

The objective is an achromatic lens which is corrected for 
spherical aberration. In making the eyepiece achromatic the 



same conditions must be fulfilled which were considered in the 
case of the microscope. Since the principal rays which fall 
upon the eyepiece are almost parallel to the axis, it is sufficient 
if it be achromatized with respect to the focal length. Hence 
the same eyepiece may be used for both microscope and tele- 
scope, but the Ramsden eyepiece is more frequently employed 
in the latter because it lends itself more readily to micrometric 
measurements. 

Here, as in the microscope, in order to bring out all the 
detail, the magnification must reach a certain limit beyond 
which no advantage is obtained in the matter of resolving 
power. In telescopes the aperture of the objective corresponds 
to the numerical aperture in microscopes. 

5. The Opera-glass. — If the convergent eyepiece of the 
astronomical telescope be replaced by a divergent one, the 
instrument becomes an opera-glass. In order that the image 
formation may be telescopic, the second principal focus of the 
eyepiece must coincide with the second principal focus of the 
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objective. Thus the length of the telescope is not equal to 
the sum, as in the astronomical form, but rather to the differ- 
ence of the focal lengths of the eyepiece and the objective. 

Since equation (ii) of this chapter holds for all cases of 
telescopic image formation, the angular magnification F of the 
opera-glass may be obtained from it. This instrument, how- 
ever, unlike the astronomical telescope, produces erect images, 
for the inverted image formed by the objective is again inverted 
by the dispersive eyepiece. 

Without reference to the eye of the observer, the rim of 
the objective is always the entrance-pupil of the instrument. 
The eyepiece forms directly in front of itself a virtual diminished 
image of this rim (the exit-pupil). The radius of this image is 

b rrr (12) 

J\ ^ 

in which h is the radius of the objective. 

Since this exit-pupil lies before rather than behind the eye- 
piece, the pupil of the eye of the observer cannot be brought 
into coincidence with it; consequently the pupil of the eye acts 
as a field-of-view stop in case the quantity b determined by 



than the eye, which means that the normal magnification is 
exceeded. Hence for large magnifications the field of view is 
very limited. Fig. 41 shows the geometrical configuration of 
the rays for such a case. p represents the pupil of the eye, 
w' the angular field of view of the image. Since the image of 
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the field-of-view stop (the pupil of the eye), formed by the 
whole telescope lies at a finite distance, i.e. since it is not at 
infinity with the object, the edge of the field of view is not 
sharp (cf. page 76). 

But if the exit-pupil = 2b of the instrument is larger 

than the pupil of the eye, i.e. if the normal magnification has 
not been reached, then, taking into account the eye of the 
observer, the pupil of his eye is the exit-pupil for all the rays, 
and the rim of the objective acts as the field-of-view stop. 
The field of view on the side of the image is bounded by the 
image 2b of the rim of the objective (in Fig. 42 this is repre- 
sented by B^B^), Hence in this case the field of view may 
be enlarged by the use of a large objective. But again, for 
the same reason as above, the limits of the field of view are 
not sharp. Fig. 42 shows this case, w' being the angular field 
of view on the side of the image. 



Fig. 42. 

If the radius of the pupil of the eye is assumed as 2 mm., 
then the paths of the rays will be those shown in 41 or 42, 
according as * 

2r mm: 


♦The difference between these cases may be experimentally recognized by 
shading part of the objective with an opaque screen and observing whether the 
brightness of the image or the size of the field is diminished. 
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for example, for a magnification of eight diameters, Hi — 32 
mm. is the critical size of the objective. 

6* The Terrestrial Telescope. — For observation of objects 
on the earth it is advantageous to have the telescope produce an 
erect image. If the magnification need not be large, an opera- 
glass may be used. But since for large magnifications this 
has a small field of view, the so-called terrestrial telescope is 
often better. This latter consists of an astronomical telescope 
with an inverting eyepiece. The image is then formed as fol- 
lows: the objective produces a real inverted image of the 
object; this image is then inverted without essential change in 
size by a convergent system consisting of two lenses. The 
erect image thus formed is magnified either by a Ramsden or 
a Huygens eyepiece. 

7. The Zeiss Binocular. — The terrestrial eyepiece has an 
inconvenient length. This difficulty may be avoided by invert- 
ing the image formed by the objective by means of four total 
reflections within two right-angled prisms placed as shown in 
Fig. 4^3 . The emergent beam is parallel to the incident, but 



has experienced a lateral displacement. Otherwise the con- 
struction is the same as that of the astronomical telescope. 

The telescope may be appreciably shortened by separating 
the two prisms I and II, since the ray of light traverses the 
distance between the prisms three times. By a suitable division 
arid arrangement of the prisms the lateral displacement 
between the incident and the emergent rays may be made as 
large as desired. In this way a binocular may be constructed 
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in which the exit-pupils (the lenses of the objective) are much 
farther apart than the pupils of the eyes. Thus the stereo- 
scopic effect due to binocular vision is greatly increased. 

8. The Reflecting Telescope. — This differs from the refract- 
ing telescope in that a concave mirror instead of a lens is used 
to produce the real image of the object. For observing this 
image various arrangements of the eyepiece are used.* 
Reflecting telescopes were of great importance before achro- 
matic objectives were invented, for it is evident that concave 
mirrors are free from chromatic errors. 

To obtain the greatest possible magnification large mirrors 
with large radii of curvature must be used. Herschel built an 
enormous concave mirror of 16 m. radius of curvature. Since 
the visual angle of the sun is about 32', the image of the sun 
formed by it was 7 cm. in diameter. 


*For further details cf. Heath, Geometrical Optics, Cambr., 1895. 
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GENERAL PROPERTIES OF LIGHT 


CHAPTER I 

THE VELOCITY OF LIGHT 

I. Rtfmer’s Method. — Whether light is propagated with 
finite velocity or not is a question of great theoretical impor- 
tance. On account of the enormous velocity with which light 
actually travels, a method depending on terrestrial distances 
which was first tried by Galileo, gave a negative result. For 
the small distances which must be used in terrestrial methods 
the instruments employed must be extremely delicate. 

Better success was attained by astronomical methods, which 
permit of the observation of the propagation of light over very 
great distances. The first determination of the velocity of 
light was made by Olaf Romer in 1675. He observed that 
the intervals of time between the eclipses of one of Jupiter’s 
satellites increased as the earth receded from Jupiter and 
decreased as it approached that planet. This change in the 
interval between eclipses can be very accurately determined 
by observing a large number of consecutive eclipses. Romer 

H4 
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found that the sum of these intervals taken over a period 
extending from the opposition to the conjunction of the earth 
and Jupiter differed by 996 seconds from the product of the 
number of eclipses and the mean interval between eclipses 
taken throughout the whole year. He ascribed this difference 
to the finite velocity of light. According to this view, then, light 
requires 996 seconds to traverse the earth’s diameter. Glase- 
napp’s more recent observations make the correct value of this 
interval 1002 seconds. The diameter of the earth’s orbit may 
be obtained from the radius of the earth and the solar parallax, 
i.e. the angle which the radius of the earth subtends at the sun. 
According to the most recent observations the most probable 
value of the solar parallax is 8.85''. The radius of the earth 
is 6378 km., so that the diameter, d, of its orbit is 


dz=. 


2.6378 

8.85 


180-60.60 

= 2973 • IQS km. 

7t 


Hence the velocity of light V is 

V = 296 700 ‘"“•/sec. = 2.967 • IO'° “"’•/sec. 

On account of errors in the determination of the solar parallax 
this value is uncertain by from ^ to i per cent. 

2. Bradley^s Method, — Imagine that a ray of light from 
a distant source P reaches the eye of an observer after passing 
successively through two holes 5^ and which lie upon the 
axis of a tube R. If the tube R moves with a velocity v 
in a direction at right angles to its axis, while the source P 
remains at rest, then if the light requires a finite time to trav- 
erse the length of the tube R a ray of light which has passed 
through the first hole will no longer fall upon the hole . 
Therefore the observer no longer sees the source P, In order 
to see it again he must turn the tube R through an angle a. 
Thus the line of sight to P appears inclined in the direction of 
the motion of the observer an angle C such that 

tan C V : V, (i ) 

in which V represents the velocity of light. 
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This consideration furnished the explanation of the aberra- 
tion of the fixed stars, a phenomenon discovered in 1727 by 
Bradley. He found that if the line of sight and the motion of 
the earth are at right angles, the line of sight is displaced a 
small angle in the direction of the earth’s motion. According 
to the most recent observations the value of this angle is 20. 5^^ 
Since the velocity v of the earth in its orbit is known from the 
size of the orbit, equation (i) gives as the velocity of light 

V = 2.982.10^° "“-/sec. 

This method, like Romer’s or any astronomical method, 
is subject to the uncertainty which arises from the imperfect 
knowledge of the solar parallax and hence of the size of the 
earth’s orbit. 

The result agrees well with that obtained by Romer, a fact 
which justifies the assumption made in both calculations, that 
the rays, in passing through the atmosphere which is moving 
with the earth, receive from it no lateral velocity. Never- 
theless aberration cannot be completely explained in this 
simple way. From the considerations here given it would be 
expected that when a fixed star is viewed through a telescope 
filled with water the aberration would be greater, since, as will 
be shown later, the velocity of light in water is less than in 
air. As a matter of fact, however, the aberration is indepen- 
dent of the medium in the tube. In order to explain this a 
more complete investigation of the effect of the motion of a 
body upon the propagation of light within it is necessary. 
This will be given farther on. It is sufficient here to note 
that the phenomenon of aberration is capable of giving the 
velocity of light in space, i.e. in vacuo. 

3. Fizeau’s Method. — The first successful determination 
of the velocity of light by a method employing terrestrial dis- 
tances was made by Fizeau in the year 1849. An image of a 
source of light P is formed at /by means of a convergent lens 
and a> glass- plate / inclined to the direction of the rays (Fig. 
44). The rays are then made parallel by a lens and pass 
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to the second lens distant from 8.6 km. A real image 
is formed upon a concave mirror s whose centre of curvature 
lies in the middle of the lens The mirror s returns the 
light back over the same path so that the reflected rays also 
form a real image at f. This image is observed through the 
obliquely inclined plate p by means of the eyepiece o. At 



where the real image is formed, the rim of a toothed wheel is 
so placed that the light passes freely through an opening, but 
is cut off by a tooth. If the wheel is rotated with small 
velocity, the image alternately appears and disappears. When 
the velocity is increased, the image is seen continuously on 
account of the persistence of vision. As the velocity of the 
wheel is still further increased, a point is reached at which the 
image slowly disappears. This occurs when, in the time re- 
quired by the light to travel from / to i* and back, the wheel has 
turned so that a tooth is in the position before occupied by an 
opening. When the velocity is twice as great the light again 
appears, when it is three times as great it disappears, etc. From 
the velocity of rotation of the wheel, the number of teeth, and 
the distance between f and the velocity of light can easily be 
calculated. Fizeau used a wheel having 720 teeth. The first 
disappearance occurred when the rate of rotation was 12.6 
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revolutions per second. Since the distance between and 
was 8.633 km., the velocity of light was calculated as 

The principal difficulty in the method lies in the production 
and measurement of a uniform velocity of rotation. By using 
more refined methods of measurement Cornu obtained the 
value 

F= 2. 9995- 10- "“-/sec., 

Young and Forbes the value 

4. Foucault’s Method. — This method does not require so 
large distances as the above and is in several respects of great 

importance in optical work. 
Rays from a source P pass 
through an inclined plate / 
(Fig. 45) and fall upon the 
rotating mirror m. When this 
mirror m is in a certain position, 
the rays are reflected through 
the lens Z,* which is close to m 
and so placed that a real image 
of the source P is formed at a distance D upon a concave mir- 
ror s whose centre of curvature is at in. The mirror s reflects 
the rays back over the same path provided the mirror in has 
not appreciably changed its position in the time required for 
the light to travel the distance 2D. An image P^ of the source 
P is then formed by the rays reflected from in^ and p. But 
if, in the time required for the light to travel the distance 2i), 
the rotating mirror has turned through an angle (x^ then the 
ray returning from in to p makes an angle 2a with the original 
ray and a displaced image P'^ is produced after reflection at p. 



* In Foucault’s experiment the lens L was actually between the source P and 
the mirror m, instead of between m and j; but the discussion is essentially the 
same for either arrangement so long as L is close to m, — Tr. 
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From the displacement P'P'\ the velocity of rotation of the 
mirror and the distances D and the velocity of light may 
be easily obtained. 

If J = I m. , Z) = 4 m., and the mirror m makes 1000 
revolutions a second, then the displacement P'P^' is 0.34 mm. 
By reflecting the light back and forth between five mirrors 
slightly inclined to one another, Foucault made the distance 
D 20 m. instead of 4. 

Theoretically this method is not so good as Fizeau’s, since 
it is necessary to measure not only the number of revolutions 
but also the small displacement P'P'\ However, by increas- 
ing the distance D to 600 m. Michelson materially improved 
the method, since in this way he obtained a displacement P'jP" 
of 13 cm. without using a rate of revolution greater than 200 
a second. With Foucault’s arrangement it was not possible 
to materially increase because the light returned would be 
too faint unless the concave mirror s were of enormous dimen- 
sions. Michelson avoided this difficulty by placing the lens L 
so that m lay at its principal focus. In this way the principal 
rays of all. beams which are reflected by m to the lens L are 
made parallel after passage through Z, so that D can be taken 
as large as desired and a plane mirror s perpendicular to the 
axis of L used for reflection. Thus the mirror need be no larger 
than the lens. From a large number of measurements Michel- 
son obtained 

V = 2 . 999 *io''^^”-/ 3 eQ. 

Newcomb also, by the method of the rotating mirror, 
obtained a result in close agreement with this. 

The mean of the values obtained by Cornu, Michelson, and 
Newcomb is 

V = 2.9989 

the probable error being only i : io,CK)0. Because of the errors 
introduced into the astronomical methods by the uncertainty 
of the solar parallax the results of these methods which depend 
on terrestrial distances are much more reliable. 
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In spite of this extraordinary velocity with which light 
travels, a velocity 900,000 times greater than that of sound in 
air, the time required for light to travel astronomical distances 
is sometimes considerable. This appears, for instance, from the 
observations of Romer, which show that it requires 8 minutes 
for light to travel from the sun to the e^rth. Since many 
years are required for the light of the nearest fixed stars to 
reach the earth (from ol Centauri 3! years, from Sirius 17 
years), these great interstellar distances are usually reckoned 
in light-years. 

5. Dependence of the Velocity of Light upon the Medium 

and the Color. — The velocity of light is independent of the 
intensity of the source. This has been proved by very delicate 
interference experiments made by Lippich and Ebert. On the 
other hand the velocity does depend upon the medium in which 
the light is propagated. Foucault compared' by his method the 
velocities in air and in water by placing two mirrors and in 
front of the rotating mirror in and inserting between in and ^*2 
a tube of water 2 m. long. It was found that when the mirror 
m was rotated, the image reflected from the mirror experi- 
enced a greater displacement than that reflected from , a 
proof tkat light travels slozver in water than in air. 

Quantitative measurements of the velocity of light in water 
and in carbon bisulphide have been made by Michelson. For 
the ratio of the velocities in air and in water he obtained 1.33; 
in air and in carbon bisulphide, white light being used, 1. 77. 
The first number agrees exactly, the last approximately, with 
the observed indices of refraction. It is assumed (and in fact 
the wave theory demands it) that this result holds for all bodies. 
Hence the velocity of light in air must be somewhat smaller 
than in vacuum, since the index of air n = 1.00029. The 
number given above for the velocity of light which was obtained 
as a mean from the methods using terrestrial distances was 
reduced to vacuum by means of this factor. 

Since the index of all transparent media is smaller for the 
red rays than for the blue, it is to be expected that the veloci- 
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tics of the different ctdurs in the sasue nietlium will l)e inversely 
proportional to tlie absolute iiulrx, provitled the velocity in 
vacuum is iiulepeiulertt cif the color. This, Uh\ was proved 
directly by Micheisciiu who hnuul the vehwity of the retl ray in 
water 1.4 per cent, in carbon bisulphiile a. 5 per cent itreater 
than that i»f tlie blue. I hh agrees approximately with the 
results obtainetl hy refraction. 

Unit the velocity in vacuum is irulependcnt of the color is 
very decisively proved by the f*tct that at the beginning or the 
end of an eclipse Jupiter^s satellites slunv no etdew; alst:> from 
the fact that '^tars show no cltanges in cedur, 

because cif the smalt tlisjKnsicm f»f air tltere is practically 
no difference in the vc:b»city of pt«>pagation of the different 
colors in it, 

6. Tha Velocity of a Group of Wtves.^In the investiga« 
tion of the vtdtn ity id light in a strongly dispersive medium, 
like carbon bisidjdtide* there is an impmlant correction to be 
made, as was first pidnted «ait by Rayleigh* Ah will be seen 
in the next chapter, interference phenomt?na necessitate the 
assumptitm that light conHistH in a {Hoiodic change a certain 
quantity characteristic of the tiller or the Inaly considered, 
which, in view t^f the fact that the vehicity of light is finite, 
may be written in the form 

2wf ar\ 

s A*dn * , * , * (2) 

This is the eciuatbn of a so»ea!led jdane wave wdikli h propa- 
gated with a vehicity T along the .r^aMts, 7 ‘ is the {leriod, 
which determines the ctdor of the light, and A Is the amjditude, 
wdiich tkiermines the inlriisity. It h neces-s 4 -iry to distinguish 
between the vehictty V of a single %vavt: arul the vehicity H 
of a group of waves, h'or example, in Fweaids melhml, at a 
definite jwiint ^4^ in the fmlh of tlie rays the light is alternately 
cut off and let through iKTcaiise of the rotation of the toothed 
whetd. liven when the vetocdly of rotiition of tlie wheel in 
great, the i->erkid is so sriiall ttial a large number of wavci 
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pass ^ at each interval of transmission. It is the velocity of 
such a complex of waves which is measured by the experiment. 
The phenomenon can be approximately represented mathe- 
matically if it be assumed that two waves of equal amplitude 
but of slightly different periods and and different veloci- 
ties Fj and are superimposed. Then the following relation 
exists : 



Equation (3) now represents a light vibration of period T 
and periodically changing amplitude. The period of this 
change of amplitude is 


I ^ I I 

T,^T-T, 

Furthermore, if 


I I I 


(5) 


. . ( 6 ) 


it follows from (3) that at a point x -=1 I s. maximum amplitude 
of the group of waves occurs / : U seconds after it has occurred 
at the point — o. Hence U is the velocity of propagation 
of the group, the quantity which was measured in Fizeau’s 
experiment. 

Setting now T^— T^-{- dT ^ , V^= + dV ^ , and devel- 

oping to terms of the first order in dT^ and dV^y there results 
from (5) and (6) 





- V,dTj 


( 7 ) 
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In this equation 7 "^ and may, with the same degree 
of accuracy, be replaced by T and F, i.e. by the period and 
velocity of a single wave. 

Equation (7) shows that the velocity t/ of a group of waves 
such as is actually observed is somewhat smaller than the true 
velocity of light F, since in all transparent bodies F increases 
with T, This correction is negligible for air on account of the 
smallness oi dV \ dTy but for the strongly dispersive medium 
carbon bisulphide it amounts to 7. 5 per cent. Since a careful 
analysis shows that the method of the rotating mirror gives the 
value Uy it is easily understood why Michelson obtained the 
velocity in carbon bisulphide 1.77 times as great as the velocity 
in air, although the relative index of the two media is only 
1.64, Increasing 1.64 by 7.5 per cent gives a value in close 
agreement with Michelson ’s observation, namely, 1.76. 

Romer’s method also gives the velocity of a group of 
waves, while the astronomical aberration gives F directly. In 
these cases, however, there is no difference between the two 
quantities U and F, since there is no dispersion in space, i.e. 
no dependence of F upon color. 


of 

the 


CHAPTER II 
INTERFERENCE OF LIGHT 

1. General Considerations. — Experiment shows that under 
certain circumstances two parallel or nearly parallel beams 
do not produce when superposed increased intensity, but rather 
disturb each other’s effects in such a way that darkness re- 
sults. In such cases the light- waves are said to interfere. 

Interference phenomena are divided into two classes: the 
first, that in which the beams have experienced only regular 
reflections and refractions; the second, that in which they have 
been bent from their straight path by diffraction. The former 
will be considered in this chapter, the latter under Diffraction. 
Nevertheless some of the interference phenomena discussed in 
this chapter, namely, those which are treated in §§ 3 and 4, 
and happen to be most easily produced, are somewhat modified 
by diffraction, while §§ S, 7, 8, and 9 treat only of pure inter- 
ference phenomena, i.e. such as are not connected with diffrac- 
tion. 

2. Hypotheses as to the Nature of Light, — Theories as 
to the nature of light and the mathematical deductions depend- 
ing upon them have in the course of time undergone many 
changes. So long as nothing was known of the conservation 
of energy, every active agent which had the power of propa- 
gating itself and of persisting under changed conditions was 
looked upon as a substance. The fact that light travels in 
straight lines supported the assumption of its material nature, 
for light may indeed be stopped in its progress, but in general, 
when no obstacle is interposed, it moves on in straight lines. 
It was natural to look upon this as a consequence of the inertia 
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of a material btul)'. Hence Xewtnn supported the enu;ra('n 
theory of actau’ding to which lij»ht consists of niateritd 

particles which an* thrown off with (‘innanous velocities from 
lununous bodies aiul nn»ve in straight lines throu^^h space. In 
order to explain refracticjn it was necc'ssar}* It) assume that the 
nit»re refractive bodies exert a ip’eater attraction uiH)n the li^^ht 
corpuscles* so that, at the instant at which such a particle falls 
obliiiutdy upon the surface of a denser mediunt, it experiences 
an attraction which i^nVes to the c«nnponent of its velocity [)er“ 
pendicular to tlie surface a larger value, and hence causes its 
path to approach the p<‘rpendicular. Accortling U\ this theory, 
then, the velocity of light must he greater within a strongly 
refraefchtg liody titan in the siirromitling rnediunu 1‘his fact 
alone HufTices for the overthrow of the enussjon theory, for it 
was shown on page t 2 o that the vehuaty of light is less in water 
than in air. Besides, the* difliculties of explaining the pheru^rn- 
ena of interference from the standpoint of the enussion theory 
are enormous. But these very interference phenomena furnish 
a direct confirmation of an essentially different theory as to the 
nature of light, tiamely, the isHtinlititny developed by 

Huygens. 

According to this theory, light possesseH properties similar 
to Houmi. It consists in a periodic duinge of a certain tjuantity 
s characteristic tif the body (or of empty space) through winch 
the tight is paHsitig. This change is propagated with finite 
vehwity so that, if the values which s has at any instant along 
the path of the ray he phnted as ordinates, the ends of these 
ordinates form a wave-shajK*d curve. 

What is the nature of tliis quantity s whose jHwiodie 
changes are the esnence of liglit can left, for the present 
altogether undedrled. In accordance with the inecharncal 
theory of liglit, spice is conceived to he fdled with a subtle 
elastic medium, the ether, and x is the displacement of the 
ether imrticles from tlieir |wtmtion of equilibrium. But so 
simific an assumption is altc^gether unnecessary. It is suf« 
ftcieni ifi in order to analytically represent the light disturb- 


periodic variation of the quantity s at the point P be introduced 
by means of an equation of the form 

^ ^ sin^2;r^ ^ . . . . (i) 

in which t is the time, while Ay 7 ", and d are constants. A is 
the amplitude, 7 * the period of the quantity s. T varies with 
the color of the light, while A determines the intensity of 
illumination of a screen placed at P, It may in fact be 
shown that 

J=A^ (2) 

For it follows from all theories of light that the amplitude 
A of the light emitted from a point source is inversely proper- 
tional to the distance r from the source Q, Since now experi- 
ment shows that the intensity of illumination is inversely 
proportional to P (cf. page 79), it follows that ^ is represented 
by the square of the amplitude. 

If the light travels with a velocity V from a point P to a 
point P^ at a distance r from P, the time required to traverse 
this distance r is t' = r : V. If (i) represents the condition 
at P, then the condition at P' is represented by 

y = ^'sin(2;r^ — . . , (3) 

for s' is always in a given condition of vibration r : V seconds 
after s has been in that same condition. The condition of the 
vibration, i.e. the argument of the periodic function, is called 
the phase. 

If from a point source Q light radiates uniformly in all 
directions, equation (3) evidently holds for every point P' which 
is at a distance r from Q, Any spherical surface described 
about 0 as a centre contains, then, only points in the same 


* This quantity j is called the intensity of light at the point P. It is impor- 
tant to distinguish between J and the intensity of radiation i of the source Q as de- 
fined on page 82. 
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phase. Such surfaces, which contain only points in the same 
phase, are called wave surfaces. The wave surfaces spreading 
out from a point source Q are then concentric spherical sur^ 
faces, and the rays emanating from Q are the radii of these 
surfaces and are therefore perpendicular to them. The greater 
the distance of the source, the less curved are the wave surfaces 
and the more nearly parallel the rays. The wave surfaces of 
a parallel beam are planes perpendicular to the rays and 
parallel to each other. Hence such waves are called plane 
waves. They exist when the source Q is infinitely distant or 
at the focus of a convergent lens which renders the emergent 
rays parallel. 

Introducing the term A- defined by 

T-V=X, (4) 

(3) becomes 

s' = A'sin[_2rr(l~^ + i], . . . (s) 

i.e. at a given time, is periodic with respect to r and its 
period is A. This period A, which is the distance at a given 
instant between any two points along r which are in the same 
phase, is called the wave length. 

The table on page 128 gives the wave lengths in air of 
various light, heat, and electrical waves. These values are 
determined from interference or diffraction phenomena. 

The wave theory furnishes the simplest possible explana- 
tion of interference phenomena. On the other hand it has 
considerable difficulty in explaining the rectilinear propagation 
of light. In this respect the analogy between sound and light 
seems to break down, for sound does not travel in straight 
lines. The explanation of these difficulties will be considered 
in detail in the next chapter. This analogy between sound 
and light presents still further contradictions when polarization 
phenomena are under consideration. It was these contradic- 
tions which prevented for a long time the general recognition 
of the wave theory in spite of the simple explanation which it 
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ofifers of interference. The difficulties were not removed until 
a too close analogy between sound and light Avas given up. 
This point, too, will be considered in a later chapter. Here 
the explanation of refraction as furnished by the wave theory 
will be briefly presented. 

If a plane wave is incident obliquely upon the surface of a 
refracting body, the normal to the wave front is bent toward 
the perpendicular to the surface if the velocity of light in the 
body is less than in the surrounding medium, .which will in 
general be assumed to be air. Upon the incident wave front 
consider one point A which lies upon the surface, and another 


WAVE LENGTHS. 


Kind of Light. 


Limit of the photographic rays in vacuum 

Limit of the photographic rays in air 

Limit of visible light in the blue 

Blue hydrogen line 

Yellow sodium line 

Red hydrogen line 

Limit of visible light in the red 

Longest heat-waves as yet detected 

Shortest electric waves 


A in mm. 


O.OOOIOO 

0.000185 

0.000330 

0.000486 

0.000589 

0.000656 

0.000812 

0.06 

6 


point B which is still outside in the air. If now the wave from 
A travels more slowly than that from By it is evident that the 
wave front, which is the locus of the points at which the light 
has arrived in a given time, must be bent upon entrance into 
the refracting medium in such a way that the normal to the 
wave front (the ray) is turned toward the perpendicular. 
Hence the wave theory requires the result given by experi- 
ment that the velocity of light is smaller in water than in air. 
The more exact determination of the position of the refracted 
wave front -will be given in connection with the discussion of 
Huygens’ principle, and again more rigorously in Chapter I of 
Section 2 . Here but one important result will be mentioned, 
namely: When light passes from a medium A to a medium B 
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i/te index of refraction is equal to the ratio of the velocities of 
light in A and B. ’ 

It was shown on page 6 that the fundamental laws of 
geometrical optics are all included in the one principle of the 
extreme path. This principle gains a peculiar significance from 
the wave theory. Since the index of a body with respect to 
air is inversely proportional to the velocity of light in the body, 
the optical path 7il is proportional to the time which the light 
requires to travel the distance /. The law of extreme path 
asserts, then, that light in travelling between any two points P 
and chooses that path which is so situated that all infinitely 
near paths would be traversed in the same time. Thus the 
law of least path becomes the law of least time. 

The nature of a ray of light may be looked upon from the 
standpoint of the wave theory in the following way: Elemen- 
tary disturbances travel from P to P' over all possible paths. 
But in genera] they arrive at P' at different times, so that the 
phases of the individual disturbances do not agree at P', and 
hence no appreciable effect is produced. Such an effect will, 
however, immediately appear as soon as the beam is made 
infinitely narrow, for then the time of propagation between P 
and P' is the same, so that the elementary disturbances all 
have the same phase at P'. Hence such an infinitely thin beam 
marks, out the path of the light, i.e. the effect at P' is cut off 
by introducing an obstacle in the way of the beam. 

These considerations, however, are not so conclusive as to 
make it superfluous to place the fundamental laws of geomet- 
rical optics upon a more rigorous analytical basis. The first 
question to be answered is this : If light and sound are both 
wave motions why is there a difference in the laws of their 
propagation } This question will be answered in the next 
chapter. 

The wave theory makes it possible to drop altogether the 
concept of rays and to calculate the optical effect of reflecting 
and refracting bodies from a consideration of the wave surface. 
In the case of a point source P, for example, the wave surfaces 
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in the medium surrounding P are spherical. If the rays are to 
be homocentrically focussed at P' by means of refraction by a 
lens, the wave surfaces must after passage through the lens be 
concentric spherical surfaces with their centre at P\ 

Since the rays are the normals to the wave surfaces, the law 
of Malus follows at once from the wave theory, because reflec- 
tions and refractions can have no other effect than to deform 
in some way the wave surfaces. 

3. Fresners Mirrors. — From the standpoint of the wave 
theory interference phenomena are explained simply by the 
principle of the superposition of simultaneous values of the 
quantity s. Thus if a source produces at a point P a dis- 
turbance 

sin .... (6) 


while a source produces at the same point a disturbance 

•^2 “ -^2 • • • • (7) 

then, by the principle of superposition, which is applicable 
provided the rays passing from and to P have a small 
inclination to one another,* the resultant disturbance is 


^ + '^2- 

Now this sum may be put into the form 


(S) 

= A sin^2;r~ — (9) 


by setting 


r T 

A cos S =z cos 2 n^ -]_ A^^ cos 

f' 

A sin S = A^ sin -j- A^ sin 2??^, j 




( 10 ) 


* That tliis limitation is necessary will be evident jfrom a later discussion in 
which it will be proved that j* is a directed quantity, i.e. a vector. 
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in which the quantity A represents the amplitude of the result- 
ing disturbance. 

Squaring and adding the two equations (lo) gives for the 
intensity of the resultant light at the point P 

J — -\- 2A^A^ cos 2 r[i^lCZl 2 ^^ . (n) 

^ f 

The quantity 2n ^ ^ ^ = A is, by (6) and (7), seen to be 

the phase difference of the separate disturbances, and the 
meaning of equation (ii) may be stated as follows (Fig. 46): 
The resultant amplitude A is equal to the third side of a tri- 
angle whose other two sides are and A^ and include between 
them the angle 7 t ^ in zvhich A is the difference of phase 
between the two disturb apices. 

According to this proposition it is evident that maxima and 
minima of light intensity depend upon the difference of phase 
A^ the former occurring when J = o, + 2^^^, + 4;?, etc., the 
latter when J = + ;r, -f 37r, etc. Entire darkness must 
result at a minimum if A^ = A^, 

These conditions are realized in the Fresnel-mirror experi- 
ment in which two* virtual sources 
and (Fig. 47) are produced 
by reflecting light from a single 
source Q upon two mirrors 5 and 
S' which are slightly inclined to 
one another. In the space illumi- 
nated by both of the sources interference occurs.* From the 
calculation above there will be darkness at a point P if 

X 3A. 

5^i'~^ 2=±2> ± — ^ etc. . . . (12) 

Considering only such positions of the point P as lie on a line 
parallel to (Fig. 47), then if d represent the distance 

* This space will be coiisiderably diminished if the mirror S projects in front 
oi the mirror S\ Hence care must be taken that the common edge of the mirrors 
coincides with their line of intersection. 



A, 

Fig. 46. 



132 


THEORY OF OPTICS 


between and a the distance of the line d from the line 
PJPy and p the distance of a point P from the point P ^ , which 
lies on the perpendicular erected at the middle of dy 

i.e. r/ - r/ = {r^ + r^{r^ - r,) = zdp, 

or since is approximately equal to 2^ when p and d 

are small in comparison with it follows that 


— = dp \ ay 

i.e. darkness occurs at the points 

^ d 2 ' ^ d 2' ^ d 2 


etc. 


(13) 


Hence, if the light be monochromatic, interference fringes 
will appear on a screen held at a distance a from the line dy 
and the constant distance between these fringes will be aX : d. 



If white light is used, colored fringes will appear upon the 
screen since the different colors contained in white light, on 
account of their different wave lengths, produce points of maxi- 
mum and minimum brightness at different places upon the 
screen. But at the point P^ there will be no color, since there 
all the colors have a maximum brightness {r^ — = o). 

The distance d between the virtual sources may be calcu- 
lated from the position of the actual source Q with respect to 
the mirrors and the angle between the mirrors. This angle 
must be very small (only a few minutes) in order that d may 
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be small enough to permit of the separation of the interference 
fringes. Since (13) contains only the ratio aid, it is merely 
necessary to measure the angle subtended at by the two 
images (2, and Q^. 

Instead of receiving the interference pattern upon a screen, 
it is possible to observe it by means of a lens or by the eye 
itself, if it be placed in the path of the rays coming from 
and and focussed upon a point P at a distance a from those 
sources.* Fig. 48 shows an arrangement for making quanti- 
tative measurements such as the determination of wave lengths. 
A cylindrical lens I brings to a line focus the rays from a lamp. 
This, acting as a source < 2 , sends rays to both mirrors 5 and 
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Fig. 48. 


S' ^ whose line of intersection is made parallel to the axis of the 
cylindrical lens. The direct light from Q is cut off by a screen 
attached to the mirrors and at right angles to them. The 


* If the eye be focussed with or without a lens upon the two interfering^ 
beams reach the image of P upon the retina with the same difference of phase 
which they have at P itself, since the optical paths between P and the retinal 
image are the same for all the rays. Hence the intensity upon the retina is zero 
if it would be zero upon the corresponding point of a screen placed at P. 
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interference fringes are observed by means of a micrometer 
eyepiece L which is movable by the micrometer screw K. 

The question arises whether interference fringes might not 
be more simply produced by using as sources not the two 
virtual images of a real source, but two small adjacent open- 
ings in a screen placed before a luminous surface. 

In this case no interference phenomena are obtained even 
with monochromatic light such as a sodium flame. For if two 
sources are to produce interference, their phases must always 
be either exactly the same or else must have a constant dif- 
ference. Such sources are called coherent. They may always 
be obtained by dividing a single source into two by any sort of 
optical arrangement. With incoherent sources, however, like 
two different points of a flame, although the difference of phase 
is constant for a large number of periods, since, as will be 
shown later, a monochromatic source emits a large number 
of vibrations of constant period, yet irregularities in these 
vibrations occur within so short intervals of time that separate 
impressions are not produced in the eye. Thus incoherent 
sources change their difference of phase at intervals which are 
extremely short although they include many millions of vibra- 
tions. This prevents the appearance of interference. 

As was remarked pn page 124, diffraction is not entirely 
excluded from this simple interference experiment. All the 
boundaries of the mirrors can give rise to diffraction, but 
especially the edge in which the two touch. In order to avoid 
this effect it is desirable that the incident light have a consider- 
able inclination to the mirrors (say 45°), and that the point of 
observation be at a considerable distance from them. Also 
the angle between the mirrors must not be made too small. 
In this way it is possible to arrange the experiment so that the 
extreme rays which proceed from and to the common 
edge of the mirrors are removed as far as possible from the 
point of observation P. 

4, Modifications of the Fresnel Mirrors. — The considera- 
tions advanced in paragraph 3 are typical of all cases in which 
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interference is produced by the division of a single source into 
two coherent sources and Q^, This division may be brought 
about in several other ways. The Fresnel bi-prism, shown in 
cross-section in Fig, 49, is particularly convenient. The light 



from a line source Q which is parallel to the edge B is refracted 
by the prism in such a way that two coherent line sources 
and 02 are produced. 

If such a prism be placed upon the table of a spectrometer 
so that the edge B is vertical, and if the vertical slit of the 
collimator focussed for parallel rays be used for the source, then 
two separate images of the slit appear in the telescope of the 
spectrometer. The angle a between these images may be 
read off upon the graduated circle of the spectrometer when 
the cross-hairs have been set successively upon the two images. 
This angle a is the supplement of the angle ABC (Fig. 49) 
which the two refracted wave fronts AB and BC make with 
each other after passage through the prism. If the telescope 
be removed, dark fringes may be observed at any point P for 
which (cf. 12) — ^2 = ± fA, etc., in which and are 

the distances of the point P from the wave fronts AB and BC. 
From the figure it is evident that 

r^= 3 sin (ABP^y r^ — b sin {CBP)^ 

hence 


— ^2 = 7 ,h cos sm 0. 


2 
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The angle 0 is very small so that sin 0 = tan <t> p \ a. 
Furthermore ABC = tc ^ and since b ^ a approximately, 
and sin a = a, it follows finally that 

- ^2 = 

I'hus the relative distance between the fringes is A : i.e, 

it is independent of a. Since a has been measured by the 
telescope, the measurement of the distance between the fringes 
furnishes a convenient method of determining A. 

Billet’s half-lenses (Fig. 50), which produce two real or 
virtual images of a source Q, are similar in principle to the 



Fresnel bi-prism. The space within which interference occurs 
is shaded in the figure. 

$. Newton^s Rings and the Colors of Thin Plates. -^Suf- 
ficiently thin films of all transparent bodies show brilliant colors. 
These may be most easily observed in soap-bubbles, or in thin 
films of oil upon water, or in the oxidation films formed upon 
the heated surfaces of polished metals. 

The explanation of these phenomena is at once evident as 
soon as they are attributed to interference taking place between 
the light reflected from the front and the rear surface of the 
film. 

Consider a ray AB of homogeneous light (Fig. 51) incident 
at an angle 0 upon a thin plane parallel plate of thickness d. 
At the front surface of the plate AB divides into a reflected 
ray BC and a refracted ray BD. At the rear surface the latter 
is partially reflected to B' and passes out of the plate as the 
ray B^C\ The essential elements of the phenomena can be 
presented by discussing the interference between the two rays 
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BC and B'C only. If tlurst! two ruys are brnu^dit tntfethcr at 
a point on the retina, as is done when the eye is focnsseil for 
parallel rays, tlie impression proilueed is a mininunu if the 
phase of the ray />’t‘ differs fron» that of Il'C’ hy ar, 3 a', jar, 
etc. 

Of course for a complete calculation of the intensity of the 
reflected liK^'t all the successive reflections which t.ike place 
between the two surfaces must be taken into account. 'I’lns 



rigorous discussion will lie given in Section 11. Chapter 11 , 
§ ti. It is at once apparent that the introtiuctittn «»f tiicsc 
reiHsated reflcctioiH will not essentially modify the result, since 
the intensity of these rays is much smaller than that of HC and 
B'C*, which have ex|»erienccd but one reflection. 

If a per{x?nilicular />'F Ik? dropjHjti frmn A" u[Km /i(\ the 
two rays BC anti B’C wtniUI have no tlifTerrnce tif phase if the 
phase at B' were the same as that at /*. ‘rije two rays would 
then come together at a {Ktint u{ion the retina in the same 
phase. The difference of phase between the jKu'nts /t and B* 
is identical wtUi the ditTerence of phase between the ray* BC 
and B'C. 
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But the difference of phase between B' and E is 


^ IBDA-DB' BE\ 

^ = T-h 


provided A' represents the wave length of the light within the 
plate, A its wave length in the surrounding medium. If now 
the angle of refraction be denoted by X, then 

jBD = B'jD = d :cos x> BE == BB^ sin (t>^ 2 d tan x sin 0 ; 


further, = n (index of the plate with respect to the sur- 
rounding medium). Hence 


^ 27 t- 2 d( I 


COS X 


tan X 


sin 0 


). 


or, since from the law of refraction sin <fy n sin Xy 

. 27t^2d ^ . 

^ = - J/ -' cos X (14) 


An important correction must be added to this expression. 
(14) gives the difference in phase produced between the rays 
BC and B'C' by the difference in the lengths of their optical 
paths. But there is another difference between the two rays. 
BC has undergone reflection as the light passed from air to the 
plate, B'C' as it passed from the plate to air. Now in 
general a change of phase is introduced by reflection; and 
since the reflection of the two rays occurs under different con- 
ditions, a quantity A' must be added to the difference in phase 
as given in (14). This quantity A^ depends solely upon the 
reflection itself and not at all upon the difference in the lengths 
of die optical paths. Hence (14) becomes 

^ = 27r. — cos a: + ^' (15) 

A definite assertion may be made with respect to this 
quantity A^ without entering any farther into the theory of 
light. Consider first the case in which the thickness d of the 
plate gradually approaches zero. According to (14) po differ- 
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encc of jiliase woultl then occur between /ifr and B'C'\ they 
shoulti therefore^ reinforce each other. But this effect cannot 
take place, hecaune a pl.vte of thickness d . ^ o is no plate at all 
and tlie homogeneity of the space wouhl not be disturbed if, 
as will be assumeii, the medium above and below the plate i.s 
the same, for instance air; and hence no reilection of liffht can 
take {)lace. I*or reilection can tud)' take place when there is 
a chanije in the homogeneity of the medium ; otherwise light 
coulil never travel witlt undiminishcd intensity through a homo- 
geneous transparejjt medium like the ether. Hence fur d - o 
complete interference of the two rays /»f/ and /i f*’ mu,st take 
place so that tm reflected light whatever is obtainetl. Since 
in this case (1/ o) J 1 »•. it follows from ^15) that 

J' I IT (If,) 

Whether J be taken as eijual to -j* or 3Jr, 

etc., is immaterial for this jliscussion. since the atkiitiun of 2^ 
to the phase of a ray produces no change whatever in its con- 
dition of vibration. 

In consideration t>f {ib) and (15) it is evkUmt that a mini- 
mum of intensity tccurs when 
2d 

cos V -- t), 1 , 3 , •«, • • , , Cf/D 

The light transmitted by the plate must likewise show 
interference effects. Since it is assumed that no ab.sorption 
takes place withiit the [date, the transmitted light must he of 
the same intensity as the incident light if the intensity of the 
reflected light is j!ero. On the other hatjd, the transmitted 
light must have a minimum of intensity when the reflected light 
is a maximum. This occurs ftir plates wl»»se thicknesses lie 
midway between the thicknesses determined by (17), for then 
the twt> reflected rays fC and /Tt" are in the same pltase. 
Nevertheless the minima in the transmitted ligiit are never 
markeii, since the reflected light is always but a small jxjrtion 
of the inckleiit ligid. ‘fhe quantitative relations lictween the 
reflected and the transmitted {Kirtions can only be deduced 
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after a more complete treatment of the theory (cf. Section II, 
Chapter II). 

If the plate be wedge-shaped instead of plane parallel, it 
must be crossed, when viewed by reflected light, by dark 
interference bands which are parallel to the edge of the wedge 
and lie at those places where the thickness d of the wedge 
corresponds to (17). In order that the fringes may appear 
separate it is evident that, because of the smallness of the 
angle of the wedge must be small. Nevertheless these fringes 
cannot be perceived unless a broad source be used, for light 
from a point source is reflected to an eye placed at a particular 
point and focussed for parallel rays only from a single point of 
the wedge. 

By proper focussing of the eye sharp interference fringes 
may be seen when the source is broad. In order to be able 
to form a judgment as to the visibility of the interference fringes 
in this case it is necessary to bear in mind the fundamental law 
stated above in accordance with which only those rays are 
capable of interfering which are emitted from one and the same 
point of the source, since only such rays are coherent. 

Now it is evident that every point P situated anywhere in 
front of the plate or the wedge will be the intersection of two 
coherent rays emitted from a point Q of the source, the one 
reflected from the front, the other from the rear, surface. In 
general these rays start from Q in slightly different directions, 
but they are brought together at a point P' upon the retina if 
the eye is focussed upon the point of intersection P, In this 
case an interference between these two waves might be 
detected. But there are many other pairs of coherent rays 
emitted from other points Q ^ 0'^, etc., of the source, which 
intersect at the same point P, In general these rays pass 
through the wedge at different places and with different incli- 
nations, and hence have various differences of phase at P. 
Therefore when the eye is focussed upon P the interference 
phenomena are either indistinct or else disappear entirely. 
Interference is perceived with the greatest clearness only when 
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all the pairs of coherent rays which proceed from the different 
points of the source and intersect at P have the same differ- 
ence of phase. The locus of the points P for which this con- 
dition is fulfilled is the surface of best visibility of the inter- 
ference pattern. This locus is a continuous surface and has a 
complicated form if the incident light is very oblique. 

But, for nearly perpendicular incidence, the solution for a 
thin wedge is simple. In this case, with a broad source, the 
interference fringes appear most clearly when the eye is focussed 



upon the wedge itself. If the eye is focussed upon a point P 
of the wedge (Fig. 52), QPC and QBDPC' are two coherent 
rays which are brought together upon a point of the retina. 
These rays have a certain difference of phase, which depends 
only upon the thickness d of the wedge (say of glass) at the 
point Py and which from (15) and (16) may be written, since 
0 and therefore also (for a thin wedge) x differ but little from 
zero, 

. 2 d 

But every pair of coherent rays emitted by the other points 
Q'y Q'y etc., of the source, and intersecting in P^ have the 
same difference in phase, since for all rays the angle of inci- 
dence <p and also X is to be taken so small that cos X I-* 

*This is only permissible when tlie thickness d of the wedge is not too great. 
When d is very large, for example, several thousand wave lengths, the change in x 
for the different pairs of wave lengths must still be taken into consideration. The 
interference then becomes indistinct. 
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Thus wzi/i nearly perpendicular incidence 
source the interference figure lies within the wedgi ^ 
In order to observe interference in a film of 
ness, Newton pressed a slightly convex lens upon ® . 

surface. The thin layer of air between the lens 
gives rise to concentric interference circles wbci^^" 
increase as the square roots of the even numbers, 



Fig. 63- 


a photograph of the effect produced by white li|| h 
homogeneous light the rings extend to the very rtlj 
plate. 

Illuminated by white light, a thin plate appeiir ^ 
for all those colors whose wave lengths ^ satisfy (if i 
ing. But when the thickness of the plate is con^kte 
colors which are cut out extend in close successiitm 
whole spectrum, hence the colors which remain |i 
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mixture which cannot be distinguished from white light. Also 
the color of the plate is not brilliant when it is too thin, because 
in this case all the colors are present to a greater or less 
extent. The colors are most brilliant for certain mean thick- 
nesses, which for air films lie between 0.00016 mm. and 0.0008 
mm. Such colors are naturally not pure spectral colors, since 
they arise from cutting out certain regions of color from the 
whole spectrum. In Newton’s arrangement the rings show in 
close succession all the colors of thin plates. 

If the incident light is made more oblique, the plate 
changes color. For the presence of the factor cos x (17) 
shows that increasing the obliquity of incidence of the light 
has the same effect as diminishing d in the case of perpendicular 
incidence. 

The color of the light transmitted by the plate is comple- 
mentary to that of the reflected light, since the sum of the two 
must be equal to the incident light. Nevertheless the color of 
the transmitted light is never so saturated as that of the reflected 
light, because in the transmitted light a color is never com- 
pletely cut out, but only somewhat weakened. 

The color shown by a thin film in reflected light furnishes 
a very delicate means of determining its thickness, provided 
the index of refraction of the film be known. Only the knowl- 
edge of the thickness of a film of air which shows the same 
color is required. This knowledge may be obtained from 
Newton’s rings or, as will be seen later, from the optical 
properties of crystals. 

Interference has also been applied to the determination of 
the thermal expansion of bodies in the Abbe-Fizeau dilatometer . 
With this instrument * the change caused by thermal expan- 
sion in the distance between the surface of a glass plate and 
a polished surface of the body is measured by the change 
in the interference figure which is formed between the two 
surfaces Oy and 0 ^. 


* Cf. Pulfrich, Ztschr. Instrk. 1893, or Muller-Pouillet, Optik, p. 924. 
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6. Achromatic Interference Bands. — In order that an 
interference band may be achromatic it is necessary that at the 
place at which it is formed the difference of phase A of the 
interfering rays be the same for all colors. Whether the band 
is bright or dark depends upon the value of A. Thus in 
Newton’s apparatus the central spot is black in reflected light, 
since there the interfering rays of all colors have the same 
difference of phase A z=z tt. But if the interference pattern be 
observed through a prism, the central spot no longer appears 
achromatic, but the position of achromatism is at the point 
at which A varies very little or not at all with the color, i.e. at 
the point at which 




o, 


(1 8) 


in which ^ is the wave length of the color in air.* With a 
strongly dispersive prism the achromatic position may be quite 
a distance from the central spot. 

Likewise if a thin plate, for example mica, be introduced 
before one side of a Fresnel bi-prism, the interference pattern 
is changed. In this case, too, the achromatic fringe is not at 
the place for which ^ = o as it was before the introduction of 
the plate, but at the place for which (i8) is satisfied. The 
reason of this is that the thin plate, because of the dependence 
of its index upon the color, produces retardations of a different 
number of waves for the different colors. 

7. The Interferometer. — Interference fringes due to small 
differences of path may be produced not only with thin films 
but also with thick plates by using differential effects between 
two of them. Jamin’s form of instrument consists in two 
equally thick plane parallel glass plates and (cf. Fig. 54) 
placed almost parallel to each other and at a large distance 
apart. A ray of light LA is split up into two rays ABODE 


♦ More accurately Uiis equation should be written = o, in which T is the 
period. If the small dispersion of the air he neglected, this is identical with (18). 


INTERFERENCE OF LIGHT 


145 

and AB'C'D'E\ which are in condition to interfere if the two 
emergent rays DE and D'E are again brought together at a 
point. Since these two rays are parallel, the eye or the tele- 
scope which receives them must be focussed for parallel rays. 
In order to obtain greatest intensity the source is placed in the 
focal plane of a convergent lens so that the beam LA which 



falls upon the plate is parallel. It is furthermore of advan- 
tage to silver the plates upon their rear surfaces. The differ- 
ence of phase between the rays and AB is, by (15), 

cos Xi + iri which Xi represents the angle of refraction 

in the plate Py The rays D'E' and DE have, in addition, the 
{\7Td ..\ 

difference of phase — cos X2 + ^ in which 

angle of refraction of the plate P ^ , differs slightly from that of 
the plate since P^ and P^ are not exactly parallel. The 
total difference of phase between D'E' and DE is therefore 

^ = -j 7 ~ (cos Xi — cos X2 ) ; 
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and since cos — cos X^ varies somewhat with the inclination 
of the beam LAy the field of view at EE' will be crossed by 
interference fringes. 

The chief advantage of this form of interferometer lies in 
the fact that the two interfering rays AB and C'D' are sep- 
arated considerably from one another provided thick plates are 
used and the incidence is oblique (50° is most advantageous). 
This instrument is capable of measuring very small variations 
in the index of refraction. If, for example, two tubes, closed 
at the ends with plates of glass, be introduced, the one in the 
path ABy the other in C'D' y and if the index of refraction of 
the air in one tube be changed by varying either the tempera- 
ture or the pressure, or if the air in one tube be replaced by 
another gas, the interference fringes move across the field of 
view. The difference of the indices in the two tubes may be 
determined by counting the number of fringes which move 
across some mark in the field of view, or by introducing, by 
means of some sort of a compensator, a known difference of 
phase, so that the fringes return to their original position. 
Such a compensator may consist of two equally thick plates of 
glass, and , which are movable about a common axis and 
make a small angle with one another (Jamin's compensator). 
The ray AB passes through p^ alone, the ray C'D' through p^. 
The difference of phase which is thus introduced between the 
two rays depends upon the inclination of the plate p^ to ABJ^ 

With Jamin’s instrument it is not possible to produce a 
separation between the two rays of more than 2 cm. A much 
larger separation may be obtained if, as in Zehnder’s instru- 
ment, t four nearly parallel plates be used. According to 
Mach X it is advantageous to replace two of these plates by 
metal mirrors 5 ^ and Fig. 55 shows Mach’s arrangement. 
He also introduced a device for increasing the intensity of the 


* For the more rigorous calculation cf. F. Neumann, Vorles. fiber theor. 
Optik (Leipzig, 1885), p. 286. 

\ Cf. Zehnder, Ztsebr. Instrkd. 1891, p. 275. 

J Mach, Wien. Ber. loi (II. A.), p. 5, 1892. Ztschr. Instrkd. 1892, p. 89. 
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light. In the arningcmcnts shown in I’'igs. 54 and 55, the ray.s 
coming t(» the eye at /; are ol small intensity het anse they have 
undergone one rellection at a glass surface and have thus heen 
materially weakened. In Mg. 55 the lays fioin A. which 


r. 



I'lU. fto. V 


pass through /'/\ are nuicli more intetise than those whiih are 
reflected from Z'/*, to ‘Utis diflk uUy can l»e dnninished 
by increasing the reflecting (Hover of tlie glass •.nrface, 'I bis 
i.H tlone by tle[Kisittng a thitt film of silver or gold M|»ori the sur« 
face, tlic most favorable thitkricsH tif such a film teeing tltat for 
which the intensity of the reflectetl light is ec|tiii! to that of the 
transmitted. Hut with the arrangement sliown in h'ig, 55 it is 
not necessary to use two plates /’, ami /*j of finite thickness in 
order to prinluce interference; it is Mtiffnient if. Instead, the 
division of the ray into a reflectetl ray ami a transmittetl ray is 
accomplished hy means of a thin film of metal 'I his may t>e 
done by jiressing together the partially sllveietl hy|K»themise sur- 
faces of two right-angled glass jrrisrns. The reflections ujimr the 
mirrors S^ and A*, may be replacetl hy total reflectiorrs u{ion the 
unsilvered surfaces of right-anglctl glass fsrisms. Finally these 
latter {irisms may he united with the {wisnis which divide the 
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light so as to form single pieces of glass. Thus Fig. 56 shows 
Mach’s construction of the interferometer, in which to the two 
equal glass rhombs and the two prisms iT/ and are 
cemented with linseed oil, the surfaces of contact and 
being coated with a thin film of gold. The rays are totally 
reflected at the inclined surfaces and When the two 
rhombs and are set up so as to be nearly parallel to each 
other, an eye at E sees interference fringes. 

8. Interference with Large Difference of Path, — If the 
Newton ring apparatus be viewed in monochromatic light, such 
as is furnished by a sodium flame, the interference rings are 
seen to extend over the whole surface of the glass. This is a 
proof that light retains its capacity for interference when the 
difference of path is as much as several hundred wave lengths. 

How far this difference of path can be increased before the 
interference disappears is a question of the greatest importance. 
This question cannot be answered by simply separating the 
two plates of the Newton ring apparatus farther and farther 
and focussing the eye or the lens upon the surface 0 ^ of one of 
the plates, for, in accordance with the note on page 14 1, the 
interference fringes would soon become indistinct on account 
of the changing inclination of the coherent pairs of rays which 
intersect at a point of the surface Oy It is necessary, therefore, 
to provide that all coherent pairs of rays which are brought 
together in the same point upon the retina of the observer have 
the same difference of phase. 

This condition is fulfilled when the interference arises from 
reflections at two parallel surfaces 0 ^ and , and the eye or 
the observing telescope is focussed for parallel rays. All the 
interfering coherent pairs of rays which are brought together 
at a point of the retina then traverse the interval of thickness 
d between the two surfaces at the same inclination to the 
common normal N to these two surfaces and hence have the 
same difference of phase, provided the distance d is constant. 
This difference of phase changes with the angle of inclination 
to iVJ so that the interference figure consists of concentric 
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circles whose centres lie upon the perpendicular from the eye 
to the plates.* The interference rings thus produced are curves 
of equal inclination, rather than curves of equal thickness, such 
as are seen in a thin wedge or the Newton ring apparatus. 

Such curves of equal inclination may be observed in mono- 
chromatic light in plane parallel plates several millimeters 
thick, so that interference takes place when the difference of 
path amounts to several thousand wave lengths. In order to 
be able to vary continuously the difference in path Michelson 
devised the following arrangement : t 

The ray QA (Fig. 57) falls at an angle of 45° upon the 
half-silvered front face of a plane parallel glass plate, where it 
is divided into a transmitted ray, ^ 

which passes on to the plane 
mirror D, and a reflected ray, 
which passes to the mirror C. 

These two mirrors return the ray 
to the point A, where the first is 

reflected, the second transmitted j^l 

to E, * 

A second plane parallel glass 
plate B, of the same thickness 
as A , makes the difference in the £ 

paths of the two rays which come 57* 

to interference at E equal to zero, provided the two mirrors D 
and C are symmetrically placed with respect to the plate A, 

It is evident that, as far as interference is concerned, this 
arrangement is equivalent to a film of air between two plane 
surfaces 0^ and 0^ , 0^ being the mirror C, and the image 





* Lummer uses this phenomenon (cf. Muller-Pouillet, Optik, pp. 916-924) to 
test glass plates for parallelism. The curves of equal inclination vary from their 
circular form as soon as the distance d between the two reflecting surfaces and 
is not absolutely constant. 

f A. A. Michelson, Am. J. Sci. (3) 34, p. 427, 1887. Travaux et M^m. du 
Bureau International d. Poids et Mes. ii, 1895, PP* 1-237. In -this second work 
Michelson determined the value of the metre in wave lengths of light by the use of 
his interferometer. 
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of D in the plate A, This image 0 ^ must also be parallel to 
C if the interference curves of equal inclination are to be seen 
clearly when the difference of path is large. In order to vary 
the difference of path, one of the mirrors C is made movable 
in the direction AB hy means of a micrometer-screw. With 
this apparatus, using as a source of light the red cadmium line 
from a Geissler tube, Michelson was able to obtain interference 
when the difference of path in air was 20 cm., a distance equal 
to about 300,000 wave lengths. Interference was obtained 
with the green mercury radiation when the difference of path 
was 540,000 wave lengths.* 

These experiments are particularly instructive because 
observations upon the change of visibility of the interference 
fringes with variations of the difference of path furnish data for 
more accurate conclusions as to the homogeneity of a source of 
light than can be drawn from spectroscopic experiments. 

Fizeau had already observed that a continuous change of 
the thickness d of the air film produced a periodic appearance 
and disappearance of the fringes produced by sodium light. 
The fringes first disappear when the thickness d is 0. 1445 mm. ; 
when d = 0.289 they are again clear; when d 0.4335 they 
reach another minimum of clearness; etc. The conclusion 
may be drawn from this that the sodium line consists of two 
lines close together. The visibility of the fringes reaches a 
minimum when a bright fringe due to one line falls upon a dark 
fringe due to the other. Since the mean wave length of sodium 
light is 0.000589 mm., the thickness d = 0.289 corre- 
sponds to 491 wave lengths. If the difference between the 
wave lengths of the two sodium lines be represented by 
\ ^2 > follows that 

0.000294 mm. > 

i.e. 


0.0 00 OQ06 mm. 

* A. Perot and Ch. Fabry (see C. R, 128, p. 1221, 1899), using a Geissler 
tube fed by a high-voltage battery, obtained interference for a difference of path of 
790,000 wave lengths. 
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Michelson has given a more general solution of the 
problem.* 

According to equation (ii) on page 131 the intensity of 
illumination produced by two equally bright coherent rays 
whose difference of path is 2/ is 

Jz=: 2 A‘^{i + cos (19) 

Instead of the wave length A of light in air, its reciprocal 


\ = m (20) 

will be introduced. Then m denotes the number of waves in 
unit length. 

If now the light is not strictly homogeneous, i.e. if it con- 
tains several wave lengths A, or wave numbers iHy then if the 
wave numbers lie between m and m -f- duty the factor in 
equation (19) maybe represented by i^(m)>dm. The intensity 
J obtained when interference is produced by an air film of 
thickness / is 

J z=z 2 I +COS 47 t ln{\dmy . . (21) 

c/ My 


in which the limits of integration are those wave numbers 
between which differs appreciably from zero. 

Assuming first that the source consists of a single spectral 
line of small width, and setting 


m— 7 n'\-Xy ^ m — ay m-\~ay • (22) 

(21) becomes 

y= 2 / ^(;r)[i +COS 47 tl{m-\-x)\dx\ 


* This development is found in Phil. Mag. 5th Sei.^ VoL 31, p. 338, 1891; 
Vol. 34, pp. 380 and 407 (Rayleigh), 1892. 
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or setting 

^itlm = y tp(x)dx = P, 

ff{x) cos { 47 tlx).dx = C, y f{x) sin { 47 tlx) • dx=S, 

\J'= P -j- C cos 0 — S sin d. 

If the thickness of the air-plate be slightly altered, J varies 
because 0 does. On the other hand, C’ and 5 may be con- 
sidered independent of small changes in /, provided the width 
of the spectral line, i.e. the quantity a, is small. 

Hence, by (23), maxima and minima of the intensity / 
occur when ^ 



tan i 9 = — 

the maxima being given by 


(24) 


the minima by 


iymia. — P— VC^ -f SK 


(.251 


• (250 


Hence no interference is visible when (7=5=0 But 
^so when these two expressions are small there will be no 
perceptible interference. The visibility of the interference 
fringes IS conveniently defined by 


F= 




min 


•Jma.. “j~ Jmia. 
Hence, from (25) and (25'), 




C^+ 5 * 

• 


(26) 


(27) 


'Aen ;i, changed by the micrometer-serr^ 
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If the distribution of brightness of the spectral line is sym- 
metrical with respect to the middle, S = o and (27) becomes 

V:=^C:P. 


If it be assumed that i^{x) = constant = Cy then 


P = 2 aCy C : 


2 c sin 4 . 7 rla 

4^7 ’ 




sin ^nla 
^Ttla 


(28) 


Thus the interference fringes vanish when 4/^2 = i, 2, 3, 
etc., and the fringes are most distinct (F=: i) when / = o. 
As I increases, the fringes, even for the most favorable values 
of /, become less and less distinct, e.g. for /ij,a = f 


V = 2 : z=z 0.212. 


Likewise a periodic vanishing and continual diminution in 
the distinctness of the maxima occur if, instead of 2p{x) = con- 
stant, 

X 


The smallest value of I for which the fringes vanish is given 

P P 

by 4/^^ vanish again when 4 l^a = - + 2, 

P 

4 l^a = — [-3, etc. Hence from the distances l^y at 

which the visibility curve becomes zero, the width a of the 
line, as well as the exponent /, which gives its distribution of 
brightness, may be determined. 

If 


there is a gradual diminution of the visibility without periodic 
maxima and minima. 

In like manner, when the source consists of several narrow 
spectral lines, the visibility curve may be deduced from (21). 
Thus, for example, two equally intense lines produce periodic 


* This intensity law would follow from Maxwell’s law of the distribution of 
velocities of the molecules as given in the kinetic theory of gases. 
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zero values of V, If the two lines are not equally intense, the 
visibility does not actually become zero, but passes through 
maxima and minima. This is the case of the double sodium 
line. 

This discussion shows how, from any assumed intensity 
law the visibility V of the fringes may be deduced. 

The inverse problem of determining f{m) from V is much 
more difficult. Apart from the fact that the numerical values 
of V can only be obtained from the appearance of the fringes 
by a somewhat arbitrary process,* the problem is really not 
solvable, since, as follows from (27), only can be de- 

termined from V, and not C and S separately, t Under the 
assumption that the distribution of brightness in the several 
spectral lines is symmetical with respect to the middle, a solu- 
tion may indeed be obtained, since then, for a single line, 
5 = 0, and for several lines similar simplifications may be made. 
Michelson actually observed the visibility curves V of numer- 
ous spectral lines and found them to differ widely, He then, 
found by trial what intensity law ^p(m) best satisfied the ob- 
served forms of V, It must be admitted, however, that the 
resulting ^(m) is not necessarily the correct one, even though 
the distribution of intensity and the width of the several spectral 
lines are obtained from this valuable investigation of Michelson *s 
with a greater degree of approximation than is possible with a 
spectroscope or a diffraction grating. In any case it is of great 
interest to have established the fact that lines exist which are 
so homogeneous that interference is possible when the differ- 
ence of path is as much as 500,000 wave lengths. 

9. Stationary Waves. — In the interference phenomena 
which have thus far been considered, the two interfering 






Kxnig^ht be determined rigorously if and /min 
pnotometer or a bolometer. 

t From Foumer-s Ureorem could be completely determined if C and J 
were separately known for all values of /. 

var! 43 . P- 790, 1891, that these visibility curve: 

vary greatly with varying conditions of the source. ^ 
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beams have had the same direction of propagation. But inter- 
ference can also be detected when the two rays travel in 
opposite directions. If upon the train of plane waves 



which is travelling in the positive direction of the , 3 r-axis, there 
be superposed the train of plane waves 

which is travelling in the negative direction of the ,s'-axis> there 
results 

y, . t ^ \ 

s 2 A sin 2 n-^ cos 27r~. . , (29) 

This equation represents a light vibration whose amplitude 
zA cos znz/^ is a periodic function of For ^ = J, f, etc., 

the amplitude is zero, and the corresponding points are called 

z 

nodes. For ^ = o, |, etc., the amplitude is a maximum, 

and the corresponding points are called /oojfis. The distance 
between successive nodes or successive loops is therefore ^A., 
This kind of interference gives rise to waves called stationary^ 
because the nodes and loops have fixed positions in space. 

Wiener* proved the existence of such stationary waves by 
letting light fall perpendicularly upon a metallic mirror of high 
reflecting power. In this way stationary waves are produced 
by the interference of the reflected with the incident light. 
In order to be able to prove the existence of the nodes and 
loops Wiener coated a plate of glass with an extremely thin 
film of sensitized collodion, whose thickness was only ^ of a 
light- wave = 20 millionths of a mm., and placed it nearly 
parallel to the front of the mirror upon which a beam of light 
from an electric arc was allowed to fall. The sensitized film 


* O. Wiener, Wied. Ann, 40, p, 203, 1890, 



iS6 


THEORY OF .OPTICS 


then intersects the planes of the nodes and loops in a system 
of equidistant straight lines, whose distance apart is greater 
the smaller the angle between the mirror and the collodion 
film. Photographic development of the film actually shows 
this system of straight lines. This proves not only that photo- 
graphic action may be obtained upon such a thin film, but also 
that such action is different at the nodes and the loops. These 
interesting interference phenomena may also be conveniently 
demonstrated by means of the fluorescent effects which take 
place in thin gelatine films containing fluorescin.* Such a film 
shows a system of equidistant green bands. It is a fact of 
great theoretical importance, as will be seen later, that the 
mirror itself lies at a node. 

10. Photography in Natural Colors. — Lippmann has made 
use of these stationary light-waves in obtaining photographs in 
color. As a sensitive film he chose a transparent uniform 
layer of a mixture of collodion and albumen containing iodide 
and bromide of silver. This he laid upon mercury, which 
served as the mirror. When this plate has been exposed to 
the spectrum, developed, ahd fixed, it reproduces approxi»- 
mately tiie spectrum colors. The simplest explanation is tliat 
in that part of the film which was exposed to light whose 
wave length within the film was A, thin layers of silver have 
been deposited at a distance apart of p. If now these parts 
of the film be observed in reflected white light, the light- waves 
reflected firom each layer of silver with a given intensity ♦ 
these reflected rays agree in phase, and hence give maxi- 
iWi intensity only for those waves whose wave lengths are 
to dthor A, or ^A, or ^A, etc. Hence a spot which was 
to green light, for instance, appears in white light 
^ ""^ave length JA. lies outside the visible 

'"""Stances a part of the plate 
^ appears violet, because in this case the 
ir J? ^ spectrum. 

J!^^_gg^aph be breathed upon, the colors are dis- 



i 


■ and Jiemst, Wied. Ann. 


4St P- 460, 1892. 
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«S7 

placed toward the red cud of the speetrtim, hecaieu' the 
moisture thickens the ccillodum liltn, and tlie teflei tin}; layei-i 
are a greater distance apart. I( the plate he nlceivnl with 
light of more oblique incidence, the l uhn-. are disphued towartl 
the violet end of the .speclrinn, for the same leasim that the 
Newton’s rings shift toward the lower tirtlers as the tiu idmu e 
i.s more oblique. I'or, u.s is evitlent from ( tqtuu p.ijp' t tH, 
the dilTerence of phase J between twji rays relleeteil (t«*m two 
.surfaces a di.stance d apart is proportional to cos , in vrhu h x 
i.s the angle of inclination of the rays hetween the two suHavrs 
to the normal to the .surfaces. When the angle ol im idem c 
increases /! decreases; hut in Newton’s rings this rllet t is 
much more marked than in I,ii>|«nann*s photographs, -dme. itt 
the former, witliin tlte film «)f air which {;iveH rise t*< the iirter 
fercnce, x varies much more rapidly with the incidence than it 
does in the collotlion film, whose imtex is at Ustst as imtch as 

1.5. 

Although the facts presentetl pn»ve hey»«n*l a do«ht that 
the colors are clue to interference, yet the esplanatnni of these 
colons by periodically arranged layers of silver is found, ujmn 
closer inve.stigation, to be probably nnteiialde. hoi Si butt 
has made inicroseopic ineaHureinents u{>«»n the si/r of tVie }«»» 
tides of silver deiKisited in such photographic films, and found 
them to have a diameter of from too.mttM} mm., which 

i.s much larger than a half w^ave length. According to Scluitt. 
tlie stationary waves ami the fixing of the sen«*ilive film pro- 
duce layers of periodically varying Imlex of refraction, due to 
a periodic change in the arrangement of the silver molecules. 
This theory does not alter the princijile niiderlying tin* s vpla- 
nation of the colors, for it also ascrilies to the coilodton film a 
variable reflecting power whose jierhul is |A. 

Tltis theory makes it iwssible to cab'ulate the intensity ttf 
any color after reflection. The complete discussion will l»r 
omitted, especially as the calculation Is cuinpikated by the 
fact that it i.s not jrermissible to itHsume the mmilier of {»erit«lsi 

* F. ikhun, WW. Awt. 57, sjij, t» 0 . 
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in the photographic film as large.* The best color photo- 
graphs are obtained when the thickness of the photographic 
film does not exceed o.ooi mm. This thickness corresponds to 
3~5 half wave lengths. But without calculation it may be seen 
at once that the reflected colors are a mixture and not pure 
spectral colors, — a fact which can be verified by an analysis of 
the reflected light by the spectroscope. t For even if that 
color whose wave length is the same as that of the light 
to which the plate was exposed must predominate in the 
reflected light, yet the neighboring colors, and, for that matter, 
all the colors, must be present in greater or less intensity. 

According to an experiment of Neuhauss,:!*- the gradual 
reduction of the thickness of the film by friction causes the 
reflected colors to undergo certain periodic changes. This 
effect follows from theory if the small number of periods in the 
photographic film be taken into consideration. 

A further peculiarity of these photographs is that, in 
reflected light, they do not show the same color when viewed 
firom the front as from the back.§ Apart from the fact that 
the glass back gives rise to certain differences between the two 
sides, it is probable that the periodic variations in the optical 
character of the film are greater in amplitude on the side of 
tile film which lay next to the metal mirror. On account of a 
slight absorption of the light, the stationary waves which, in 
tile exposure of the plate, lie nearest the metal mirror are most 
^arply formed. 

If this assumption be introduced into the theory, both the 
result of Neuhauss and the difference in the colors shown by 
tile opposite sides of the plate are accounted for. 

*T&e mlj calculations thus far made, namely those published by Meslin 
1^, ddm. et de phys. (6) 27, p. 369, 1892) and Lippmann (Jour, de phys. 

^ not only make this untenable assumption, but they also lead to 

#is^^^^ €cmdusionthat under certain circumstances the reflected intensity 
wm. twe fto. the incident 

I fe In^ncey tiie above-mentioned article by Schutt. 

Hiotogr. Rundsch. 8, p. 301, 1894. Cf. also the article by 

'^^^ener, WiedL Ann. 69, p. 488, 1899. 



CHAPTER III 


HUYGENS' PRINCIPLE 

I. Huygens’ Principle as first Conceived. — The fact has 
already been mentioned on page 127 that the explanation of 
the rectilinear propagation of light from the standpoint of the 
wave theory presents difficulties. To overcome these difficulties 
Huygens made the supposition that every point P which is 
reached by a light-wave may be conceived as the source of 
elementary light-waves, but that these elementary waves 
produce an appreciable effect only upon the surface of their 
envelope. If the spreading of the rays from a point source Q 
is hindered by a screen containing an opening 

then the wave surface at which the disturbance has arrived 
after the lapse of the time t may be constructed in the follow- 
ing way : 

Consider all the points A^ in the plane of the opening A^A^ 
as new centres of disturbance which send out their elementary 
waves into the space on both sides of the screen. These 
elementary wave surfaces are spheres described about the 
points A, These spheres have radii of different lengths, if they 
are drawn so as to touch the points at which the light from Q 
has arrived in the time t. Since, for instance, the disturbance 
from Q has reached A^ sooner than A^y the elementary wave 
about A^ must be drawn larger than that about in proportion 
to the difference between these two times. It is evident that 
the radii of all the elementary waves, plus the distance from Q 
to their respective centres, have the same value. But in this 
way there is obtained, as the enveloping surface of these ele- 
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mentary waves, a spherical surface (drawn heavier in Fig*» 58) 
whose centre is at Q, and which is limited by the points , 
i.e. which lies altogether within the cone drawn from Q 
to the edge of the aperture Inside this cone the light 

from Q is propagated as though the vsereen were not present, 
but outside of the cone no light disturbance exists. 

Though the rectilinear propagation of light is thus actually 
obtained from this principle, yet its application in this form is 
subject to serious objection. First, it is evident from Fig. $8 



that the elementary waves from the points A have also an 
envelope in the space between the screen and the source. 
Hence some light must also travel backward ; but, as a matter 
of fact, in a perfectly homogeneous space, no such reflection 
takes place. Furthermore, the construction here given for the 
rectilinear propagation of light ought always to hold how* 
ever small be the opening A^A^in the screen. But it was 
shown on page i that, with very small apertures, light no 
longer travels in straight lines, but suffers so-called diffraction. 
Again, why do not these considerations hold also for sound, 
which is always diffracted, or, at least, never produces sharp 
shadows ? 


flU YCdiNS • PKINClPLn 


i6t 

Before considerinji Fresnel’s iinj>roveinents upon Huypens’ 
work, the latter's explanation «jf relleition aiul refraction will 
be jiresented. Let be the boumiinj; surface betweirn two 

media I and II in which the velocities of lipht are respectively 
Fj and I j, and let a wave whose wave front at any time /o 



occupies the jiosition /!,/? fall oblitpiely iijK>n the surface 
What then is the jxjsition of the wave surface in medium 11 at 
the time f j 4' ^ ? Conceive the jHiints A of the bouiitlin^ sur- 
face as centres of elementary waves which, as above, have 
different radii, since the jKilnts A are reached at tlifferent times 
by the wave front A/i. Since the disturbance at A^ Ite^dns at 
the time *1’® elementary wave about /I, must have a radius 
represented by the line A^C = Let the jKJsition f>f the 

point /Ij be so chosen that the disturbance reaches it at the 
time 4' his will fw the case if the |>er{x?ndlcular dropped 
from ylg ujHjn the wave front has the length I',/, since, accord- 
ing to Huygens’ construction, In a homogeneous medium such 
as I any element of a plane wave is pn^jwgated in a straight 
line in the direction of the wave normal. The elementary 
wave about /ij has then the radius zero. For any jKunt A 
between A^ and /I, the elemcfitary wave has a radius which 
diminishes from iy to r.ero {»rojK>rtlonaUy to the distance 
A^A. The envelojie of the elementary waves in medium II 
is, therefore, the plane through A^ tangent to the sphere 


t63 


Timmr or orr/cs 



almut /!,. The a!H;Se i*i then a ri|^;h{ .ingle. Since 

mnv sin /•'.!, : X f Vij =s 

i'g# : it fuUuWH ih.it 


Hill 1,*^ 

Jim r 


eon fit. 


But ainee ^ awl X arc the angU-’* of ineiilem c ami refraction 
reafjectivcly, this is the we!l>kmnvn l.nv of refraction. Hence, 
as wa« remarkeil Ihmii'h m»t ilnluteil on jiage 129, the 
index of refr.iction h h enn.1l to the r.itio »»f the velm ities of 
|»ro|Kigalion of light in the two media. 

By constructing in the same way the elementary waves 
reflecttnl back into medium I the lawi of retlei turn is .at once 
obtained. 

a. FrtsaeBt Improvtmeat of H«yg«ni* Principle.— hVes- 
nel replaced Huygens* arlHtr.uy .iisumjition i!u«t only the 

enveh»pe of the elemrnt.ny waves 
lirodutrs at»prrti.ible light effects 
by the prim ipte that the elementary 
waves ill their t riss-irossing influ- 
ence one another in acronknu'e with 
the principle of interference. Light 
ought then toap|s ar not only ujion 
the enveloping surface, but every- 
where where the eleinentary waves 
reinforce one .mother ; on the other 
hand, there should Iw d.irkness 
wherever they destroy one another. 
Now as a nuttter of fac t it is {swsi- 
ble to deduce from this hresnel- 
Huygens jrrlncipie not only the 
laws of diffraction, but al*o thote of atraight-iine propagation, 
reflection, and refraction. 

Consider the disturbance at a jioint /* cawed by light from 
a source Q, and at first assume that no screen is interj«>sed 
between P and Q. A sphere <rf radius a dcscril»eil almut Q 
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(Fig. 60) may be considered as the wave surface, and the dis- 
turbance which exists in the elements of this sphere may be 
expressed by (cf. page 127) 

A ( i a\ 

s = (I) 

in which A represents the amplitude of the light at a distance 
= I from the source Q. Fresnel now conceives the spherical 
surface to be divided in the following way into circular zones 
whose centres lie upon the straight line QP\ The central zone 
reaches to the point , at which the distance is 

greater than the distance MJP. Calling the latter b, 
M^P z=. r^ = b The second zone reaches from to 

, where = r^-\- The third zone reaches from 

to Afj , where M^P = r^ — r^-\- ^A., etc. Consider now in 
any zone, say the third, an elementary ring which lies 
between the points M and M' . Let the distances MP = r, 
M'P =r-{- dr, and ^ MQP = u, ^ M'QP = u-\-du. The 
area of this elementary zone is 


do = 2 Tccd sin udu. 


Also, since 

p= by — 2 a{a b) cos u, 

it follows by differentiation that 

2 r dr = 2 a{a b) sin u dti, 
so that equation (2) may be written 


(2) 


do z=A 'in — ^—yrdr 

The disturbance ds^ which is produced at P by this ele- 
mentary zone must be proportional directly to do and inversely 
to r, since (cf. page 126) the amplitude of the disturbance due 
to an infinitely small source varies inversely as the distance 
from it. Hence, from (i), 

= Tr ( 4 ) 
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or, in consideration of (3), 


ds' = 2 TT- 


k.A 
a-\- b 


cos 2 




a 


^dr. 


• ( 4 ') 


In this equation k is a. factor of proportionality which can 
depend only upon the inclination between the element do and 
the direction of r, Fresnel assumes that this factor k is smaller 
the greater the inclination between do and r. If this inclination 
be assumed to be constant over an entire Fresnel zone, i.e. 
between and , an assumption which is allowable if a 
and b are large in comparison with the wave length A, it follows 
from (4') that the effect of this nth zone is denoting the 
constant k under these circumstances) 



a+r\ 
X J 


dr, . (5) 


or 


I sin 27 t\^ ^ j - sin 

But since 



ft — I n 

r„=b-\--X, 


it follows that 


2 k X A 




( 6 ) 


From this it is evident that the successive zones give alter- 
nately positive and negative values for i*'. If the absolute 
value of be represented by , then by the principle of in- 
terference the whole effect at P due to the first n zones is 
given by the series 


= + • + (- . ( 7 ) 

If were assumed equal for all zones, 5^, etc., would 

all be equal, and the value of the series (7) would vary with the 
number of terms n. But and hence diminish continuously 



mmn-Ns * pkinciplr 


165 


as « increases, since the {,fre;Uer the value of n the greater the 
inclination iK'tvveen /■ aiul r/c. In this case the value of the 
series may be obtained in the following way;* If /t is odd, the 
series may be written in the form : 





-f 

or in the form : 

f 4 , ^"\ 1 

\ 2 "”'*»-<■+■ 2 / ' •> ' • ' • 

. (H) 

j; jr, - 




'*^* * '‘' 2 j ) 2 ' 

• (y) 

If now every s, is greater than the .arithmetical mean 
two atlj,acent (juatUities s^ , and the conclusion 

of the 
may be 


drawn from (8) that 


while it follows from (9) that 


jr > ^, 


i -r. 


I 

J ’ 


These two limits l>etwcen which s' is in this way contained 
are, however, equal to one attother when, as is licre the case, 
every differs by an infinitely small amount both from s^ , 
and Hence 






. (10) 


A similar conclusion may be drawn when each is smaller 
than the arithmetical mean Iwtween the tw«» atijacent tjuantities 
Sf, ., and In this latter case if at equal distances along an 

axis of abscissx* the Ik; erected as successive ordinates, 

* A. Hiliw^trr, M 4 g» C|>, ^11* 
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the line connecting the ends of these ordinates is a curve which 
is convex toward the axis of abscissae. In the former case 
this curve is concave toward this axis. These same conclu- 
sions may be drawn, i.e. equation (lo) obtained, if the curve 
consists of a finite number of concave and convex elements. 
Only when this number becomes infinitely large does equation 
(lo) cease to hold. On account of the presence of the factor 
this case can never occur. 

If n is even, a similar argument, with a somewhat different 
arrangement of the terms of series (7), gives 



According to Fresnel these zones are to be drawn until the 
radius vector r from P becomes tangent to the wave surface 
about Q. For the last zone r is perpendicular to QM and 
both and become zero. Hence the values of (10) and 
(10') are identical and the light disturbance at P is 




kM . 




^)- • 


(■') 


Thus it may be looked upon as due solely to the effect of 
the elementary waves of half the central zone. 

The effect at P of introducing any sort of a screen will 
depend upon whether the central zone and those immediately 
adjacent to it are covered or not. It might be expected that 
the effect at P would be completely cut off by a circular screen 
whose centre lies at and which covers half of the central 
zone. But this is not the case. For when a circular screen 
is introduced perpendicular to PQ with its centre at , the 
construction of the Fresnel zones may begin at the edge of 
this screen. Then half of this first zone is still effective at P, 
Le. equation (ii) still holds, but b now represents the distance 
between P and the edge of the screen, and refers to tlie first 
zone about the edge of the screen. Hence there can be dark'- 
fi^ss ed no p(nn:t aJong the central line MJP, This surprising 
conclusion is actually verified by experiment. However, for 
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screens which are large in comparison with the wave length 
as well as in comparison with the distance the effect at P 
is small, because the factor in equation (5) is then small. 
Likewise the effect at P is small if the screen 5 is not exactly 
circular. For, consider that the screen S is bounded by 
infinitely small circular arcs of varying radii drawn about 
as a centre. Let the angle subtended at the centre by the 
first arc be d<p ^ , the distance of this arc from the point P 
and from Then, by (i i) and the above considerations, 

the effect of the entire opening which lies between the two 
radii vectores drawn from through the ends of this first arc is 


d(t>^ . t + b^\ 

- • — - sm 27t\ — — — i]. 

1 27r \T X 


' o. + * 

Similarly the effect of that part of the next angular opening 
d^^ which is not covered by the screen is 


ds^: 


^2 "h ^2 ^ ^ 


k,\A 


sm 2 


Ar - 


etc. All these effects must be summed in order to obtain the 
value of s' at P after the introduction of the irregular screen 
at Mq, If the screen is not too large, it is possible to set 
>63, etc. Likewise the differences between the various 
as and Ps in the denominator may be neglected so that 


k^A. i r A • / ^ “I” ^l\ 

‘ = (i TTjT^ i - T-) 

+ sin + . . . (11') 


In the argument of the sin it is not permissible to set 
= ^2 H" since these quantities are divided by 

the small quantity X. For if the screen 5 is many wave 
lengths in diameter (it need be but a few mm.), the differences 
between the quantities a b amount to many wave lengths. 
Hence with an irregular screen the different terms of equation 
(ii) are irregularly positive and negative so that in general 
the whole sum is small. Only when the screen has a regular 
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form, for instance when all the a's and b^s are exactly equal, 
is the sum finite. Hence it is possible to speak of rectilinear 
propagation of light, since the result of interposing a screen of 
sufficient size and irregular form upon the line QP is darkness 
at P. 

If between Q and P a screen with a circular opening whose 
centre is at be introduced, then the effect at P varies greatly 
with the size of this opening. If the opening has the same size 
as half of the central zone, the effect at P is the same as though 
no screen were present, i.e. the light at P has the natural 
brightness. If the opening corresponds to the whole central 
zone, s' at P is twice as great as before, i.e. the intensity at 
P is four times the natural brightness. If the size of the open- 
ing be doubled, so that the first two central zones are free, 
then, according to (7), s' = an expression whose 

value is nearly zero; etc. This conclusion also has been veri- 
fied by experiment. Instead of using screens or apertures of 
various sizes, it is only necessary to move the point of observa- 
tion along the line QM^. 

Although Fresnel’s modification of Huygens’ principle not 
only accounts for the straight-line propagation of light, show- 
ing this law to be but a limiting case,* but also explains the 
departures from this law shown in diffraction phenomena in a 
way which is in agreement with experiment, nevertheless his 
considerations are deficient in two respects. For, in the first 
place, according to his theory, light ought to spread out from 
any wave surface not only forward, but backward toward the 
source. This difficulty was contained in the original concep- 
tion of the Huygens* principle (cf. page 161). In the second 
place, Fresnel’s calculation gives the wrong phase to the light 
disturbance s* atP. For, according to equation (i) on page 
163, in the case of direct propagation s' ought to be 


^-1-^ cos 271 ^^ 


ft a + 

W~ X j’ 


* That this is not true for sound is due to the fact that the sound-waves are so 
long that the obstacles interposed are not large in comparison. 
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while by(n) on pa^e tCtCi, s', as dftfrtniiicil by the considera- 
tion of the elementary waves ujum a wave surface, is 


“■ a f 


Htn J/r 


a j /•' 
A . 


In order to obtain apEreement between the amplitutles ir» 

the two expressions for jr', may lie asHumed e<jual to ^ , but 

the phases in the two cxjiresslons cannot be made to ayree. 
These difficulties disapjicar as soon as lluyijens' priiu iple is 
placed U{x»n a more rigorous analytical basis. This was first 
done by Kirchhoff.* The Hmt[ticr tlcduction which follows is 
due to Voigt. t 

3. The Differential Equation of the Light Disturbance. — 
It would have lieen jKissilile to fuul the analytical espression for 
the light disturbance s at any jioint /'in space if all waves were 
either sjiherical or plane. Hut when light strikes an obstacle 
the wave surfaces often assume complicate*! forms. In onlcr 
to obtain the analytical expression for * in such cases, it is 
necessary to base the argument it|H»n more general consiilcra« 
tions, i.e. to start w'ith the tlifferential erjuation which jr 
satLsne.s. 

Every theory of light, and, for that matter, every theory of 
the propagation of w'ave-like disturbances, leads to the differ- 
ential equation 


4. 4 . 




in which / represents the time, c, j', n the coordinates of a 
rectangular system, and V the vehreity of jrreqragation of the 
waves. This result of theory may for the {iresent be assumetl ; 
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It will first be shown how the analytical forms of s given 
above for plane and spherical waves are obtained from (12). 

For plane waves let the ;ir-axis be taken in the direction of 
the normal to the wave front, i.e. in the direction of propaga- 
tion; then s can depend only upon ;r and since in every 
plane x = const, which is a wave-front, the condition of vibra- 
tion for a given value of t is everywhere the same. Equation 
(i2) then reduces to 




03 ) 


The general integral of this equation is 

^ =/i(^ '-• y) + y)* * ’ * 


in which is any function whatever of the argument ^ — -p., 

X 

and /j any function of the argument t -j- -pr. For if the first 

derivatives of the functions andy^ with respect to their argu- 
ments be denoted by // and the second derivatives by 
//', /a", respectively, then 

^ y / I y/ ^ y// I fff 


^ — 


— Ly/ I ~f^ ?!i 4- 

j/A i 3^2 — -b 




I 


/x" + y2/2 


2 > 


i.e. equation (13) is satisfied. If now the variation of .y with the 
time is of the simple harmonic form, i.e. if it is proportional to 
t 

cos as is the case for homogeneous light, then, by (14), 

^ = ^iCOS 2^(~-~+(yj+^^COS +-^+ tfj, (15) 

in which are constants. This corresponds to 

our former equation for a plane wave of wave length A = VT. 
A^is the amplitude of the waves propagated in the positive 
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ction of the ^--axis, the amiilitiule of those propagated 
10 negative direction of the .r-asis. 

['or sphiriiiti watYS whose centre is at the origin, j’ can 
md only mum / ami tlic distance r from the origin. I lence 


D-v 

i 'Jf _ D/' 

,I.V .f 

D.t’ 

■ ' dr D.e 

1 >r ' r ’ 

. 

D/" 

i*.V _ / 


■" Dr ' D/ 

iV- ' r* 

ps 


s 


dt 

sV * r' 

since r® = a® 

4” -^1 partial gives 

r>dr = 4‘ 

*0Xt " 

dx 

- ^ " <■»« (/•»). 


similarly 

__ j pr _ s 

tiy r' c).?’'" r 


la** ’ Dr r 9r \r Dr/ 


4 * 0^4 Pr n 4*\ 

ft i}ft ^ t^rlr r*/' 


similarly 


a®jr 

. 


FU’/l 
^ 1 ■ 

dr 'r 

dy *“ 


4. 

Dr® * 



Dr® 

/ f 

i) 3 ^ "" 

^ * 

dr^r 



ition (13) becomes, therefore, for this ease 



h may also be written In the form 


BHrs) jjrMfK) 

' 0/^ ' ■ * 


(ffi) 

(t?t 
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This equation has the same form as (13) save 
replaces Sy and r replaces ;tr. The integral of (17) is thoi^^ ^ 
by (14), 

rs =fit -^ ( 

If, again, homogeneous light of period T be used, it follov^^ ^ 

J cos 27r cos . ( 

This is our former equation for spherical waves. One 
waves moves from the origin, the other moves toward it:. ^ 

amplitudes, for example are inversely proportiona.1 

This result, which was used above on page 126 in definii^S 
measure of intensity, follows from equation (12). 

Before deducing Huygens’ principle from equation ([I ^) ‘ 
following principle must be presented. 

4. A Mathematical Theorem. — Let dr be an element 
volume and F a function which is everywhere finite, contiii^o 
and single-valued within a closed surface 5 . Consider t 
following integral, which is to be taken over the entire volu; 
contained within 5 : 



f 




dx dy dz. 


First perform a partial integration with respect to Jtr, i.e. ma 

'dF 

a summation of all the elements which lie upon a 

straight line @ parallel to the axis of x. The result is 


C^F 

F^-\- F^ — F^-\- 


in which F^y etc., represent the values of the function 
at those points upon the surface 5 where the straight line 
intersects it. For the sake of generality it will be as sum 
that this line intersects tjie surface several times; since, ho' 
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ever, S is a closed surface, the numljcr of such intersections 
will always be even. In n\c»vin|f alonij; the line in the tlirec» 
tion of increasing a\ /**^, etc., which have otUl ifulicen, 
represent the values of /*“ at the points t»r entrance into the 
space enclosed by .V; while vie., which have wen 

indices, represent the values of /*‘at the points of vKit. Caui- 
struct now upt)n the rectangular base t(y </• a cohmin whose 
axis i.s parallel to the .r^axis, llus i tduinn will then citt from 
the surface S, at the points of entrance ami exit, the elements 
, r4Vg, etc,, whose area is given by 

tiy ds: •• ,;i dS * ta ist # .r ) , 


in which (fix) re|>resents the angle between the r-axis am! tite 
normal to the surface S at each particular point td inter^an ti«m. 
The sign must hv takeii hu that the right«h»ind ^idr is j«»silive, 
since the elements of surface dS are necessarily positive. 
%m7i h* lah n f^vsdiir Lnmrd ikr mfinvt e/'Mc rm/v^vd 

fij* S. Then, at the pennts of t?ntraruc% 

df ds -Y dS^^vm ... -f ’ viiUn 


and at the points td exit 

df d^ dS.^xAH (/^/■■) ^ ' dS^xxiH etc. 

Hence 



/*\ cos -- F^vm (fi^xi^dS.^ ■ - rlc. 


If now the integration be |H?rfe>rmetl with rrsfirrt tu /aitil 
^ in order to obtain the total fijxtce integrah i^e. if tfm ^yrnma- 
tion of the prcnhictH /*' c«m {Mx)dS over the wliole ^urftire be 
made, there results 




F vm 


(JO) 


in which on the right-hand sule F represents the value of the 
function at the surface element dS. 

Thus by means of this theorem the original integral, which 
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was to be extended over the whole volume, is transformed into 
one which is taken over the surface which encloses the volume. 
From the method of proof it is evident that F must be finite, 
continuous, and single-valued within the space - considered, 
since otherwise in the partial integration not only would there 
appear values F^, etc., of F corresponding to points on 
the surface, but also values for points inside. 

5 . Two General Equations. — Let be a function which 

contains explicitly x, y, Zy and r. Let r represent the dis- 


9 U 

tance from the origin, i.e, ^ Let - — repre- 

sent a differentiation with respect to the variable x as it 
explicitly appears, so that Zy and r are in this differentiation 

dU 

considered constants. On the other hand let represent 

the differential coefficient of C/, which arises from a motion dx 
along the ^-axis ; in which it is to be remembered that in this 
case r varies with x. Then 


dU I 

dx ^ 


+ cos {rx). . (21) 


^X 


0 ^ X 

But (cf. page 171) ~ = — = cos {rx). Hence 


9Z7\ 

1- 9C/^ 

i , 9 / 

I dU\ 

dx\r bx I 

bx\r bx i 


>- bx ! 


or, since in the diflferentiation ^ the radius r is constant, 

ox 

, I 'b^u 1 

dxVbx) r dx^ | 

_£fi9^_i a*C7 idu I d^u 

chi\r -d^J- r‘ bf ;i ^ ^ 07^ cos (rj^), 

dkV bsl- r'.‘bz ^~ + 70;0; cos {rz). 


I ( 22 ) 
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dU 

Now let represent the ratio of the total change in to a 

change in r, which arises from a motion dr along the fixed 
direction r. This change in is a combination of several 
partial changes : First, U varies with r as it explicitly occurs, 


the amount of this variation being 


3 ^ 
9 r ' 


Second, it varies 


because x, which occur explicitly in Z 7 , are functions 

of r. Further a simple geometrical consideration shows that 
dx = dr cos (rx)y dy dr cos {ry)^ ds — dr cos {rz)^ hence 

dU r . , S . ^ 

IT = ^ + 97 ("3) 

"dU 

If in this equation U be replaced by the result is 


'dU\ 

d^U 

, 9 »C/ 

.Zr)' 

" 97 ^ 

r 9^97 






cos(r^)+^cos(^y)+^cos(^^). (24) 


Addition of the three equations (22) gives, in consideration of 
(23) and (24), 

dx'r dx / d£r Zy !' d^r dx I 

1 /0^ ^ 9 ^ 

r'Zx^' Zy^' 97 . Zr^ ''' r dr\Zr * r^dr Zr )' ^ 


But 


I dfZiU \ , _ }_£l 

r dr^ Zr ) ' Zr i^dr V dr] 


(26) 


If equation (25) be multiplied by the volume element dr z=. 

. , , , . t I aZ7 I 'dU 

dxdydz and integrated over a space within which ~ 


I 3 U 

- 7:^ ai^ finite, continuous, and single-valued, and if theorem 
r oz 
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(20) on page 173 be applied three times,* there results, in 
consideration of (26), 


fi (au au 


COS {ny^ -|- cos 


3 ^ 


[nz) I = 





(27) 


The space over which the integration is extended evidently 

cannot contain the origin, since there ~ becomes infinite. 

y 

Now two cases are to be distinguished: I. The space over 
which the integration is extended is bounded by a surface S 
which does not include the origin; II. The outer surface S of 
that space does include the origin. 

Case II. In this case, which will be first considered, con- 
ceive the origin to be excluded from the space over which the 
integration is extended by means of a sphere J^of small radius 
p about the origin as a centre. The region of integration has 
then two boundaries, the outer one the surface 5 , the inner 
one the surface K of the sphere. The surface integral of 
equation (27) is therefore to be extended over both these sur- 
faces. The value of the integral over the surface K is, how- 
ever, not finite when p is infinitely small, since this surface is 
an infinitesimal of the second order with respect to p, and r 
appears in the denominator of the left-hand side of (27) in the 
first power only. Further, 


Zx 


0 

cos — cos [ny) + 


-djl 

dz 


cos (nz) = 


'dU 

dn’ 


(28) 


in which dU: dn is the differential coefficient which arises from 
a motion dn in the positive direction along the normal 7i to S 


♦ The symbol — which appears in equation (20) has the same meaning as 

here. That equation is also to be applied in this case when the differentiation 
taken with respect toy and 


d 

dx 

is 


i 
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when r is treated as a constant. Hence the left-hand side of 
equation (27) becomes 




and this integral is to be taken over the outer surface only, 
not over the small spherical surface K, 

The last term on the right-hand side of (27) will now be 
transformed by writing 

= i^d<l> dr, (29) 


i.e. the volume element is now conceived as the section cut 
by an elementary cone of solid angle d(p from a spherical 
shell whose inner and outer radii are r and r dr respec- 
tively. Then 

r denotes the value of r upon the outer surface 6' of the region 

'dU 

of integration. If now p is infinitely small, the quantity r— 

has no finite value for r p. Furthermore, in the limit 
(P = o) 

J (31) 

in which represents the value of U at the origin. Again, 
since 


r^dcj) — dS cos {nr), .... (32) 

if the positive direction of r be away from the origin, then 

/ -J'dS-COB ^ 

= -f ('”•) §;.(y)- ( 33 ) 
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which integral is to be extended over the outer surface S. It 
follows therefore from (27), in consideration of (30), (31), and 
(33), that 




/: 


I 

r 9 w 

mi 


i/9^y 


cos (nr) I dS = 

d'^U &U\, , 

^jdt 47tUQ. 




( 34 ) 


In this equation the volume integral may be extended over the 
whole space included within the surface S, since the infinitely 
small sphere K whose volume is proportional to adds when 
p = o an infinitely small amount to the integral, because r 
appears in the denominator in the first power only. 

Case L If the surface does not enclose the origin, the dis- 
cussion is exactly the same, save that it is unnecessary to 
construct the sphere K, In order to integrate the last term 
of the right-hand side of (27), assume as before 


dt =r r^d<pdr\ 

but now the Umits of integration are not p and r, but r, and 
r,. which represent the two distances from the origin at which 
the axis of the elementary cone of solid angle d<f> intercepts 
the surface 5 . Hence 


J d4> I {f 


/= 

du 

hr 


i.£( 9 ^ 

P dr\ hr 


^')dr- 


"be tWMaiy cone into tbf i °f 

r^d 4 > = dS‘ cos (nr), 

•We at tile po&t of exit 


dS’ cos (nr). 
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Hence the volume integral (30') may be written as the surface 
integral 


= -JdS.cos {nr)i^ JdS- cos (30') 


Hence for this case (37) becomes 

dU r 1 ^ 

COS (nr) 




dfi 




■) J : 

c)m Z^U\ , 


• (34') 


6. Rigorous Formulation of Huygens^ Principle.— The 

following application will be made of (34) and (34^) ; Let s be 
the light disturbance at any point, the value of s at the 
origin, s satisfies the differential equation (12) on page 169. 
U will now be understood to be that function which is obtained 
by replacing in i- the argument t (time) by if — This 

will be expressed by 

It is then evident that Sq, since at the origin r = o. 

Furthermore, from (12), 

''dx* ^ ^ 3x=/’ 

but since Cf is a function of / — Vk» (cf. equations (17) and 
(18), page 17 1) the following relation also holds: 

?!£- 

dr'' 


Hence, from the last two equations, 


■ + 


3^ ’ 


3,r= ^ By ' 

Hence (34) gives, for the case in which the origin lies within 
the surface S, 

=J I — 0;^ — 


4^-fo 


I ^s{t - ff) 


dn 


dS. (3S) 
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This equation may be interpreted in the following way: 
The light disturbance at any point (which has been taken 
as origin) may be looked upon as the superposition of disturb- 
ances which are propagated with a velocity V toward P^from 
the surface elements dS of any closed surface which includes the 
point Pq. For, since the elements of the surface integral (35) 
are functions of the argument t — any given phase of the 
elementary disturbance will exist at P^y seconds after it 
has existed at dS. 

In this interpretation of (35) it is easy to recognize the 
foundation of the original Huygens’ principle, but the condition 
of vibration of the separate sources dS is much more compli- 
cated than was required by the earlier conceptions, according 
to which the elements of the integration were simply propor- 
tional to s{t — / vj (cf* (4) on page 163). 

Further, it is possible to calculate from equation (35) the 

ds 

disturbance s^ at the point P^ if the disturbances s and — are^ 

known over any closed surface 5 . In certain cases these are 
known, as, for instance, when the source is a point aiid the 
spreading of the light is not disturbed by screens or changes 
in the homogeneity of the space. In this case, to be sure, s^ 
can be determined directly; nevertheless, for the sake of what 
follows, it will be useful to calculate it from (35). 

Let the source Q lie outside of the closed surface S. Let 
the disturbance at any point P which lies upon 5 and is 
distant r^ from the source Q be represented by 



(37) 
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Now Tj must be large in comparison with X, hence the first 
term is negligible in comparison with the second, so that 

2 , 3 ( 1 — ’■/y) 27 rA . (t r-\-r\ 

= cos(;^r0-^sm2^(^--:^). . (38) 

Further, from (36), 

s(t-yy) A (t ^ + 

r rr^ \T X / 

If this expression be differentiated with respect to r, a term 
may again be neglected as in (37)1 since r also is large in 
comparison with X ; hence 

^(t — Y y) 

r 27 tA . (i r + r,\ 

= • . ( 39 ) 


Substitution of the values (38) and (39) in (35) gives 


A r I ^ ( t , 

2I / (40) 

This equation contains the principle of Fresnel stated above 
on page 163, but with the following improvements: 

I. Fresnel’s factor k is here determined directly from the 
differential equation for which constitutes the basis of the 
theory. Consider, for example, an element dS which lies at 
the point (Fig. 61) along the line QP^\ then for this ele- 



ment cos {nr) = — cos inr^^ since t]je positive directions of r 
and are opposite. Hence Fresnel’s radiation factor k is 

^ cos {nr) 

rz: r ■ . 
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If dS is perpendicular to then cos {nr) = — i, and, 

save for the sign, the factor (cf, page 169) of the central zone 
has been deduced in an indirect way. 

2. For an element dS, which lies at (Fig, 61), the 
positive directions of r and are the same, i.e. 

cos {nr) — cos {nr^ = o. 

Hence the influence of this element upon the value of Sq dis- 
appears, i.e. the elementary waves a^ not propagated back- 
ward as they should be according to Huygens’ and Fresnel’s 
conceptions of the principle. It is at once evident that this 
disappearance of the waves which travel backward is a conse- 
quence of the fact that in (35) every elementary effect appears 
as the difference of two quantities. 

3. The phase atP^ is determined correctly, being the same 

as that due to the direct propagation from ^ to For 

surface elements dS which lie at Mq perpendicular to QP^ are 
multiplied in (40) by the factor 


— sin 2 7r 


( 



X r 


and hence the effect is the same as though these surface ele- 
ments vibrated in a phase which is ^ ahead * of that of the di- 
rect wave from Q to dS, which, in accordance with (36), would 

. When the inte- 
gration is performed over the surface 5 there is again obtained 
for the point P^: + cos Fresnel’s 


lead to the expression cos ^ 


* If the light disturbance be assumed to exist not as a convex, but as a con- 
cave, spherical wave, which travels toward a point Q outside of S, the considera- 
tions are somewhat modified, as may be seen from (35). (In Mascart, Traite d’Op- 
tique, I, p. 260, Paris, 1889, this case is worked out.) Under some circumstan- 
ces this case is of great importance for interference phenomena. Cf. Gouy, C. R, 
no, p. 1251; III, p. 33, 1890. Also Wied. Beibl. 14, p. 969. 
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j t ^ 

calculation, sin (cf. page 169). Thus this 

contradiction ‘in Fresners theory is also removed. 

Now if any screen be introduced, the problem of rigorously 
determining Sq is extremely complicated, since, on account of 
the presence of the screen, the light disturbance at a given 
point P is different from the disturbance Y which would be 
produced by the sources alone if the screen were absent. In 
order to obtain an approximate solution of the problem, the 
assumption may be made that, if the screen is perfectly opaque 

and does not reflect light, both s and ^ vanish at points which 

lie close to that side of the screen which is turned away from 
the source ; while, for points which are not protected from 'the 
sources by the screen, the disturbance s has the value Y which 
it would have in free space. 

In fact this was the method of procedure in the above 
presentation of Fresnel’s theory. Then, starting from equa- 
tion (40), by constructing the surface 5 so that as much as 
possible lies on the side of the screen remote from the source, 
a very approximate calculation of the disturbance at any 
point Pq may be made. Only the unprotected elements 
appear in (40). It is immaterial what particular form be given 
to this unprotected surface, provided only that it be bounded 
by the openings in the screen. This result can be deduced 
from equation (34') on page 179, which shows that the right- 
hand side of (40) becomes zero for this case, if the closed 
surface 5 excludes the point P^ (and also the source 0, for 
which Sq is to be calculated. Hence if the integral Sq of equa- 
tion (40) be taken over an unclosed surface S which is bounded 
by a curve C, and if another surface S' be constructed which 
is likewise bounded by C, then S S' may be looked upon as 
one single closed surface which does not include the origin P^, 
(34') shows that the sum Sq -|- integrals extended 

over S and S' vanishes. But in this n is always drawn toward 
the interior of the closed surface formed by >S and S\ so that, 
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if the positive direction of the normal to S points toward the 
side upon which lies, then the positive direction of the 
normal to S' points away from this side. If then the positive 
direction of the normal to S' be taken toward the side upon 
which Pq lies, the sign of the integral sj becomes reversed. 
Hence it follows that = 0, or = s^y or, expressed 

in words: The integral defined by equation has the 

same value for all unclosed surfaces S of any form which are 
bounded by a curve Cy provided the Jtormal be always reckoned 
positive in the same direction i^from the side upon which the 
source lies to that upon which P^ lies)y and provided these 
different surfaces S do not enclose either the source Q or the 
point P^for which s^ is to be calculated. 

How, now, from equation (40) the rectilinear propagation 
of light, and certain departures from the same, may be 
deduced has already been shown in § 2 with the aid of Fres- 
nel’s zones. In the following chapter these departures from 
the law of rectilinear propagation, the so-called diffraction 
phenomena, will be more completely treated. 


CHAPTER IV 


DIFFRACTION OF LIGHT 

As is evident from the discussion in § 2 of the preceding 
chapter, diffraction phenomena always appear when the screens 
or the apertures are not too large in comparison with the 
wave length. But, as will be seen later, diffraction phe- 
nomena may appear under certain circumstances even if the 
screen is large, for example at the edge of the geometrical 
shadow cast by a large object. If now, starting with equation 
(40), the diffraction phenomena be calculated in accordance 
with the considerations on page 182, it must not be forgotten 
that the theoretical results thus obtained are only approximate; 
since, on the one hand, when screens are present, the value of 
s is not exactly the same at unprotected points as it would be 
with undisturbed propagation, and, on the other hand, at pro- 
'bs 

tected points s and — do not entirely vanish. The approxi- 

qH 

mation is more and more close 
as the size of the apertures in the 
screens is increased ; in fact the 
approximate results obtained 
from theory agree well with ex- 
periment if the apertures are not 
unusually small. The rigorous 
theory of diffraction will be pre- 
sented in § 7 of this chapter. 

I . General Treatment of Dif- 
fraction Phenomena. — Assume 
that between the source Q and 
the point there is introduced a plane screen S which is of 

185 



i86 


THEORY OF OPTICS 


infinite extent and contains an opening cr of any form. Let 
this opening be small in comparison with its distance from 
the source Qy and also in comparison with its distance r from 
the point at which the disturbance Sq is to be calculated by 
equation (40) of the preceding chapter. In performing the 
integration over <t the angles {nr) and {jir^) are, on account of 
the smallness of cr, to be considered constant; likewise the 
quantities r and whenever they are not divided by A ; hence 

A cos (nr) — cos (nr,) C . (I ^ ^ 

“•=?*• ^ J Hr - 

Assume now a rectangular coordinate system Xy yy z. 
Let the ^y-plane coincide with the screen S, and let some 
point P in the opening cr have the coordinates x and y. Let 
Xyy y^y be the coordinates of the source, being positive; 
and x^y y^y z^ those of P^, z^ is then negative. Then 

~ xf-\- (j/j ^ = (a'o- +( j/o (2) 

Let the distances of Q and P^ from the origin be and p^ 
respectively; then 

Px = yt-\- Po® = ^o^+:)'o* + V- • (3) 

Then the following relations hold: 



^ +y - -\-yyd 
■ 

;tr8 _|_y - 2[xXa +yyn) , 

Po' 


^ . 


( 4 ) 


The dimensions of the opening <r and its distance from the 
origin are to be small with respect to p^ and p^. Hence, in 
the integration over <r, x and y are small with respect to p. 
If now the expression (4) be expanded in a series with increas- 
ing powers of x/p^, y/p^ and x/p^, y/p^, and if powers 
higher than the second be neglected, there results, since 

(i = I 4" provided e is small in comparison 

with I, 


( , ^ + 
"■1' + ^ 
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^4-y + fj'x 


Pi 


2/3,“ 


-j-jf xXf^ -h yj'o __ (-y-yoH~J){ 7 'oy 


-}, . (5) 
}■ ■ (C) 

Denoting the direction cosines of and by o/^, 
and /?„, y„, respectively, in which the positive directions 
of pj and Po point away from the origin, then 


^ + 2P} p} 2pJ 


^1 fi 

^t = 7r. A = 


Zi. ^ _ 


Jf'o 


B — — 

Pi' Pi' " Po' " Po' 

Hence the addition of ( 5 ) and (6) gives 

^ 1 + ^ = Pi+Po + «'o) -7(A+ 

2 Pi 2p„ 

Substituting this value in (i) and writing for brevity 

A . ") 

^1 + = Pi + Po A) • 


(7) 


( 8 ) 


27t 


^ Pi H- ^0 __ i'* 

T \ - T ' 

A cos (w;-) — cos (jtr^ 

(i) becomes 

^0 = ^'jsin 27r-^ J' cos \_f^x, jy)]dcr 


(9) 


— cos 2 


[f(x,j^)]dcr^. ( 10 ) 


Sq may therefore be conceived as due to the superposition 
of two waves whose amplitudes are proportional to 

0 =J cos [/(x, y)\d<T, 

S—Jsixi [X-v, j')]dcr 


* This change displaces the origin of time. 
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and whose difference of phase is - . Hence, from the law on 

page 13 1 [cf. equation (ii)], the intensity of illumination of 
the light at the point is 

J=A'\C^-^S^) (12) 

Now two cases are to be distinguished: i. That in which 
both the source and the point lie at finite distances {FresneV s 
diffraction phenomena)) and 2. That in which the source and 
Pq are infinitely far apart {Fraunhofer s diffraction phe?iomena)/, 

2. Fresnel’s Diffraction Phenomena, — Let the origin lie 
upon the line QP^ and in the plane of the screen. Then 
and Pq lie in the same straight line, but have opposite signs, 
hence 

= Pq> 

A comparison of equations (8) with equations (9), which 
define jj/), gives 

/(^. y) = +M)']. . ( 1 3) 

This equation may be still further simplified by choosing as 
the ;r-axis the projection of QP^ upon the screen. Then 
= o. Also if the angle which p^ makes with the ^-axis be 
represented by 0, then 

JJ') =x(^+^)[^'-cos2 0-|-y]. . . (14) 

In order to avoid the necessity of interrupting the discussion 
later by lengthy calculations, a few mathematical considera- 
tions will be introduced here. 

3, Fresnel’s Integrals. — The characteristics of the func- 
tions which are known as Fresnel’s integrals will here be dis- 
cussed geometrically.* There are two of these integrals, 
namely, 

^=1 cos — dVy 7= / sin — dv, . . . (15) 

o %y o 


* This method was proposed by Cornu in Jour, de Phys. 3, 1874. 
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The S and 7 which correspond to each particular value of 
the parameter v may be thought of as the rectangular coordi- 
nates of a point E. Then, as v changes continuously, E 
describes a curve whose form will be here determined. 

Since, when = O, ^ = 7/ 0, the curve passes through 

the origin. When v changes to — the expression under the 
integral is not altered, but the upper limit of the integral, and 
hence also S and 7, change sign. Hence the origin is a centre 
of symmetry for the curve, for to every point + S, + V, there 
corresponds a point — Sy — rj. The projections of an element 
of arc ds of the curve upon the axes are, by (15), 

dS r= dv-cos — , dy] = dv^sm . . , (16) 


Hence 

ds = V dF,^ + drj^ = dvy 
or, if the length s be measured from the origin, 


s ^ V, 


(17) 


The angle r which is included between the tangent to the 
curve at any point E and the ^-axis is given by 


dr} Ttv^ 

tan r = = tan — , 

dF 2 


i.e. T 


^ 2 
2 


(18) 


Hence at the origin the curve is parallel to the ^’-axis; when 
i.e. when the arc .? = I, it is parallel to the 77-axis; 
when s’^ — 2 it is parallel to the ^-axis; when = $ it is 
parallel to the 77-axis ; etc. 

The radius of curvature p of the curve at any point E is 
given by [cf, (17) and (18)] 


ds __ 

dr'^ Ttv'^ Tt s' 


(19) 


Hence at the origin, where ^ 7 = 0 , there is a point of inflec- 
tion. As V increases, i.e. as the arc increases, p continually 
diminishes. Hence the curve is a double spiral, without 
double points, which winds itself about the two asymptotic 
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points F and F\ whose position is determined by + 00 
and 2/ = — 00 . The coordinates of these points will now be 
calculated. For F, 


=z I cos—dv, r}jp: 


sin — dv. 
2 


To obtain the value of this definite integral set 

/ oo 

e^^’^dx = M, ^21) 

If j/ is the variable, then also 

= M. 

The product of these two definite integrals is 

X (22) 

If now X and y be conceived as the rectangular coordinates 
of a point then in which r is the distance of P 

from the origin. Furthermore dx dy may be looked upon as a 
surface element in the .^7-plane. But if a surface element be 
bounded by two infinitely small arcs which have the origin as 
centre, subtend the angle d(t> at the centre, and are at a dis- 
tance dr apart, then its area do is 

do •=: r dr d({> (23) 

Hence, since the integration is to be taken over one quad- 
rant of the coordinate plane, (22) may be written 


^Jod<t>Je 


V dr. . 


But now 


Hence 


^ dr ^ 


mP- 

4 2 
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Writing in (21) for x 


: 


nzT 

i — , i.e. X 
2 


/ — in 


(26) 


in which i represents the imaginary, there results from (21) 
and (25) 


or, because 


V — i 


Vi 


I + i 


V2 


But since 


, 1 + 2 

I e i dv =z 

1 


TCV^ , . . TtV'^ 

(? a == COS h t Sin , 

2 ' 2 


(27) 


(28) 


it follows, by equating the real and the imaginary parts of (27), 
that 


r I r * 

/ cos — dv = — , / SI 

2 2 


, TCV^ „ I . . 

sm . — dv = —. . (29) 

2 2 


Hence, in accordance with (20), the asymptotic point F has tlie 
coordinates ^ The form of the curve is therefore 

that given in Fig. 63, The curve may be constructed in the 
following way: Move from o along the 5 ^-axis a distance 

.f = o.i. Construct a circle of radius p = — = -^2 which 

TtS 7t 

passes through the point o and whose centre lies upon a line 
which passes through the point =: o. i and makes with the 

. TTS^ 7t 

7-axis the angle circle 

thus constructed lay off from o the arc .y = o. i . Through its end 
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I I ^ 

point draw another circular arc of radius p = ^ = — 

ns 7r.o.2 n 

whose centre lies upon a line which passes through the point 



5 = o. I on the curve and which makes with the t;-axis an 
ns^ n 

angle t' = — =: 0.04 — , Proceeding in this way, the entire 
2 2 

curve may be constructed. 

4. Diffraction by a Straight Edge. — Resume the notation 
of § 2. Let the j/-axis be parallel to the edge of the screen, 
and let the screen extend from = + 00 to x ^ (the edge 
of the screen, cf. Fig. 64). In the figure x' is positive, i.e. 

lies outside of the geometrical shadow of the screen. Con- 
sider the intensity of the light in a plane which passes through 
the source Q and is perpendicular to the edge of the screen. 
QP^ then lies in the .^r^s'-plane. Equation (14) is here appli- 
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cable, and gives, in combination with (ii), the following ex- 
pressions to be evaluated : 


C=^ 



dx dy cos 


[i{^+ 




5 = J J dxdysva. i{~-h cos“ </> 


• (30) 


It is necessary first to justify the extension in this case of the 
integration over the whole portion of the ;r^-plane not covered 
by the screen, for it will be remembered that in the preceding 
discussion (cf. page 186) the integral was extended only over 
an opening all of whose points lay at distances from the origin 
which were small in comparison with and Pq. As a matter 



of fact such a limited region of integration is in itself determina- 
tive of the intensity y of the light at the point , since it 
includes the central zones, and indeed a large number of them. 
An extension of the integration over a larger region adds 
nothing to J, since, as was previously shown, the edge of the 
screen exerts no further influence upon the intensity at the 
point Pq when it is many zones distant from the line connect- 
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mg P and Q. Hence in (30) the result is not altered when 
the integration is taken over the entire portion of the .plane 
not covered by the screen. ^ 

Substitution in (30) of 



in which 


= x' cos 0 



If m (32) the following substitution be made, 


( 33 ) 




COS ( 7 /^ -[- = cos — cos sin 

^22 2 


TtV'^ . TtU^ 

sm — , 
2 


and for sm ^ the analogous expression, the integration 

with respect to u may be immediately performed and there re- 
sults, in consideration of (29), 



/ = 


X 


2 cos 0 [— -I L) 


( 35 ) 
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Hence it follows from (12) that 

J = 2^'2./2. I {^j COS I ■ • 

The value of is given in (9), page 187. Since, according to 
the observations on the preceding page, only those portions of 
the ^rjz-plane which lie near the origin are in the integration 
determinative of the intensity J at the point , it is possible 
to set in the expression for A' 


r — pQ, 
Hence 


, cos (nr) = — cos (nr^) = cos 0. 


A'.f = 


A 

2(Po + Pi) 


(37) 


The two Fresnel integrals which occur in (36) will be inter- 
preted geometrically as in § 3. If the coordinates of a point 
E of the curve of Fig. 63 be represented by the above 
equations (15), i.e, by 






and the coordinates of another point E' on the curve, corre- 
sponding to the parameter by 


5' = 




TtZ^ 

_ 


dVy 


then evidently 



The stun of the squares of these two integrals is then equal to 
the square of the distance bctiocen the tzoo points E and E' of 
the curve in Fig. 6 j. The point E = F^ corresponds to the 
parameter *2/ = *— 00 . Hence if the distance of the point F^ 
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from a point E\ which corresponds to a parameter v , be 
represented by (— 00 , then, by (36) and (37 )j 






2(Po + PiT 


•(— CO , v'f. 


(38) 


From the form of the curve in Fig. 63 it is evident that J has 
maxima a7id 7ninima for positive values of v\ i.e. for cases tit 
which Pq lies outside the geometrical shadow of the screen. But 
when lies inside the shadow, the intensity of the light 
decreases continuously as moves back into the shadow; for 
in this case v' is negative and the point E’ continuously 
approaches the point F\ 

If = 4- 00 , then (— 00 , + 00 / = 2, since each of the 
points F and F^ has the coordinates ^ 77 = J. In this case 

pQ lies far outside of the geometrical shadow, and by (38) the 
intensity is the same as though no screen were present. For 
d = o, P^ lies at the edge of the geometrical shadow, in which 
case (— 00 , o)2 = I-, and, by (38), the intensity is one fourth 
the natural intensity. 

The rigorous calculation of the maxima and minima of 
intensity when P^ lies outside the shadow will not be given 
here.* It is evident from Fig. 63 that these maxima and 
minima lie approximately at the intersections of the line FF^ 
with the curve. Since this line cuts the curve nearly at i*ight 
angles, it is evident that at the maxima the angle of inclination 
r of the curve with the 5*-axis is (| + 2/^)7r, at the minima 
^ = (J + 2^)72^, in which h — o, i, 2, etc. Hence at the 
maxima, cf, equation (18) on page 189, v' = + 4/^, at the 

minima, A ;- Now in order to determine the 

position of the diffraction fringes, conceive the screen so 


»Cf. Fresnel, CEuvr. compl. I, p. 322. For a development in series of 
Fresnel s integrals, cf. F. Neumann, Vorles. u. theor. Optik. herausgeg. von 
Dom, Leipzig, 1885, p. 62. Lommel in the Abhandl. d. bayr. Akad., Vol. 15, 
p. 229, 529, treats very fiilly, both theoretically and experimentally, the diffraction 
produced by circles and straight edges. 
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rotated* about its edge that it stands perpendicular to the 
shortest line a which can- be drawn from Q to the edge 
(cf. Fig. 64). Then = a : cos (p. Further, draw through 
Pq a line parallel to the ;r'axis, and let the distance of P^ from 
the geometrical shadow of the screen measured along this line 
be represented by d. Then x' \ d a \ a b. Hence d 
denotes the distance of the point P^ from the geometrical 
shadow, in a plane which lies a distance b behind the screen. 
Introducing now in (33) the quantity d in place of x\ and set- 
ting Pj = a, Pq b, which is allowable since cos <p does not 
differ appreciably from i provided P^ be taken in the neigh- 
borhood of the shadow, there results 

= • • • (39) 

in which p is an abbreviation for 

(,„) 

There are therefore maxima of intensity when d p 4A, 
i.e, when 

i/j = /.i.22S; ^2 =:j^).2.34S; d.^ — p^i,o%2, etc., 

minima when d ^ p A' when 

< = ^2' = /*^'739; = etc. 

The exact values differ only slightly from the approximate ones, 
which are also in agreement with observation. + 

According to (38) the intensity of the light at these max- 
ima and minima may be determined by measuring the suc- 
cessive sections which the line FF^ cuts from the curve. 
Thus, if the free intensity be i, the maxima are 
y,= i-34; 72=1.20; 73=1.16; 

* Such a rotation of the screen and corresponding rotation of the free surface 
over which the integration is extended produces no change in the result (cf. propo- 
sition on page 184). 

\ The diffraction fringes may be observed either by means of a suitably placed 
screen or a lens with a micrometer (cf. p, 133, note). 
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the minima, 

y/=0.78; /; = o.84; 

From a more exact evaluation of his integrals Fresnel 
obtained values differing but little from these. 

5. Diffraction through a Narrow Slit, — Using the same 
coordinate system and the same notation as in the preceding 
paragraph, the intensity of the light will be investigated in a 
plane which passes through the source Q and is perpendicular 

to the edges of the slit. This 
plane is the ;ir^-plane (cf. Fig. 
65). Let the x coordinates of 
the edges of the slit be and x^. 

If the point , at which the in- 
tensity is to be calculated, lies 
in the geometrical shadow of 
one of the screens which bound 
the slit on either side, then x^ 
and are either both positive 
or both negative. But if the 
line connecting Q with passes 
through the open slit, then the 
signs of x^ and x^ are opposite. 
This case is shown in Fig. 65. It will be assumed that the 
source Q lies directly above the middle of the slit, as shown in 
the figure. Let d be the width of the slit. Then 



'^1 ““ ^2 ' d a \ a b. , . (41) 

a and b may without appreciable error be replaced by and 
pQ , since when d is small the inclination of p^ to a is also small. 

Introducing again the quantity v which is defined by (31) 
on page 194, and calling and the values of v which 
correspond to the limits of integration x^ and x ^ , the intensity 
of light at Pq is, as in (38), 

+ ^2)*’ • • • • (42) 
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in which (v^y represents the distance between the two 
points of the curve in Fig. 63 which correspond to the param- 
eters and 7^2* now, by (41) and (31), 



in which p has the same meaning as in (40). If now it is 
desired to investigate the distribution of light in a plane which 
lies a distance b behind the screen, the dependence of equation 
(42) upon d must be discussed. According to (43) the differ- 
ence between the parameters is constant. Hence the question 
is, how does the distance vary between the two points and 
whose distance apart, when measured along the arc of the 
curve in Fig. 63, has the constant value Assume 

first a slit so small that the length of the constant arc is about 
o. I,* then the curve shows that the intensity remains constant 
from d=o up to a large value of i.e. of dy and then 
gradually decreases when and both attain very large posi- 
tive or negative values, i.e. when Pq lies very far within the 
geometrical shadow. Hence when the slit is narrow the 
geometrical shadow cannot be even approximately located, for 
the light is distributed almost evenly (diffused t) over a large 
region, and there is nowhere a sharp shadow formed. 

If the width of the slit is somewhat larger (though still but 
a small fraction of a mm.), so that the constant arc length .r 
amounts to 0.5, then the curve of Fig. 63 shows 
that here too the light extends far into the 
geometrical shadow, and that maxima and 
minima of intensity occur only when z\ and 
have like signs, i.e. diffraction fringes are formed 
only within the geometrical shadow. Sharp 
minima exist (cf. Fig. 66) when the tangents to Fig. 66. 
the two points and of the curve are parallel so that their 

* For a := d :=z 20 cm., S must be about 30A to attain this. 

t Diffusion of light must always occur, as can be shown from the construction 
of the Fresnel zones, if the width of the slit S < 
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angles (cf. page 1 89) differ from each other by a whole multiple 
of 27 r. Since now, by (18) on page 189, r = the positions 
of the diffraction fringes must be given by 

— j. 2hn^ i.e. {v^ — + ^2) = ± 

or, ill consideration of (43), by 

d - dz =.± kU , ^=1,2,3 (44) 

These fringes are then equidistant and independent of i.e. 
of the distance of the source from the screen. 

If the slit is made broader, or if a and b are reduced, the 
width of the slit remaining unchanged, so that the difference 
is essentially increased, then diffraction fringes may 
also appear, as is shown by Fig. 63, when and have 
opposite signs, i.e. outside of the geometrical shadow. For a 
given value of the numerical value of J corresponding 

to any particular value of d may be determined from the curve 
with a close degree of approximation. When the slit becomes 
very broad, i.e. when is very large, the case approaches 

that treated in § 4 above. 

At the mid-point where ^=0, y* never vanishes. But for 
given values of a and d, the value of b determines whether J is 
a maximum or a minimum. Since when c/ = 0, and are 
equal and of opposite sign, the line connecting them passes 
through the origin (cf. Fig. 63). Hence the points of inter- 
section of the curve with the line FF' determine approxi- 
mately the maxima and minima, i.e. (cf. page 196) there are 


Maxima when Vy = 

Minima when Vy=: 4 / 4 , 

or, according to (43), since 


Maxima when 


2A. b) 2 
S^(I 


-hA^i 


/ 1 i\ 7 

Minima when = £ + 

>4 = 0, I, 2, 3 .. . 


( 45 ) 
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6. Diffraction by a Narrow Screen.^- — Let the screen have 
the width d, and let the source Q lie at a- distance a directly 
over its mid-point. Consider the intensity of the light in a 
plane (the ;r^-plane) which passes through Q and is perpendic- 
ular to the parallel edges of the screen. Use the preceding 
notation (cf. Fig. 65), and let and x^ be the .^r-coordinates 
of the edges of the screen, and the corresponding values 
of the parameter v. and then satisfy equation (43). The 
intensity of the light y is proportional to the sum of the square 
of the integrals (cf. page 195) 



Now the first term ofiTfis equal (cf. the analogous develop- 
ment on page 195) to the ^-component of the line which con- 
nects and the point which corresponds to the parameter 
(cf. Fig. 67). The second term of M is equal to the f- 



Fig. 67. 


component of the line {EJF) in which the point E^ corresponds 
to the parameter v^. The two terms in iV^have similar signifi- 

* A straight wire may be conveniently used as such a screen. 
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cations. If the S and rj components of the lines and 

(EJF) be denoted by ^2, then 

(^x + 5,)^ + (^x + 

If at the end of the line {F^E^ the line having the 

same length and direction as the line {EJF^^ be drawn, then 
the line {F^F^^') has the components + ^1 + ^2* "^he 

intensity J at . the point is then proportional to the square 
of the line {F^F'‘\ which is the geometrical sum of the two 
lines {F^E^ and {EJF^ i.e. 

.... (46) 

From this it appears that the central line {d = o) is always 
bright, although it lies farthest inside the geometrical shadow ; 
for along it the values of and are equal and of opposite 
sign, so that the two points E^ and E^ in Fig. 67 are sym- 
metrically placed with respect to the origin, and hence the 
lines F'E^ and E^F are equal and have the same direction, so 
that their sum can never be zero. The broader the screen, the 
smaller is the intensity along the middle line. 

If the screen is sufficiently broad so that and are large, 
the points E^ and lie close to F' and F. The lines {F'E^ 
and (^2^) approximately equal, and complete dark- 

ness results, provided {F'E^ and {E^F') are parallel and oppo- 
site in direction. 

Since, for large values of and the lines {F^E^ and 
{FE^ are almost perpendicular to the curve in Fig. 67, it fol- 
lows that if these lines have the same direction, the tangents 
which are drawn to the curve at E^ and E^ are approximately 
parallel to each other; and their positive directions, which are 
taken in the direction of increasing arc, are opposite. Hence 
the difference between the angles which the tangents make 
with the ^-axis, i.e. is an odd multiple of tt, or since, 

7 t 

by (18), T = dark fringes occur when 

— ’^i) = ± 1, ± 3. ± 5. etc. 
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jf becomes, in consitlenition of (43), 

2(IS 1.,: ± hXli, h I, 3, 5, etc. . . . (47) 

These frinj^es become less !>!;vck as It increases. They are 
ihstant ami imlepeiulent of the distance a of the source 
L the screen. Tliese results hold only inside the y;eometri- 

[a 

shadow, i.e. only so loi4( as d - . ^ , and only then 

close apprt^xiinatiott jn'ovidetl the values of and which 
•.spoml to the etl|.p’s of the screen are sufdciently !arp;e, 
provided the scret'U is broad eiitu^fh and the point 7 *,^ is 
tiently tmar tt^ it aiul U^ the middle line t 4 "the shadt>w. 

Vs /\, moves toward the ed|.te of the |»eometrical shatitjw 
tsses outsiiie of it, maxima and minima occur at different 
itms of /\, which can be tletennintnl dn' every S[)ecial cast* 
\v constructitm j.;iven in by, Tin* law determiniup, 
>osititms of these fringes is, htnvever, t\tit a simple one. 
*l\ese examples will suffice in slunv the utility of the 
letrical methotl used by (!<jruu.^ Observatitni verifies all 
tmsetjuences here tleducetb 

. Rigorous Treatment of Diffraction by a Straight Edge, 
was remarked at the lieginning of this cha[Uer (page 1^5 ], 
>regoing treatnUMil <jf diffraction plumtjuu'na, liasctl upon 
euH* principle, is only approximately correct. Now it 
[Hjrtant ttt luitice that in at least one case, namel\% that 
Iractitm by a straight etige, the pnddem can he stdved 
liisly, as has been shown by Stmunerfeld.t This solutitni 
urnishes a test of tlie accuracy of the up(H*axiuuite solu- 
and also makes it possible to discuss theoretically the 
inena wlicn the angle* of diffraction is large, i.e, \chcn 
r within the limits of tlie geometrical shadows— «a discus- 
diich was not ptissible with the other methcul, at least 
It making important extensions. 

nn 4 it.af *4 t ,ur Uv tUi'i mrllunt hy M.irit.ul, *l‘tljUique% 

KHth VmI, I, ju 

SitminrrfcUi, M.tUi. Vtil. XLVII, p, jry, 1^05, 
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In the rigorous treatment of the diffraction phenomena the 
differential equation (12) on page 159, 



for the light disturbance must be integrated so as to satisfy 
certain boundary conditions which must be fulfilled at the sur- 
face of the diffraction screen. The form of these conditions 
will be deduced in Section II, Chapters, I, II, and IV ; here 
the results of that deduction will be assumed. In the first 
place, to simplify the discussion, assume that the source is an 
infinitely long line parallel to the j/-axis. Also let the edge 
of the screen be chosen as the j|/-axis, and let the ;ir-axis be 
positive on the side of the screen, and the .sr-axis positive 
toward the source (cf. Fig. 68). In this case it is evident that 



Incident liglit 

Fig, 68. 


s cannot depend upon the coordinate j, so that the above 
equation reduces to 



Let the screen be infinitely thin and have an infinite absorp- 
tion coefficient. It can then transmit no light, but can reflect 
perfectly, as will be shown in Section II. A very thin, highly 
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polished film of silver may constitute such a screen. It is then 
not a “perfectly black” screen, but rather one “perfectly 
white.” * The boundary conditions at such a screen are: 


(49) j = 0, if the incident light is polarized in a plane per- 
pendicular to the edge of the screen, 

'ds 

— = o, if the light is polarized in a plane parallel to the 
edge of the screen. 1* 


The meaning of these symbols and of the word polarized 
will not be explained until the next chapter. Here it is suffi- 
cient to know that the solution of the differential equation (48) 
must satisfy either (49) or (50). The boundary conditions 
hold upon the surface of the screen, i.e. for.^r = 0, x> O) 
or if polar coordinates are introduced by means of the equa- 
tions 


jr = r cos = r sin 0, , . . . (51) 

for 0 = o or 0 = 27 t, 

If these polar coordinates be introduced into the differential 
equation (48), there results 


^ r 'dr ^ 


( 52 ) 


Now a solution of this differential equation, which satisfies 
the boundary condition (49) or (50), gives for the particular 


* A perfectly black screen, i.e. one which neither transinits nor reflects light, is 
realized when the index of refraction of the substance Constituting it changes 
gradually at the surface to that of the surrounding medium, and the coefticient of 
absorption at the surface changes gradually to the value zero. Every discontinuity 
in the properties of an optical medium ^oroduces necessarily reflection of light. 
Hence an ideal black screen, consisting of a thin body, wiLli sharp boundaries, at 
which definite boundary conditions can be set up, is inconceivable. 

I As will be seen later in the discussion of tlie clectro-inagnetic theory, s has 
not the same meaning in the two equations. In (49) s represents the electric force 
vibrating parallel to the edge of the screen, in (50) the magnetic force vibrating 
parallel to the edge of the screen. The intensity is calculated in both cases in the 
same way, at least for the side of the screen which is turned away from the 
source. 
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case in which the source lies at infinity and the incident rays 
make an angle (j/ with the ;i'--axis 

I { % ’ ^ * ) 

j e ^ ^ dv ^ dv\^ (53) 

in which 

y COS {ct> — y' — ^ cos (0 + 0'), . (S4) 

<T=^J^€xxvl-{(t>-(p'), cr'=-y/^sin^{0 + 0')- • (55) 

In (53) the sign is minus or plus according as it is the con- 
dition (49) or (50) which must be fulfilled. The letter i denotes 
the imaginary V — i. Thus the solution of s appears as a 
complex quantity. In order to obtain its physical significance, 
it is only necessary to take into account the real part of this 
quantity. Thus setting 

^ = + (56) 

the physical meaning of s is the real part, i.e. 

t t 

s A cos 27 r— — B s'm 27 rY, . . . (57) 

The intensity of the light would in this case be (cf. similar 
conclusion on page 188) 

J=:A^ + B^ (S8) 

This result could have been obtained from (56) directly by 
multiplying s by the conjugate complex quantity, i.e. by that 
quantity which differs from the right-hand side of (56) only in 

- ' 1 . 

the sign of z, namely, by {A — Bt)e For the sake of 

later use this result may be here stated in the following form : 
Wke7t the expression for the light disturbance s is a complex 
quantity (in which s signifies physically only the real part of 
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this complex quantity), the intensity of the light is obiatfted by 
multiplication by the configate complex qitantity. 

That equations (53), (54), and (55) are a real solution of 
the differential equation (52) can be shown by taking the 
differential coefficients with respect to r and Also the 

boundary condition (49) is fulfilled when the minus sign is used 
in (S3), since for <f> z=.o and 0 = 27 r, y ^ <t = <t'. The 
boundary condition (50) is fulfilled when the plus sign is used 

in (S3), since ~ = L for 0 = o, and since the differential 

coefficient with respect to 0 of the two terms in the brackets 
of (53) take opposite signs for 0 = o or 0 = 27r. Further- 
more, that (53) is a solution corresponding to the assumed case 
of a plane wave from an infinitely distant source lying in the 
given direction will be seen from a more detailed discussion. 
But it is first necessary to consider a very important point. If 
the point for which s is to be calculated, be made to 
execute a complete revolution in the .i'i?-plane about the edge 
of the screen and at a fixed distance r from it, then 0 increases 
an amount 23t. s does not regain its original value, because, 
on account of the factor sin 4^ 0'), cr and cr', in the change 
from 0 to 0 + 27r, have changed their signs, s is therefore 
not a single-valued function of the coordinates. But the 
physical meaning of s demands that it be single-valued. This 
demand can at once be satisfied if, in the change of 0, Pq be 
never allowed to pass through the screen.* This restriction 
will be made, so that 0 is allowed to vary only between o (the 
shadow side of the screen) and 27 r (its light side). 

Three regions are to be distinguished within which s must 
be treated differently: 

I. The region of the shadozv: o < 0 < 0 '. From (S 5 ), cr 
and are negative. Hence, for an infinitely large value of 
r, j is zero. 


* The way in which Sommerfeld reached this solution cannot here l)e presented, 
as it would require too long a mathematical deduction. 
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2. The region of no shadoiv: (p^ cfy < 27 t — (f>\ 
positive, O'' negative. Since, from (27) on page 19 1, 



it follows that, for infinitely large values of r, 

The real part of this expression corresponds to plane 
which have amplitude A, and whose direction of propa 
makes the angle 0 ' with the 4:-axis. The solution a< 
corresponds then, for large values of r, to the incideir 
from an infinitely distant source Q which lies in the directi 

3. The region of reflection: 27 t < 4 > < 27 t, cr , 

are positive. Hence, for infinitely large values of r, 

• ^ C .2Trr ,, , ' . 27 rr ^ 

J-z— cos (0 -.</>') ^ i ^ 

The real part of this expression corresponds to the : 
position of the incident plane wave and the plane wave ref 
at the screen in accordance with the laws of reflection, 
reflected amplitude is in numerical value equal to the in( 
amplitude. 

Equation (53) may be made more intelligible by 
making use of the curve of Fig. 63. For, from page 195 



in which S and v are the projections of the line (f^E) 
the S’ and 7; axes respectively, and E represents the poi 
the curve corresponding to the parameter cr. Similarly 
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in which S' and rj' are the projections of the line {F'E'), and 
E' is a point of the curve which corresponds to the param- 
eter o-'. 

Now upon the side of the screen turned away from the 
source, o < 0 < tt, and it is to be noticed that, on account 
of the small denominator L (wave length), cr' is always very 
large and negative, provided r be not taken very small. 
Hence, for large values of r, it is possible by equation (61) 
to write approximately == 7/ = 0, and there results from 
(53) and (60) 

s-A—^e Te- 

and by theorem (58), for the intensity of the light, 

J=~.{F-Ef (62) 

Almost the same equation would have been obtained from 
the approximate method of § 4 above. For, when the source 
is infinitely distant, equation (38) there given would lead to 

(63) 

and by (39), 



The meaning of d may be obtained from" Fig. 64. If the 
distance r of the point from the edge of the screen be intro- 
duced, then ^ = r sin (0 — 0'), if 0 0' be the angle of 

diffraction, i.e. the angle between the incident and the 
diffracted rays. Since in the neighborhood of the edge of the 
shadow it is permissible to write b = r, it follows that 


v’ z=z sin (0 — 



; but [cf. (5 5)] this expression is also the 


value of cr when the angle of diffraction is small, i.e. the point E 
in equation (62) corresponds to the parameter v' of equation (63). 
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Hence both equations lead to the same value of J in the 
neighborhood of the edge of the shadow. At greater distances 
from it the more rigorous equation (62) differs from that 
obtained by the above approximate method. The previous 
conclusion that diffraction fringes occur only outside the region 
of shadow is confirmed by this more rigorous discussion. 

Upon the side of the screen Uirned toward the source 
(fc < (p < 2Jr) within the region of reflection {f)> — </>') 

equation (61) assumes values of considerable size. 

Hence if it is desired to deduce a general rigorous equation 
for the intensity of the light, integral (61) cannot be neglected 
in comparison with (60). This is true, both for the region of 
reflection and for the other regions, when r is very small or 
when the angle of diffraction 0 — 0' is large. 

This rigorous equation for the intensity j^is obtained by 
multiplying the right-hand side of (53) by the conjugate com- 
plex expression. Using the notation of (60) and (61), the 
following is thus obtained: 

^ I -f 4 - T 2 cos (r - y') ■ 

± 2 sin (r — — v'^) I , 

or 

J=~ { {F'Ef-^{F'EJ^2{F'E){PE')cos{r-y'+x) | , (64) 

in which y denotes the angle included between the lines {F'E) 
and {FE'). x taken positive when the rotation which leads 
most directly from F'E to FE' takes place in the same direc- 
tion as a rotation from the rj- to the ^-axis. By (54), 

ATtr 

Y — Y' = -jp sin <p sin 0' (65) 

By (64) yis proportional to the square of the geometrical 
difference or sum of the two lines of length {F'E) and {F'E') 
which include the angle jf-j- y - y' . The geometrical differ- 
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ence is to be taken when the incident light is polarized in a 
plane perpendicular to the edge of the screen, the geometrical 
sum when it is polarized in the plane parallel to that edge. 

The expression (64) may still be much simplified when the 
intensity J is reckoned for points which are not in the neigh- 
borhood of the- edge of the shadow, i.e. when the difference 
between 0 and 0' is large. 

For then in the region of the shadow o' and o*' have large 
negative values, and hence, as is evident from the discussion 
of the form of the curve of Fig. 63 given in § 3, F^E becomes 
equal to the radius of curvature p of the curve at the point /t, 
F'F to its radius of curvature at the point /i^ and the angle 
Xy which the two lines make with each other, equal to the 
angle included between the tangents drawn to the curve at the 
points E and Flence, from equations (18) and (19) on 

page 189, 


jr’E = — , F'E' = --r, x=--{<r^ — 


7 tcr 


Now, from (55) and (65), y — y' = o, and hence, from 

(64), 


j- 


/I 


27t~ \a 


I \2 


v) 


( 66 ) 


If the values of <r and cr' given in (55) be introduced here, 
then, when the sign is negative, i.e. when the incident light is 
polarized in a plane perpendicular to the edge of the screen, 

/ n / — — - sin^ yy 

V'(cos0 — cos f/O*’ - ■ ‘ 

while when the sign is positive, i.e. when the incident liglit i.s 
polarized in a plane parallel to the edge of the screen, 

(I I) / = ^0' 

r (cos <!> — cos 0')*' 


( 68 ) 
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These equations for the region of the shadow hold only so 

long as ^ is very small and the difference between 0 and 0' is 

large. Thus they do not hold at the edge of the shadow. 
The equations show that, at the screen itself (0 = 0), the 
light is completely polarized in a plane parallel to the edge 
of the screen; also that, as 0 increases, the intensity yin both 
equations continually increases, and that the intensity (67) of 
the light polarized in the plane perpendicular to the edge of the 
screen is always smaller than the intensity (68) of the light 
polarized in the plane parallel to the edge of the screen. 
The difference between the two intensities continually de- 
creases as the edge of the shadow is approached. 

Gony ^ has made observations upon the diffraction of light 
by a straight edge when the angle of diffraction is very large. 
When the edge of the screen was rounded, colors were pro- 
duced which depended upon the nature of the screen. The 
theory here given requires that, independent of the nature of 
the screen, the colors of long wave-length predominate in 
light diffracted at a large angle. If there is to be a depend- 
ence of the color upon the nature of the screen, the boundary 
conditions (49) and (50) must contain the optical constants of 
the screen. Thus far no integration of the differential equation 
(48) which involves such complicated boundary conditions has 
been made. 

Outside of the region of the shadoiv, and also outside of 
the region of reflection, and at a sufficient distance from the 
limits of these two regions, cr has a large positive and cr' 
a large negative value. Hence F'E is very small and, 
disregarding the sign, has the value i : ncr', while F'E 
is approximately equal to V2, Further, since the angle 
included between F^E and the ^'-axis is approximately \7t, 
—\ 7 t ^ so that 

— jTr — sin^ — 0'). 

*Gouy, Ann. d. Phys. et de Chim. (6), 8, p. 14.5, 1886. 
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jjjjiicc, neglecting {F'E'f, there results from (64) 



cos 




A 
sin 


<n 


{(> 9 ) 


as 0 varies, diffraction friiij^H's appear which are, to he 
very indistinct. The frin^^es l)ccoine clearer the nearer 
tp 27r <[)\ But llicjii tHiuation (69) no lon^pn* 

and for points close to the houndary of the region of 
^^^(icction the result nuist he ohlaintal fnJin (^>4) ^nul the curve 
^3, since in thi.s case A'Vf is lar[.(ca*. 

In i/iv ri\ii'{on of n'Jhr lion, at a suHicient distance from its 
l^^jiindary 0 -- 2?r — 0', both anti E' li' are apiJroKiinately 
to 4 2 and x ^ o. Hence, from (64) anti (65), the in- 
chan{.ies periodically from perfect darkness tc» four times 

2 /' 

intensity of the incklent liglit according as ^ sin 0 sin 0' 

is a whole number or lialf of an odd nunilx'r. lienee tin: 
plicn‘'nK;non of stutionarj’ waves, discussed above on I’Uge 155, 
is agihii cncounterctl. Sucli stationary waves alwa3's (tecur 
ulicn tile incident and the rellected liglit are sniJerposed. liut 
it is imitorlant to remark that the signifieanee of s depends 
ujuni the condition of polarization of the incident light (cf. 
foot-note, p. 20$). This matter will be discusseil in a later 
chapter. 

ti. Fraunhofer’s Diffraction Phenomena. —As was re- 
marked on page i HH, I'Vaunhofer'.s dinVaction phenomena are 
those in which the source Q lies at an infinite distance from the 
point I\ of observation. These phenomena may be oliserved 
by placing a point .source Q at the focus of a convergent lens, 
so as to render the emergent rays iiarallel, and ob.serving by 
means of a telescope placed behind the diffraction .screen and 
^ocu.ssed fur parallel rays. 

The discu.ssion will he based, a.s in § i, on Huj'gens’ 
principle; and hence the treatment will not be altogether 
'igorous. But, a.s has already been seen, this principle gives a 
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very close approximation when the angle of diffraction is not 
too large. In accordance with equations (8) and (9) on page 

187, when pj = Pq = CO , 

/{x, 7) = - ^ I + /^o) I > (70) 

in which < 3 '^ , Pq denote the direction cosines with 

respect to the ;i:- and j/-axes of the lines drawn from the origin 
to the source Q and the point of observation Pq respectively. 
(Cf. Fig, 62, page 185.) 

Hence, from equations (ii) and (12) on pages 187 and 

188, using the abbreviations 

x(“i + ^’o) = + ^0) = • • (71) 

there results for the intensity of the light at the point Pq, 

/ = + 5 »), (72) 

in which 

C =: cos {pix + yy)d(T, 5 = J {^x + . (73) 

and the integration is to be extended over the opening in the 
screen. 

The meaning of the constant may be brought out by 
introducing the intensity y' which is observed behind the 
diffraction screen when the telescope is pointed in the direction 
of the incident light. For then, at all points of the screen 
which are not infinitely distant from the origin, yu = = o, so 

that the relation holds 

y = 

where cr denotes the area of the entire opening. Hence for 
any direction of the telescope it follows that 

( 74 ) 

9. Diffraction through a Rectangular Opening. — The 
integral of (73) may be most easily obtained when the opening 
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is a rectan^de. Take the middle of the rectant^leas tlio oritfin, 
and let the axes be parallel to its sides and let the lengths of 
these sides be a ((larallel to the .r-axis) and f> (parallel to the 
/-axis) respectively, then 


4 . 

C, =3 sin sin ^ , 
l^y 2 2 


.V 


o. 


Hence, from (74), since c al\ 


/ = /'• 


• . p<^ 

sm ^ 

4 

. vrj 
Hin 

2 

^ pa 


y(^ 

n 


2 


(75) 


Therefore complete ilarkness occurs in directions for which pa 
or is an exact nudtiple of 2ar. 

If the light from (J falls perpendicularly upon the screen, 
^r, . /f, o. Let the optical axis of the observing telescope 
be parallel to the incident light, i.e. [lerpendicular to the 
screen. 'I’he intensity J in the direction determined by 
rfd, is then oliserved at a point /’ of the focal plane of the 
telescope objective which has the coordinates 

•v' y JA (7^>) 


in a coordinate system .v/' whose orip.in lies at the focus /'‘of 
the objective, and whose axes are parallel to the sides of the 
rectangle. / represents the focal length of the objective. In 
(76) it is assumed that ure small (piantities, i.e. tlic 

angle of diffraction is small. 

Now, from (71), 


p 


Inr Zity' 

A/ * A/- 

Hence complete darkness occurs when 


( 77 ) 


pa 


± zhit, i.e. w' — ± , h t. 2, 3 


and when 

= ± zhn, 


i.e. / == ± 


I, 2, 3 , . . 
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Hence in the focal plane of the objective there is produced, 
when monochromatic light is used, a pattern crossed by dark 
lines as shown in Fig. 69. The lines are a constant distance 



Fig. 69. 

apart save in the middle of the pattern, where their distance is 
twice as great. The aperture which produced this pattern is 
shown in the upper left-hand corner of the figure. Hence the 
fringes are rectangles which are similar to the aperture but lie 
inversely to it. 

At the focus of the objective the intensity reaches its 
greatest value y = J' \ for when =:r o, the limiting value of 
j^a 

the quotient sin — \ ~ z=. i. ^has other but weaker maxima 

approximately in the middle points of the rectangles bounded 
by the diffraction fringes in Fig. 69. For these points 

7r(2/4-f- 1), vb = 7r(2>^ + i), = i, 2, 3 . . . 

But for the middle points of those rectangles upon the- ;r'-axis 

— Tt{2h +1), r = o, /i = I, 2, 3 . . . 

Hence the intensities in the maxima upon the .tr'-axis (or the 
y-axis) are 
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while the intensities at the middle points of other rectangles 
for which neither x' nor y vanish are 




16 : 7 t^ 

{ 2 h + i)\ 2 k + 1)2- 


Thus the intensities are much smaller than the intensi- 
ties so that the figure viewed as a whole gives the im- 
pression of a cross which grows brighter toward the centre and 
whose arms lie parallel to the sides of the rectangle. In Fig. 
69 the distribution of the light is indicated by the shading. 

10* Diffraction through a Rhomboid. -—This case may be 
immediately deduced from the former by noting that in (73) 
the integrals C and S, and consequently the intensity y, 
remain unchanged if the coordinates y of the diffraction 
aperture are multiplied by the factors p, q, while at the same 
time the i.e. the cordinates x*y y of the diffraction 

pattern, are divided by the same factors q. Thus a rectan- 
gular parallelogram whose sides are not parallel to the coordi- 
nate axes y may be reduced to a rhomboid by the use of 
two factors p, q, and in this case the diffraction fringes will 
also be rhomboids whose sides are perpendicular to the sides 
of the diffracting opening. 

II. Diffraction through a Slit — A slit may be looked 
upon as a rectangle one of whose sides b is very large. Hence 
the diffraction pattern reduces to a narrow strip of light along 
the .r'-axis. This is crossed by dark spots corresponding to 
the equation 


J = f 


“ . For^ 
sm — 

2 

Fa ’ 
2 _ 


(78) 


ill which, when the incident light is perpendicular to the plane 
of the slit, 


/< = -jj- sin 0, 


(78') 
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where (f> denotes the angle of diffraction, i.e. the angle included 
between the diffracted and the incident rays. If g is a line 
source which is parallel to the slit, the diffraction pattern 
becomes a broad band of light which is crossed by parallel 
fringes at the places determined by }^a = 2 h 7 t. Between the 
limits jxa— ± 27r the intensity is much greater than elsewhere. 
The position of the dark fringes can also be determined directly 
from the following considerations : 

In order to find the intensity for a given angle of diffraction 

(cf. Fig. 70) conceive the slit 
AB divided into such portions 
A^A^, A^A^y etc., that the 
distances from Ay , A^y . . .to 
the infinitely distant point differ 
from each other successively by 
•JA. The combined effect of any 
two neighboring zones is zero. 
Hence there is darkness if AB can 
be divided into an even number 
of such zones, i.e. if the side BC 
of the right-angled triangle ACB° is equal to /^.A, where 
A = I, 2, 3, etc. Since now BC = a sin 0 , in which a is the 
width of the slit, there is darkness when the angle of diffraction 
is such that 

sin 0 = ± (79) 



Fig. 70. 


But from (78') this is identical with the condition = 2 h 7 t, 
Hence it follows that when ^ < A there is darkness for no angle 
of diffraction, i.e. diffusion takes place (cf. page 199). 

If the incident light is white, and if the intensity which 
corresponds to a given color, i.e. a given wave-length A, be 
denoted by J'^y and if the abbreviation Tta sin 0 = be intro- 
duced, then for a given value of the whole intensity is 




sim 






• • (79) 
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If a' is not very small, e.g. if it is about 37 rA, then 

£1^ of 

in (79') sin ^ varies much more rapidly with A. than does 

0! 

If be considered approximately constant, (79') assumes the 

form given for the intensity of light reflected from a thin i:)latc 
(cf. Section II, Chapter II, §1), Hence at some distance from 
the centre of the field of view colors appear which resemble 
closely those of Newton's rings. 

12. Diffraction Openings of any Form. — With any sort 
of unsymmetrical opening, the integrals C and S have in 
general a value different from zero. At positions of zero 
intensity in the diffraction pattern the two conditions dT = o 
and 5=0 must be simultaneously fulfilled. Hence in general 
such positions are discrete points, not, as with a rectangular 
opening, continuous lines. For the theoretical discussion of 
special forms of diffraction apertures cf. Schwerd, ^‘Die 
Beugungserscheinungen, ’ ’ Mannheim, 1835. 

13. Several Diffraction Openings of like Form and Orien- 
tation. — Let the coordinates of any point of a diffraction open- 
ing referred to a point A lying within that opening be ^ and 
7;, and let the point A in all the openings be similarly placed. 
Let the coordinates of the points A referred to any arbitrary 
coordinate system xy lying in the diffraction screen be x^y ^ , 

Then for any point in any opening, for 

instance the third, 

jT = + S, = j/g -f 7;, 

and, from (73), 

^ ^ ^iJ + ^) + + V)]dSd)j, ' 

^ ■+ ^(7/ '•I- vy\dSdri. 

The S and 77 vary in all the openings within the same limits. 
Hence denoting the integrals C and 5 when they are extended 
over a single opening by c and s, tliat is, setting 

r cos {mS + yv)dSd>?, sin + vyf^dSdi?, (8 1 ) 
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then 

^'2 ^ = 4 cos^ 

The diffraction pattern which is produced by a single open- 
ing is now crossed by dark fringes corresponding to the equa- 
tion p(d = ( 2 /^+ i)7t^ i.e. by fringes which are perpendicular 
to the line connecting two corresponding points of the openings 
and which are, in the focal plane of the objective, a distance 
Lf : d apart. 

14. Bahinet^s Theorem. — Before passing to the discussion 
of the grating, which consists of a large number of regularly 
arranged diffraction openings, the case of two coinplenmita 7 y 
diffi'action screens will be considered. If a diffraction screen 
( 7 ^ has any openings whatever, while a second screen cr^ has 
exactly those places covered which are open in , while the 
places in are open which are covered in cr^ , then and 0-2 
are called complementary screens. The intensity when the 
screen (T^ is used is proportional to which and 

5 ^ are integrals which are extended over the openings in 
The intensity y when the screen < 7 ^ is used is proportional to 
C2 + S^y in which and ^2 are extended over the openings 
in The intensity y when no screen is used is therefore 
proportional to (( 7 ^ + -)- ( 5 j + ^2)^* this latter 

case, at a point in the field of observation which corresponds to 
a diffraction angle greater than zero, y = o, i.e. C^ = — C27 

= — hence J^z=i J^. Or in other words: The 
diffraction patterns ivhich are produced by two complementary 
screens are identical excepting the central spoty which cor- 
7'esponds to the diffractio 7 i angle zero. This is Babinet’s 
theorem. 

Application of this theorem will be made to the diffraction 
pattern produced by irregularly placed circular screens of equal 
size. This pattern must be the same as that produced by 
irregularly arranged openings of the same size. Hence it 
consists of a system of concentric rings. The phenomenon 
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may be produced by scattering lycopodium powder upon a 
glass plate. Similarly the halos about the sun and moon may 
be explained as the diffraction effects of water drops of equal 
size.* 

15. The Diffraction Grating. — A diffraction grating con- 
sists of a large number of parallel slits a constant distance 
apart. As in § 13, set 

^ "^2 ~ ^ etc., 

in which d denotes the distance between two corresponding 
points in adjacent slits, the so-called constant of the g 7 'ating. 
Then, from (82), 

= I 4- cos }xd + cos 2}xd -f- cos Z Fd . 

= sin Md -j- sin 2Md -|- sin 3 /^d -f- . . . 

In order to obtain the value of + s'^y it is convenient to 
introduce imaginary quantities by writing, assuming that there 
are m openings, 

d zs' ~ 1 -|- -I- -j- ^ . -j.- - i)M 

This summation gives at once 

pi»i}xd Y 

d -I- is' — r-? . 

A multiplication of each side of this equation by its com- 
plementary complex expression gives 

jnh^d 

cin 

COS ml^d 


sur- 


^ 


I — cos dd 


sin** 




so that there follows, from (83) and (78), 


sm^ 


Fa 


sm^ 


niFd 


J = //- 


V 2 ) 


sin^ 


Fd 


( 8 s) 


*Fora calculation of the size of the drops from the diameter of the halo 

cf. F, Neumann, Vorles. uber theor. Optik, Leipzig, 1885, p. 105. 
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In this denotes the intensity which would be produced 
by a single slit for the diffraction angle zero (/< = o). From 
this equation it appears that the diffraction pattern is the same 
as that of a single slit (which is represented by the first two fac- 
tors) save that it is crossed by a series of dark fringes which are 
, , , • 

very close together and correspond to the equation — g— = Int. 

These fringes are closer together the greater the number m 
of the slits. Between the fringes the intensity J reaches 
maxima which are, however, at most equal to the intensities 
produced at the same points by a single slit. But much 

stronger maxima occur when sin ^ vanishes, i.e. when 


F = 


lIlTt 

~d~' 


i.e. sin 



• ( 86 ) 


in which 0 denotes the angle of diffraction, (The light is 
assumed to fall perpendicularly upon the grating. ) 

For the diffraction angles 0 thus determined 

. mj^d 
sim 


so that the intensity is ir? times as great as it is at the same 
point when there is but one slit. When m is very great, it 
is these maxima only which are perceptible.* One of these 
maxima may be wanting if a minimum of the diffraction pattern 
due to a single slit falls at the same place, i.e. if both (86) and 


pi z=z 


2k7t 

a 


are at the same time fulfilled. 


* If the constant of the grating is less than X, no maxima appear, since, by (86), 
sin 0 > I. Hence transparent bodies may be conceived as made up of ponderable 
opaque particles embedded in transparent ether. If the distance between the 
particles is less than a wave length, only the undifTracted light passes through. 
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This is only possible if the width of the slit a is an exact 
multiple of the constant of the grating d» Close-line gratings 
are produced by scratching fine lines upon glass or metal by 
means of a diamond. The furrows made by the diamond act 
as opaque or non-reflecting places. According to Babinet’s 
theorem the width of the furrow may also be looked upon as 
the width a of the slit. This latter then is much smaller than 
the constant d of the grating, so that, in any case, the first 
maxima, which in (86) correspond to small values of do not 
vanish. These maxima have a nearly constant intensity, since 
for small values of the width a of the slit the diffraction figure 
which is produced by a single slit illuminates the larger portion 
of the field with a nearly constant intensity. 

Hence, when the number m of the slits is sufficiently large, 
the diffraction pattern in monochromatic light, which proceeds 
from a line source Q, consists of a series of fine bright lines which 
appear at the diflraction angles 0^, 0^, 02 » determined by 

\ tX 3 ^- 

00 = o, sin 0j = ± sin 02 = ± sin 03 = ± etc. 

If the grating is illuminated by white light from a line 
source pure spectra must be produced, since the different 
colors appear at different angles. These grating spectra are 
called normal spectra^ to distinguish them from the dispersion 
spectra produced by prisms, because the deviation of each 
color from the direction of the incident light is proportional to 
its wave length, — at least so long as 0 is so small that it is 
permissible to write sin 0 = 0. Since each color correspond- 
ing to the different values of h in (86) appears many times, 
many spectra are also produced. The spectrum corresponding 
to h — i ia called that of the first order; that to = 2, the 
spectrum of the second order, etc. In the first spectrum the 
violet is deviated least; the other colors follow in order to the 
red. After an interval of darkness the violet of the second 
order follows. But the red of the second spectrum and the 
blue of the third overlap, since 3!^ < 2^^, in which \ and 
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denote the wave lengths of the visible violet and red rays 
contained in white light. This overlapping of several colors 
increases rapidly with the angle of diffraction. 

That pure spectral colors are produced by a grating and 
not by a slit, which gives approximately the colors of Newton's 
rings (cf. page 219), is due to the fact that in the case of the 
grating it is the positions of the maxima, while in the case of 
a slit it is the positions of the minima, which are sharply 
defined. 

The grating furnishes the best means of measuring wave 
lengths. The measurement consists in a determination of d 
and 0 and is more accurate the smaller d is, since then the 
diffraction angles are large. Rutherford made gratings upon 
glass which have as many as 700 lines to the millimetre. The 
quality of a grating depends primarily upon the ruling engine 
which makes the scratches. The lines must be exactly 
parallel and a constant distance apart. Rowland now pro- 
duces faultless gratings with a machine which is able to rule 
1700 lines to the millimetre. 

16. The Concave Grating. — A further advance was made 
by Rowland in that he ruled gratings upon concave spherical 
mirrors of speculum metal, the distance between the lines 
measured along a chord being jn 

equal. These gratings produce a 
real image P of a line source Q 
without the help of lenses; the 
diffraction maxima P^, etc., 
are also real images. In order to C 
locate these images, construct a 
circle tangent to the grating (Fig. 

71) upon the radius of curvature 
of the grating as its diameter. If 
the line source Q lies upon the 71. 

circle, an iindiffracted image is produced upon the same circle 
at P by direct reflection, in such a way that P and Q are sym- 
metrical to Cy C being the centre of curvature of the grating 
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GG. For the line CB is the normal to the mirror at the point 
B, hence the angle of incidence QBC is equal to the angle of 
reflection PBC. But a ray reflected from any point of the 
mirror must also pass through P because CB' is the normal to 
the mirror at B\ since C is the centre of curvature of the 
mirror and since approximately ^ QB'C = ^PB'C^ and 
therefore B’P is the direction of the reflected ray. The angles 
QB'C and PB'C would be rigorously equal if B' lay upon the 
circle itself, since then they would be inscribed angles sub- 
tended by equal arcs. P is then the position of the undiffracted 
image which is formed by reflection by the mirror of the light 
from Q.* 

The position of the diffraction image is at the intersection 
of two rays BP^ and B'P^ which make equal angles with BP 
and B’P, Hence it is evident that jP^ also lies upon the circle 
passing through PCQB, since the angles PB'P^ and PBP^ 
would be rigorously equal if B' lay upon the circle. 

If the real diffraction spectrum at P^ were to be received 
upon a screen 5, it would be necessary to place the screen very 

obliquely to the rays. Since it 
is better that the rays fall per- 
pendicularly upon the screen S, 
the latter is placed at the point 
C parallel to the grating. The 
source Q must also lie upon the 
circle whose diameter is CB^ 
i.e. the angle CQB must always 
72 . be a right angle. In practice, 

in order to find the positions of Q which throw diffraction 
spectra upon 5, the grating G and the screen 5 are mounted 
upon a beam of length r (radius of curvature of the grating) 
which slides along the right-angled ways QM, QN, as shown 



* This would follow from the second of equations (34), page 51, which apply 
to the formation of astigmatic images by reflection. For this case ^ CBQ = (p, 
CB ~ 7 ', and hence QB = j = — r cos (p. Hence = — j, i.e. the point 
symmetrical to Q with respect to C, must be the image of Q upon the circle. 
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in Fig. 72. The source is placed at Q. As S is moved away 
from Q the spectra of higher order fall successively upon the 
screen. 

17. Focal Properties of a Plane Grating. — If the distance 

d between the lines of a grating is not constant, then the 
diffraction angle (p which corresponds to a maximum, for 
instance the first which is giv'-en by sin 0 = A, : is different 

for different parts of the grating, d may be made to vary in 
such a way that these directions which correspond to a maxi- 
mum all intersect in a point F. This point is then a focal 
point of the grating, since it has the same propei'ties as the 
focus of a lens.* 

18. Resolving Power of a Grating. — The power of a grat- 
ing to separate two adjacent spectral lines must be proportional 
to its number of lines since it has been already shown that 
the diffraction maxima which correspond to a given wave 
length A become narrower as in increases. By equation (86) 
on page 223, the maximum of the order h is determined by 

jj. = 2 /i 7 t : d, i.e. sin (p z=i JiX \ d. 

If rises above or falls below this value, then, by (85), the 
first position of zero intensity occurs when has changed in 
such a way that mpid /2 has altered its value by i.e. when 
the change in amounts to 

dj^i 2 7t \ md. 

Hence the corresponding change in the diffraction angle 
0, whose dependence upon is given in equation (78'), is 

d(p — A : ntd cos <p (87) 

Hence this quantity dep is half the angular width of the diffrac- 
tion image. 


* For the law of distribution of the lines cf. Cornu, C. R. 80, p, 645, 1875 ; 
Fogg- Ann. 156, p. 114, 1875 1 Soret, Arch. d. Scienc. Phys. 52, p. 320, 1875 » 
Pogg. Ann. 156, p. 99, 1875 I Winkelmann's Handbuch, II, p. 622. 
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• For an adjacent spectral line of wave length A -f- the 
position of the diffraction maximum of order h is given by 

sin (0 + ^^0 = : d, 

i.e. the angle d<j)' between the diffraction maxima correspond- 
ing to the lines A and A d'^ is 

d(l>' ^ h'dX \ d cos 

In order that the grating may separate these two lines, this 
angle dcpi must be greater than half the breadth of the diffrac- 
tion image of one of the lines, i.e. 

^A I 

d<t>- > ^0, /^-^A > \ : My . . (88) 

Thus the resolving power of a grating is proportional to 
the total 7 iumber of lines m and to the order h of the specininiy 
but is independent of the constant d of the grating. To be 
sure, if d is too large, it may be necessary to use a special 
magnifying device in order to - separate the lines, but the sep- 
aration may always be effected if only the resolving power 
defined by (88) has not been exceeded. 

In order to separate the double D line of sodium for which 
^A : A — o.ooi, a grating must have at least 500 lines if the 
observation is made in the second spectrum. 

19, Michelson’s Echelon.* — From the above it is evident 
that the resolving power may be increased by using a spectrum 
of high order. With the gratings thus far considered it is not 
practicable to use an order of spectrum higher than the third, 
on account of the lack of intensity of the light in the higher 
orders. But even when the angle of diffraction is very small, 
if the light be made to pass through different thicknesses of 
glass, a large difference of phase may be introduced between 
the interfering rays, i.e, the same effect may be obtained as 
with an ordinary grating if the spectra of higher orders could 
be used. Consider, for instance, two parallel slits, and let a 


* A. A. Michelson, Astrophysical Journal, 1898, Vol. 8, p. 37. 
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glass plate several millimetres thick be placed in front of one 
of the slits; then at very small angles of diffraction rays 
come to interference which have a dilference of path of several 
thousand wave lengths. This is the fundamental idea in 
Michelson’s echelon spectroscope, vi plates of thickness d 
are arranged in steps as in Fig. 73. Let the width of the 



steps be and let the light fall from above perpendicularly 
upon the plates. The difference in path between the two 
parallel rays A A' and CC\ which make an angle 0 with the 
incident light, is, if CD is LAA' and if n denote the index of 
refraction of the glass plates, 


n*BC — AD = — d cos 0 -f- ^ sin 0, 

since AD = DE — AE and DE = d cos 0 , AE = a sin 0 . 
If this difference of path is an exact multiple of a wave length, 
i.e. if 

A-A, = ;/d — d cos 0 -j- ^ sin 0, , . . (89) 


then a maximum effect must take place in the direction 0, 
since all the rays emerging from AB are reinforced by the 
parallel rays emerging from CF. Hence equation (89) gives 
the directions 0 of the diffraction maxima. 

The change d(t> in the position of the diffraction maxima 
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corresponding to a small change in A is large, since it fol- 
lows from (89) by differentiation that 

7/^/1 r= + (d sin (p a cos (t>)d(j>'y 


i.e. if 0 be taken small, 

h*dX dll 
dp' = . 


. (90) 


Since, by (89), when P is small /A =: {it i)d, (90) may be 
written 



Hence dp' is large when d : ^ is large. It is to be observed 
that it is in reality a summation and not a difference which 
occurs in this equation, since in glass, and, for that matter, all 
transparent substances, 7 i decreases as A. increases. 

One difficulty of this arrangement arises from the fact that 
the maxima of different orders, wffiich yet correspond to the 
same A, lie very close together. For, by (89), the following 
relation exists between the diffraction angle 0 + dp" of order 
h i and the wave-length A; 

A = (d sin 0 + cos P)dP"y 
i.e. when p is small, 

dp" a (91) 

Thus, for example, with flint-glass plates 5 mm. thick the two 
sodium lines and are separated ten times farther than 
are the two adjacent spectra of order h and 7 / -f- i of one of the 
sodium lines. In consequence of this the source must consist 
of very narrow, i.e. homogeneous, lines, if the spectra of differ- 
ent order are not to overlap, i.e. if dp" > dp\ Thus, for 
example, Michelson constructed an instrument of twenty plates, 
each 18 mm. thick, with a =. \ mm., which requires a source 
the spectral line of which cannot be broader than the dis- 
tance between the two sodium lines. 

In order to determine the resolving power of the echelon it 
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is necessary to calculate the fireatlth A the tliffractiun maximum 
of order //, i.e. tlu>so an^^les of diflraeticm (</» 1: cA/t) eurrespoiul- 
in|4' to those zero positions which are imimsliaUdv' adjacent to 
the maxima cletermined by {^0)^ In nt dt'r to Hml these posi- 
tions of zero intensit)% consider the m [dales of the echelon 
divided into two ecjual j>ortitins I and IL ! Jarkness t»ccurs for 
those ant^Ies of diffractitui </> ( lor which tlu* diflert'iua^ of 
path of any two rays, one (if which passes thnniph any pt»int 
of portion I, the other thr(ui|„fh the canresjuuulinp' ptant of 
portion II, is an <jd(l multi[)le oi |A. "Just as the ri|:ht sidt* of 
(89) |j[ives the difference ol'|Kvlh o(’twt) rays, one of which has 
passed throuj^di one more plate than the <Jthei\ st» the difference 

of path in this case, in which e^ne wave has passed thr*ni|.jh 

more plates than the tilher, may he obtained hy multiplyintf 

the ri{^ht-lKind sitle of (H<)) hy 

Hence, at a [losition of zertj intensity which corrc’sjjonds to 
the angle of diffraction 0 | « fA/», 

(X* ± ^)A ft e<is {(/* d: r/0) f sin 1 0 ( ^A/0 

In order that f/(p may be as small as possible, i.e. in order to 
obtain the two positions <»f zero intensity u hii h are closest tti 
tlic maxima determined by (Kc>), it is necc^ssary, as a comjiari-* 

son with (89) shows, to make in this equation Hence 

from these two etiuations 


or, when </> is small, 



(92) 


Thus this angle d</> is half the angular width of the ditfraction 
image of the spectral line of wave length A, That u double 
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line whose components have the wave lengths A. and 
may be resolved, the angle of dispersion d(p\ corresponding to 
equation (90), must be greater than d<p., i.e. 

dX I 

X ^ hi — i dn\ 

Ti.) 

Thus the resolving power of the echelon depends only upon its 
total length md no matter whether it consists of many thin 
plates or of a smaller number of thicker ones. But for the sake 
of a greater separation dp" of the spectra of different orders, 
and for the sake of increasing the angle dp' of dispersion, it is 
advisable to use a large number of plates so that a may be 
made small [cf. equations (90) and (91)]. 
dn 

For flint glass — has about the value 100 if A is 

expressed in mm. For a thickness <5“ of 18 mm. and a number 
of plates m = 20 the resolving power is, by (93), 

An — I dn\ 

which, according to (88), can only be attained with a line 
grating of half a million lines. 

Although, as was seen above, the diffraction maxima of 
different orders lie close together, there are never more than 
two of them visible. For it is to be remembered that, in the 
expression for the intensity in the diffraction pattern produced 
by a grating, the intensity due to a single slit enters as a factor 
(cf. page 222). In the echelon the uncovered portion of width 
a of each plate corresponds to a single slit, so that (cf. page 
218) the intensity differs appreciably from zero only between 
A 

the angles p ~ ± which correspond to the first positions 

of zero intensity in the diffraction pattern due to one slit. Thus 
the intensity is practically zero outside of the angular region 
2A : a. Since, by (91), the angular distance between two sue- 
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cessive maxima of different order has the value only two 

ct 

such maxima can be visible. 

In order that the echelon may give good results, the 
separate plates must have exactly the same thickness d 
throughout. The plates are tested by means of the interfer- 
ence curves of equal inclination (cf. page 149, note i) and 
polished until correct. 

20. The Resolving .Power of a Prism. — In connection 
with the above’ considerations it is of interest to ask whether 
the resolving power of a prism exceeds that of a grating or 
not. The resolving power of a prism depends not only upon 
its dispersion, but also upon its Avidth (measured perpendicular 
to the refracting edge). For if this width be small, each 
separate spectral line is broadened by diffraction. 

The joint effect of dispersion and cro.ss-scction of the beam 
upon the resolving power of a prism, or of a system of prisms, 
has been calculated by Rayleigh in the folloAving way: * If, by 
means of refraction in the system P (Fig. 74), the plane wave 



of incident light of wave length L is brought into the 
position AB, the optical paths from A^io A and to B are 
equal (cf. page 6). A wave of other wave length 
is brought in the same time into some other position API\ 
The difference between the optical paths A^A' and A^A^ i.e. 
the distance AA\ can be expressed as follows: 

(AoA^) - {A,A) = A' A = 

* Rayleigh, Phil. Mag. (5), 9, p. 271, 1879 ; Winkelmann's Plandb. Optlk, 
p. 166. 
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in which dn denotes the difference between the indices of 
refraction of the prism for the two wave lengths A, and A -f- rfA,* 
and the path traversed in the prism by the limiting rays 
(cf. Fig. 74). This path is assumed to be the same for the 
different colors, an assumption which is permissible since A A' 
contains the small factor dn. 

Likewise the difference between the optical paths and 
BJS^ i.e. the line BB\ is 

[B,B') - {B,B) = B^B = dn-e^, 


in which denotes the path traversed in the prism by the other 
limiting rays of the beam. Now the angle di which the plane 
wave A^B^ makes with the wave ABy i.e. the dispersion of the 
prism, is evidently 


di = 




in which b denotes the width of the emergent beam, i.e. the 
line AB. If the limiting rays A^A pass through the edge of 
the prism, = o, and 

£ 

di = dn-'^y (94) 


in which e represents the thickness of the prism at its base, 
provided the prism is set for minimum deviation, i.e. the rays 
within it are parallel to the base, and the incident beam covers 
the entire face of the prism. The same considerations hold 
for a train of prisms ; if all the prisms are in the position of 
minimum deviation, e represents the sum of all the thicknesses 
of the prisms at their bases. 

In order that such a train of prisms may be able to resolve 
in the spectrum a doublet whose angular separation is diy the 
central images in the diffraction patterns, whieh are produced 
by each spectral line in consequence of the limited area b of 
the beam, must be sufficiently separated. For an opening of 


* The dispersion of the air is neglected. 
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breadth b the first minimum in the diffraction image lies, by 
(79) on page 218, at the angle 4 > = % : b* If then two spec- 
tral lines are to be separated, their dispersion di must at least 
be greater than this angle <p, which is half the angular width 
of the central band in the diffraction image of a spectral line; 
i.e. by (94) the following must hold; 


dn.j > 

A. 


( 9 S) 


Hence the resolving power of a prism depends only upo7i the 
thickness of the prism at the base, and is independent of the 
a 7 igle of the pidsm. Thus for the resolution of the two sodium 
lines a prism of flint glass {it = 1,650, dn = 0.000055, 
A rr 0,000589 mm,) at least i cm. thick is required. But for 
the resolution of two lines for which : A = 2 : 10®, which 
may be accomplished with the Michelson echelon or with a 
grating of half a million lines, the thickness of the prism would 
need to be ^ = 5*10^ cm., i.e. 5 m., a thickness which is evi- 
dently unattainable because of the great absorption of light by 
glass of such thickness. A grating device permits, therefore, 
of higher resolvhig power than a train of prisms. 

21. Limit of Resolution of a Telescope.— If a telescope is 
focussed upon a fixed star, then, on account of the diffraction 
at the rim of the objective, the image in the focal plane is a 
luminous disc which is larger the smaller the diameter of the 
objective. The diffraction caused by a circular screen of radius 
h gives rise to concentric dark rings. The first minimum 

A 

occurs when the angle of diffraction is such that sin 0 = o.di^.t 

Assume that a second star would be distinguished from the 
first if its central image fell upon the first minimum of the first 
star; then the limiting value of the angle which the two stars 


* Since b is large in comparison to X, (p is substituted for sin 0. 
f For the deduction of this number cf. F. Neumann, Vorles. U. Optik, p. 89, 
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must subtend at the objective if they are to be separated by the 
telescope, provided with a suitable eyepiece, is * 

<^>0.61.^. 

If A. be assumed to be 0.00056 mm., and if 0 be expressed in 
minutes of arc, then 

(96) 

in which h must be expressed in mm. A telescope whose 
objective is 20 cm. in diameter is then able to resolve two stars 
whose angular distance apart is 0 = 0.0117' = o. f\ 

22. The Limit of Resolution of the Human Eye.— The 
above considerations may be applied to the human eye with 
the single difference that the wave length A. of the light in the 
lens of the eye, whose index is 1.4, is i: 1.4 times smaller 
than in air. The radius of the pupil takes the place of k. If 
h be assumed to be 2 mm., then the smallest visual angle 
which two luminous points can subtend if they are to be 
resolved by the eye is 

0 = 0.42'. 

The actual limit is about 0 = 

23. The Limit of Resolution of the Microscope. — The 
images formed by microscopes are of illuminated, not of self- 
luminous, objects.! The importance of this distinction was first 
pointed out by Abbe. From the standpoint of pure geometri- 
cal optics, which deals with rays, the exact similarity of object 
and image follows from the principles laid down in the first 
part of this book. From the standpoint of physical optics, 
which does not deal with rays of light as independent geometri- 
cal directions, since this is not rigorously permissible, but which 
is based upon deformations of the wave front, the similarity of 


* On account of the smallness of </>, 0 may be written for sin 0. 
f Objects which are visible by diffusely reflected light may be approximately 
treated as self-luminous objects. 
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object and image is not only not self-evident, but is, strictly 
speaking, unattainable. For the incident light, assumed in the 
first case to be parallel, will, after passing through the object 
which it illuminates, form a diffraction pattern in that focal plane 
g ' of the objective which is nearest the eyepiece. The question 
now is, what light effect will this diffraction figure produce in 
the plane 5^' which is conjugate with respect to the objective 
to the object plane 5)5 ? The image formed in this plane is the 
one observed by the eyepiece. The formation of the image of 
an illuminated object is therefore not direct (primary) but 
mdirect (secondary), since it depends upon the effect of the 
diffraction pattern formed by the object. 

It is at once clear that a given diffraction pattern in the focal 
plane gives rise always to the same image in the plane 5)5' 
upon which the eyepiece is focussed. Now in general different 
objects produce different diffraction patterns in the plane 3’^.* 
But if the aperture of the objective of the microscope is very 
small, so that only the small and nearly uniformly illuminated 
spot of the diffraction pattern produced by two different objects 
is operative, then these objects must give rise to the same light 
effects in the plane 5)3', i.e. they look alike when seen in the 
microscope. Now in this case there is seen in the microscope 
only a uniformly illuminated field, and no evidence of the 
structure of the object. In order to bring out the structure, 
the numerical aperture of the microscope must be so great that 
not only the effect of the central bright spot of the diffraction 
pattern appears, but also that of at least one of the other 
maxima. When this is so, the distribution of light in the plane 
5)5' is no longer uniform, i.e. some sort of an image appears 


*By the introduction of suitable stops in the plane the same dilTraclion 
pattern may be produced by different objects. In this case the same image is also 
seen at the eyepiece in the plane 9^', although the objects are quite diiTcrent. 
Thus if the object is a grating whose constant is and if all the diffraction images 
of odd order be cut out by the stop, then the object seems in the image to have a 
d 

grating constant — . Cf. Mtiller-Pouillet (Lummer), Optik, p. 713. The house of 
C. Zeiss in Jena constructs apparatus to verify these conclusions. 
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which has a rough similarity to the object. As more maxima 
of the diffraction pattern are admitted to the microscope tube, 
i.e. as more of the diffraction pattern is utilized, the image in 
the microscope becomes more and more similar to the object. 
But perfect similarity can only be attained when all the rays 
diffracted by the object, which are of sufficient intensity to be 
able to produce appreciable effects in the focal plane of the 
objective, are received by the objective, i.e. are not cut off by 
stops. This shows the great importance of using an objective 
of large numerical aperture. The greater the aperture the 
sooner will an image be formed which approximately repro- 
duces the fine detail in the object. Perfect similarity is an 
impossibility even theoretically. A microscope reproduces the 
detail of an object up to a certain limit only. 

To illustrate this by an example, assume that the object P 
is a grating whose constant is d, and that the incident beam is 
parallel and falls perpendicularly upon the grating. The first 
maximum from the centre of the field lies in a direction deter- 
mined by sin X \ d. Let the real image of this maximum 
in the focal plane of the objective be , while Cq is that 
of the centre of the field (Fig. 75). Let the distance between 



these two images be e. Now the two images Cq and have 
approximately the same intensity and send out coherent waves, 
i.e. waves capable of producing interference. Hence there is 
formed at a distance P behind the focal plane a system of 
fringes whose distance apart is = PX : If now the objec- 

tive is aplanatic, i.e. fulfils the sine law (cf. page 58), then 
sin 0 = e-sin 0', 
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in which denotes a constant. wScttin*; sin (R c : x\ which 
is permissible since 0' is alwa\'s small (while </> may be lar^^c), 
and reiuombcrin^f that sin 0 A : it Iblhnvs that 

A c 

ii a ‘ 

i.c. the distance ti' between the frinijes is 



or, the distance between the (rini;es is projuirlional to tint cam- 
stant of tlu‘ |^^ratin^»' and irule[*endcnt of the i ohu’ of the Iii;ht 
used. 

Hence in order that the lines may b«! perceptible 

in the image, the oljjeclive must rtn eive rays whose inclinati<»n 
is at least as great as that determined by sjji 0 A : </, In 
the case of an imniersion system A dmiUes llu^ wave* leniph in 
the immersion (Inid, i.e, it is ecjual to A : when A denotes 
the wave length in air and n the index of the lluid with respect 
to air. 1 Icncc 

// sin 0 A : f/. 

Now //sin is tlu' mmuaical apc*rtnre of the mu roscofn* 

(cf. eejuation (8o) on page* Hfi), providrnl C is tlu* anpje 
included betweam the limiting r*iy and the axis. llenctMhe 
smallest distance d which can be resolved by a mit roscopt* of 
ciperturc a is 

f/ ■- ' A : „ (97) 

This equati(»i) holds for perpendicular ilhuriination of the (diject, 
With oblitpie illuininatinn dm resolving pmver may be in- 
creased, for, if the central spot of the diffractitin pattern does 
not lie in the middlt? but is disphu chI to <me siilc, the first 
diffraction maximum appears at a ang.lt^ of inclination 

to the axis. The conditions are most favoiabh* whert tin* inci- 
dent light has the .same inclination to the axis as the tliffracted 
light of the first maximum, aiul both just gtd in to the tibjeo 
tive. 
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If the incident and the diffracted light make the same angle 
t/with the normal to the grating, then, by (71) on page 214, 

sin U. Since, further, by (86) on page 223, the 
A 

27r , 

first diffraction maximum appears when /i = it follows that 
in this case 


Hence the smallest distance d which the microscope objective 
is able to resolve with the most favorable ilhiminaiion is 




A 

'la' 


(98) 


in which a is the numerical aperture of the microscope and A 
the wave length of light in air. This is the equation given on 
page 92 for the limit of resolution of the microscope. 

In order to increase the amount of light in the microscope, 
the object is illuminated with strongly convergent light (with 
the aid of an Abbe condenser, cf. page 1 02). The above 
considerations hold in this case for each direction of the incident 
light; but in the resolution of the object only those directions 
are actually useful for which not only the central image but 
also at least the first maximum of the diffraction pattern falls 
within the field of view of the eyepiece. The diffraction 
maxima corresponding to the different directions of the inci- 
dent light lie at different places in the focal plane of the 
objective, but they exert no influence whatever upon one 
another, since they correspond to incoherent rays ; for the light 
in each direction comes from a different point of the source, for 
example the sky. 

If, instead of a grating, a single slit of width d were used, 
no detail whatever would be recognizable unless the diffraction 
pattern were effective at least to the first minimum. Since, 
according to equation (79) on page 218, for perpendicularly 
incident light this first minimum lies at the diffraction angle 


DIFFRACTION OF LIGHT 341 

^mined by sin <6 = A : d* the result for ono slit is the same 
^ra grating. Only in this case a real sinulanty between 
;^age and the slit, i.e. a correct rcco{gnition of the width 
slit, is not obtained if the diffructiou p,iLtt.in is i.ffectivc 
up to the first minimum - 

/ only an approximate similarity between nbjeat ami 
jfficient, for example if it is only clcsiietl in cUtcat the 
^^nce of a small opaque body, its dimensions ina} lie itm- 
^bly within the limit of resolution as hviv tUMiucctl; for 
fig as the diffraction pattern formed by tliu^ ohjtH t tMUsos 
j)preciable variation in the uniform illumination in the 
e plane which is conjug'ate to the object, its existence 
be detected. 

"rom the above considerations it is evicUmt that tlio limit 
solution d is smaller the shorter the wave* leiqjth of the 
used. Hence microphotography, in which ulti'avinlet 
is used, is advantageous, although no very |.*reat increane 
le resolving power is in this way obtuiiunh Hut the 
itages of an immersion system become in thin case very 
ed, since by an immersion fluid of high iiulex the wave 
h is considerably shortened. This result appears at mice 
equations (97) and (98), since the numerical aperture a 
►portional to the index of refraction of the? imiuersicm llniiL 


* here has the same signilicatiou ub a Uirrc. 
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CHAPTER V 
POLARIZATION 

I. Polarization by Double Refraction. — A ray of light is 
said to be polarized when its properties are not symmetrical 
with respect to its direction of propagation. This lack of 
symmetry is proved by the fact that a rotation of the ray about 
the direction of propagation as axis produces a change in the 
observed optical phenomena. This was first observed by 
Huygens * in the passage of light through Iceland spar. Polar- 
ization is always present when there is double refraction. 
Those crystals which do not belong to the regular system 
always show double refraction, i.e. an incident ray is divided' 
within the crystal into two rays which have different directions. 

The phenomenon is especially easy to observe in calc-spar, 
which belongs to the hexagonal system and cleaves beautifully 
in planes corresponding to the three faces of a rhomboliedron. 
In six of the corners of the rhombohedron the three intersect- 
ing edges include one obtuse and two acute angles, but in the 
two remaining corners A, A\ which lie opposite one another 
(cf. Fig. 76), the three intersecting edges enclose three equal 
obtuse angles of loi® 53'. A line drawn through the obtuse 
corner A so as to make equal angles with the edges intersect- 
ing at A lies in the direction of the principal crystallographic 
axis,^ If a rhombohedron be so split out that all of its edges 
are equal, this principal axis lies in the direction of the line 
connecting the two obtuse angles A, A\ Fig. 76 represents 
such a crystal. 

* Huygens, Traite de la Lumiere, Leyden, 1690. ' 

f The principal axis, like the normal to a surface, is merely a direction, not a 
definite line. 
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If now a ray of light LL be incident perpendicularly upon 
the upper surface of the rhombohedron, it splits up into two 
rays LO and LE of equal intensity 
which emerge from the crystal 
as parallel rays OV and EL” 
perpendicular to the lower face. 

Of these rays Z (9 is the direct 
prolongation of the incident ray 
and hence follows the ordinary 
law of refraction in isotropic 
bodies, in accordance with which 
no change in direction occurs 
when the incidence is normal. 

This ray LO together with its 
prolongation LO is therefore 
called the ordinary ray. But the 
second ray LE^ with its prolonga- 
tion L”E^ which follows a law of refraction altogther different 
from that of isotropic bodies, is called the extraordinary ray. 
Also the plane defined by the two rays 'is parallel to the direc- 
tion of the crystallographic axis. A section of the crystal by 
a plane which includes the normal to the surface and the axis 
is called a principal section. Hence the extraordinary ray lies 
in the principal section; it rotates about the ordinary ray as the 
crystal is turned about LL as an axis. 

The intensities of the ordinary and extraordinary rays are 
equal. But if one of these rays, for instance the extraordinary, 
is cut off, and the ordinary ray is allowed to fall upon a second 
crystal of calc-spar, it undergoes in general a second division 
into two rays, ivhich have not^ however, in general the s'ame 
intensity. These intensities depend upon the orientation of the 
two rhombohedrons with respect to each other, i.e. upon the 
angle included between their principal sections. If this angle 
is o or 180°, there appears in the second crystal an ordinary 
but no extraordinary ray; but if it is 9.0°, there appears only 
an extraordinary ray. Two rays of equal intensity are pro- 


L 
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duced if the angle between the principal sections is 45°. 
Hence the appearance continually changes when the second 
crystal is held stationary and the first rotated, i.e. when the 
ordinary ray turns about its own direction as an axis. Hence 
the ray is said to be polarized. This experiment can also be 
performed with the extraordinary ray, i.e. it too is polarized. 
Also if the first rhombohedron is rotated through 90® about 
the normal as an axis, the extraordinary ray produces in the 
second crystal the same effects as were before produced by the 
ordinary ray. Hence the ordinary and extraordinary rays 
are said to be polarized in pla^ies at right angles to each other. 

The two rays produced by all other doubly refracting 
crystals are polarized in planes at right angles to each other. 

The principal section is conveniently chosen as a plane of 
reference when it is desired to distinguish between the direc- 
tions of polarization of the two rays. Since these phenomena 
produced by two crystals of calc-spar depend only upon the 
absolute size of the angle included between their principal sec- 
tions and not upon its sign, the properties of the ordinary and 
extraordinary rays must be symmetrical with respect to the 
principal section. 

The principal section is called the plane of polarizatioji of 
the ordinary ray, — an expression which asserts nothing save 
that this ray is not symmetrical with respect to the direction 
of propagation, but that the variations in symmetry in different 
directions are symmetrical with respect to this plane of polar- , 
ization, the principal section. 

Since, as was observed above, the ordinary ray is polarized 
at right angles to the extraordinary ray, it is necessary to call 
the plane which is perpendicular to the principal section the 
plane of polarization of the extraordinary ray. These relations 
may also be expressed as follows: The ordinary ray is polar- 
ized in the principal section, the extraordinary perpendicular 
to the principal section. 

2 , The Nicol Prism. — In order to obtain light polarized in 
but one plane, it is necessary to cut off or remove one of the 
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two rays produced by (IouIjIc rt'fraclion. In ihc year 
Nicol devised the followini.;’ method of accomplishiuj.i;' tins end: 
By suitable cleavage a crystal of calc-spar is ol>taini‘d which is 
fully three times as long as broad, 'I’hc^ eiul surfactvs, whicli 
make an angle of 72'’ with the edges of tlu* siile, are ground 
off until this angde (^A/Ld * in h'ig. 77) llu; er)'stal is 



then sawed in two along a plane AA\ which junsses through 
the corners A A' and is perpendicular l)oth to the end faces aiul 
to a plane defined by the cr)’stallographic axis aiul the long axis 
of the rhomboheclron. These twt) cut faces thr two halves 
of the prism are then cemented together with t'anada balsam* 
This balsam has an index of refraction which is ‘.mailer than 
that of the ordinary but larger than tlud of the {‘xtraorclinary 
ray. If now a ray of light A/, entt'rs parallel to (he* h»ng axis 
of the rhoinbohedron, the ordinary ray / is totally refiectetl 
at the surface of the Chunula balsam and ahsorlusl liy the 
blackened surface /iA\ whih? the ('xtraordinary ray alone 
passes through the prism, The plane of polarization of the 
emergent light /: 7 /' is then pt*rpendicnlar to the principal 
section, i.e. parallel to the Itmg tllagemal {»! llu* surfaces A/i* 
or /IV)’'. 

The angle of aperture of the emte of rays which can enter 
the prism in sucli a ^vay that the ordinary ray is tj»ially reflected 
amounts to about 30'*, Furthermore a convergent ifuident 
beam is not rigorously polarized in one plane, since the plane 
of polarization varies somewhat with the int linatitm cT the 
incident ray; for the plane (T polarizatitm tif tlu* extruortlinary 
ray is always perpendicular U) the plane tlernun! by the ray anti 
the crystallographic axis (principal plane), Thv principal plane 
and the principal section arc identical fcjr nortnal incidence. 
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3. Other Means of Producing Polarized Light. — Apart 
from polarization prisms* constructed in other ways, tourmaline 
plates may be used for obtaining light polarized in one plane, 
provided they are cut parallel to the crystallographic axis and 
are from one to two millimetres thick. For under these con- 
ditions the ordinary ray is completely absorbed within the 
crystal. Also, polarized light may be obtained by reflection at 
the surface of any transparent body if the angle of reflection 0 
fulfils the condition (Brewster’s law) tan 0 = ;2, in which n is 
the index of refraction of the body. This aiigle 0 is called 

the polar izmg angle. For crown 
glass it is 57°. The reflected 
light is polarized in the plane of 
incidence, as may be shown by 
passing the reflected light through 
a crystal of calc-spar. 

If light reflected at the polar- 
izing angle from a glass plate 
be allowed to fall at the same 
angle upon a second glass plate, 
the final intensity depends upon 
the angle a included between the 
planes of incidence upon the two 
surfaces and is proportional to 
cos- a. This case can be studied 
by means of the Norrenberg 
polariscope. The ray a is polar- 
ized by reflection upon the glass 
plate A and then falls perpendic- 
ularly upon a silvered mirror at c. 
This mirror reflects it to the black 
glass mirror vS which turns upon a 
vertical axis. The ray cb falls 
also at the polarizing angle upon .S and, after reflection upon 

*Cf. W. Grosse, Die gebrauclilichen Polarisation sprismen, etc., Klaustahl, 
1889 ; Winkelmann’s Handbiicli d. Physik, Optik, p. 629. 
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S, has an intensity which varies as 5 is turned about a vertical 
axis. Between A and 5 a movable glass stage is introduced 
in order to make it convenient to study transparent objects at 
different orientations in polarized light. But since the intensity 
of light after but one reflection is comparatively small, this 
means of producing polarized light is little used ; the same 
difficulty is met with in the use of tourmaline plates (not to 
mention a color effect). 

A somewhat imperfect polarization is also produced by the 
oblique passage of light through a bundle of parallel glass 
plates. .This case will be treated in Section II, Chapter IL 
That polarization is also produced by diffraction was mentioned 
on page 212. 

4. Interference of Polarized Light. — The interference 
phenomena described above may dll be p 7 'odticed by light 
polarized in one plane. But two rays which are polarized at 
right angles never interfere. This can be proved by placing 
a tourmaline plate before each of the openings of a pair of slits. 
The diffraction fringes which are produced by the slits are seen 
when the axes of the plates are parallel, but they vanish com- 
pletely when one of the plates is turned through 90*^. 

Fresnel and Arago investigated completely the conditions 
of interference of two rays polarized at right angles to each 
other after they had been brought back to the same plane of 
polarization by passing them through a crystal of calc-spar 
whose principal section made an angle of 45° with the planes 
of polarization of each of the two rays. They found the fol- 
lowing laws :• 

I. Two rays polarized at right angles to each other, which 
^ have come from an unpolarized ray, do not interfere even when, 
\they are brought into the same plane of polarization, 

\ 2. Two rays polarized at right angles, which have come 

from a polarized ray, interfere when they are brought back to 
the same plane of polarization. 

\ 5. Mathematical Discussion of Polarized Light, — It has 
been already shown that the phenomena of interference lead 
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to the wave theory of light, in accordance with which the light 
disturbance at a given point in space is represented by 

s = A sin^27r-^ + ^) (0 

It is now possible to make further assertions concerning 
the properties of this disturbance. For in polarized light these 
properties must be directed quantities, i.e. vectors, as are lines, 
velocities, forces, etc. Undirected quantities like density and 
temperature are called scalars to distinguish them from vectors. 
If the properties of polarized light were not vectors, they could 
not exhibit differences in different azimuths. For the same 
reason these vectors cannot be parallel to the direction of 
propagation of the light. Hence will now be called a light 
vector. Now a vector may be resolved into three components 
along the rectangular axes x, _y, z. These components of s 
will be denoted by v, w. Hence the most general repre- 
sentation of the light disturbance at a point P is 



The meaning of these equations can be brought out by 
representing by a straight line through the origin the magni- 
tude and direction of the light vector at any time. The end 
(£ of this line can be located by considering w, as its 
rectangular coordinates. The path which this point ® 
describes as the time changes is called the vibration form and 
is obtained from equations ( 2 ) by elimination of t. ( 2 ) may 
be written 


u ^ t t ' 

= sin 27^— -cos p -f- cos 27r— -sin/, 

V , t , t^ 

— = sin 27r— -cos ^ cos 27r— -sm r- 

w ^ t t 

— = sm 27f-^-cos r + cos 27r-^ -sin r. 



POLARIZATION 


249 


Multiplying these equations by sin — ^), sin (r — p), 
and sin {p — g) respectively, and adding them, there results 

^sin sm{r - p) + ^ sin = o, ( 4 ) 

i.e. since a linear equation connects the quantities it, y, w, the 
vibration form is always a plane curve. 

The equations of its projections upon the coordinate planes 
maybe obtained by eliminating t from any two of equations ( 3 ). 
Thus, for instance, from the first two of these equations 

t , . u , V , 

sin 27t— (cos p^mg — cos g sm p) — sin Q ^ sin 

t , 71 ,7/ 

zos2'n:~Y (cos p smq cos g sm ^ cos y + cos /. 

Squaring and adding these two equations gives 

tP tP 2ZtV 

sin® {p - <i) = ^ - 5^)- • • ( 5 ) 

But this is the equation of an ellipse whose principal axes 

7t 

coincide with the coordinate axes when / — ^ Hence, 

m the 77iost general case^ the vibration form is a plane elliptical 
curve. This corresponds to so-called elliptically polaris'd 
light. When the vibration form becomes a circle, the light 
is said to be circularly polarized. This occurs, for instance, 

when 7 £; = o, A = and p g := ± so that either the 

relation 

u = A sin 27 r^, v z= A cos 27t^^ ... ( 6 ) 

or the relation 

u = A sm 27r~, 7 / = — ^ cos 2n— . . (6') 

holds. These two cases are distinguished as z'ight- handed and 
left'-handed circtdar polarization. The polarization is right- 
handed when, to an observer looking in a direction opposite 
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to that of propagation, the rotation corresponds to that of the 
hands of a watch. When the vibration ellipse becomes a 
straight line, the Fg'/ii is said to be plane-polarized. ^This 
occurs when -re; = o, and / ^ = o or tt. The equation of 

the path is then, by (S), 



The intensity of the disturbance has already been set equal 
to the square of the amplitude A of the light vector. This 
point of view must now be maintained, and it must be remem- 
bered that the square of the amplitude is equal to the sum of 
the squares of the amplitudes of the three components. The 
intensity y is then, in accordance with the notation in (2), 

. 7 - ( 8 ) 

An investigation will now be made of the vibration form 
which corresponds to the light which in the previous paragraph 
was merely said to be polarized, i.e. the light which has suffered 
double refraction or reflection at the polarizing angle. The 
principal characteristic of this light is that two rays which are 
polarized at right angles never interfere, but give always an in- 
tensity equal to the sum of the intensities of the separate rays. 

If there be superposed upon ray (2), which is assumed to 
be travelling along the .sr-axis, a fay of equal intensity, which 
is polarized at right angles to it and whose components are u\ 
v' j w\ and which differs from it in phase by any arbitrary 
amount d, then 

B sin ^27r-:^-|- q ( 5 ^^, ^/'=: — A sin ^27r— -f - p -|- 

/ , ^ (9) 

w' C sin \2 7r— ^ dj. 

For, save for the difference in phase d, these equations become 
equations (2) if the coordinate system be rotated through 90° 
about the ^-axis. 

By superposition of the two rays (2) and (9), i.e. by taking 
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the sums tc ~|- ti\ v + v\ w there results, according to 

the rule given above [equation (ii) page 131], for the squares 
of the amplitudes of the three components 

^/2 ^ ^2 _|_ 2 AB cos -\-q - /), 

= ^2 _|_ ^2 _ 2 AB cos A'P - q). 

= 2 C^ (I + cos d)^ 

Addition of these three equations gives, in consideration of (8), 
/' = 2/ + 2^^ cos d — /[AB sin d sin {q — p). 

Since now experiment shows that is equal simply to the 
sum of the intensities of the separate rays and is wholly inde- 
pendent of d, it follows that C — o, i.e. the light vector is 
perpendicular to the direction of propagation, or the is 
transverse ; it also follows that sin (p -- q) =: o, i.e., from (5) 
or (7), the vibration form is a straight line. 

Hence rays zvhich have suffered doztble refraction or reflec- 
tion at the polarizing angle are plane-polarized transverse 
zvaves. 

Since, as was shown on page 244, the properties of a 
polarized ray must be symmetrical with respect to its plane of 
polarization, it follows that the light vector must lie either in 
the plane of polarization or in the plane perpendicular to it. 
Whether it lies in the first or the second of these planes is a 
question upon which light is thrown by the following experi- 
ment. 

6. Stationary Waves produced by Obliquely Incident 
Polarized Light. — Wiener investigated the formation of sta- 
tionary waves by polarized light which was incident at an 
angle of 45° (cf. page 155), and found that such waves were 
distinctly formed when the plane of polarization coincided with 
the plane of incidence, but that they vanished completely when 
the plane of polarization was at right angles to the plane of 
incidence. The conclusion is inevitable that the light vector 
zvhich prodttces the photographic effect * is perpendicular to the 

* The same holds for the fluorescent effect produced by stationary waves. 
Cf. foot-note, p. 156 above. 
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pla7ie of polarization; for stationary waves can be formed only 
when the light vectors of the incident and reflected rays are 
parallel. When they are perpendicular to each other every 
trace of interference vanishes. 

It will be seen later that, from the standpoint of the elec- 
tromagnetic theory, the above question has no me ailing if merely 
the direction of the vector be taken into account. For in that 
theory, and in fact in any other, two vectors which are at 
right angles to each other (the electric and the magnetic force) 
are necessarily involved. However, the question may well be 
asked, which of these two vectors is determinative of the light 
phenomena, or whether, in fact, both are. If both were 
determinative of the photographic effect, then in Wiener’s 
experiment no stationary waves could have been obtained even 
with perpendicular incidence, since the nodes of one vector 
coincide with the loops of the other, and inversely, as will be 
proved in the later development of the theory of light. But 
the fact that stationary waves are actually observed proves 
that, for the photo-chemical as well as for the fluorescent 
effects, only one light vector is determinative; and indeed that 
it is the one which is perpendicular to the plane of polarization 
is shown by the experiments in polarized light mentioned 
above. 

The phenomena shown by pleochroic crystals like tourma- 
line lead also to the same conclusions. 

7. Position of the Determinative Vector in Crystals. — In 
crystals the velocity depends upon the direction of the wave 
normal and upon the plane of polarization. Similarly in the 
pleochroic crystals the absorption of the light depends upon 
the same quantities. Now it appears ^ that these relations are 
most easily understood upon the assumption that the light vector 
is perpendicular to the plane of polarization. For then the 
' velocity and the absorption t of the wave depend only upon the 

* This is more fully treated in Section II, Chap. IT, § 7. 

f The fluorescence phenomena in crystals lead also to the same conclusion. 
Cf. Ijommel, Wied. Ann. 44, p. 311. 
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direction of the light vector with respect to the optical axis of 
the crystal. The following example will illustrate : A plate 
of tourmaline cut parallel to the principal axis does not change 
color or brightness when rotated about that axis, i.e. when the 
light is made to pass through obliquely, but its direction is kept 
perpendicular to the axis. But the brightness of the plate 
changes markedly if it be rotated about an axis perpendicular 
to the principal axis of the crystal. The plane of polarization 
of the emergent ray is in the first case perpendicular to the 
principal axis, i.e. to the axis of rotation of the plate; in the 
second case it is parallel to this axis. The vector which is 
perpendicular to the plane of polarization is, therefore, in the 
first case continually parallel to the principal axis of the plate, 
but in the second it changes its position with respect to this 
axis. 

Thus far no case has been observed in which a light vector 
which lies in the plane of polarization is alone determinative 
of the effects, i.e. furnishes the simplest explanation of the 
phenomena. Hence in view of what precedes it may be said: 
The light vector is perpendictdar to the plane of polarise ation."^ 
8, Natural and Partially Polarized Light. — It has been 
shown above that two plane-polarized beams may be obtained 
by double refraction from a single beam of natural light. 
Superposition of two plane-polarized rays which have the same 
direction but different phases and azimuths produces, as is 
shown by equation ( 5 ), elliptically polarized light. The vibra- 
tion in such a ray is, however, wholly transverse, since the 
plane of the ellipse is perpendicular to the direction of propa- 
gation. 

As will be fully shown later, elliptically polarized light is 
produced by the passage of a plane- polarized beam through a 
doubly refracting crystal whenever the two beams produced 
by the double refraction are not separated from each other. 

* At least this assumption gives a simpler presentation of optical phenomena 
than the other (which is also possible) which makes the light vector parallel to the 
plane of polarization. 
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Also the most general case, represented by equations (2), of 
elliptically polarized light zvhich is iiot transverse can he 
realized by means of total reflection or absorption^ as will be 
shown later. 

The question now arises, What is the nature of natural 
light ? Since it does not show different properties in different 
azimuths, and yet is not identical with circularly polarized light, 
because, unlike circularly polarized light, it shows no one-sided- 
ness after passing through a thin doubly refracting crystal, the 
only assumption which can be made is that natural light is 
plane or elliptically polarized for a small interval of time 
but that, in the course of a longer interval, the vibration form 
changes in such a way that the mean effect is that of a ray 
which is perfectly symmetrical about the direction of propa- 
gation. 

Since Michelson has observed interference in natural light 
for a difference of path of 540,000! (cf. page 150), it is 
evident that in this case light must execute 540,000 vibrations 
at least before it changes its vibration form. But since a 
million vibrations are performed in a very short time, namely, 
in 20. 10"“^° seconds, the human eye could never recognize a 
ray of natural light as polarized even though several million 
vibrations were performed before a change occurred in the 
vibration form. For, in the shortest interval which is neces- 
sary to give the impression of light, the vibration form would 
have changed several thousand times. 

As regards the two laws announced by Fresnel and Arago 
(cf. page 247), the second, namely, that two rays polarized at 
right angles interfere when they are brought into the same 
plane of polarization provided they originated in a polarized 
ray, is easily understood ; for in this case the original ray has 
but one vibration form, hence the two reuniting rays must be 
in the same condition of polarization, i.e. must be capable of 
interfering. This is the case also when the original ray is 
natural light so long as the vibration form does not change, 
i.e. within the above-mentioned interval dt. But for another 
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interval although interference fringes must be produced, 
the position of these fringes is not the same as that of the 
fringes corresponding to the first interval St. For a change in 
the vibration form of the original ray is equivalent to a change 
of phase. Hence the mean intensity, taken over a large num- 
ber of elements St, is equivalent to a uniform intensity, i.e. 
two rays polarized at right angles to each other, which origi- 
nated in natural light, do not interfere even though they are 
brought together in the same azimuth. This is the first of the 
Fresnel-Arago laws. 

The partially polarized light is used to denote the 
effect produced by a superposition of natural light and light 
polarized in some particular way. Partially polarized light has 
different properties in different directions, yet it can never be 
reduced to plane polarized light, as can be done with light 
which has a fixed vibration form (cf. below). > 

9. Experimental Investigation of Elliptically Polarized 
Light. — In order to obtain the vibration form of an elliptically 
polarized ray, it is changed into a plane-polarized ray by means 
of a doubly refracting crystalline plate. For, as was remarked 
upon page 242, the passage of plane-polarized light through 
a doubly refracting crystal decomposes it into two waves 
polarized at right angles to each other. The directions of the 
light vectors in the two waves are called the principal direc- 
tions of vibration. These have fixed positions within the 
crystal and are perpendicular to each other. Since now the 
two rays are propagated with different velocities within the 
crystal, they acquire a difference of phase which depends upon 
the nature and thickness of the plate. An incident light vector 
which is parallel to one of these two principal directions of 
vibration within the crystal is not decomposed into two waves. 

Two methods of procedure are now possible: first, the 
plate of crystal may be of such thickness that it introduces a 
n 

difference of phase of (difference of path JA) between the 
two waves propagated through it. This is called a quarter- wave 
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plate {Seiiarmonf s compensator'). If the quarter- wave plate is 
rotated until its principal directions are parallel to the principal 
axes of the elliptical vibration form of the incident light, the 
emergent light must evidently be plane-polarized, and the 
position of its plane of polarization must depend upon the ratio 
of the principal axes of the incident ellipse. For the two light 
vectors which lie in the directions of the principal axes of this 
ellipse have, after passage through the plate, a difference of 
phase of o or tz', and in this case there results (cf. page 250) 
plane-polarized light in which the direction of the light vector 
is given by equation (7), Hence if the emergent light is 
observed through a nicol, entire darkness is obtained when the 
nicol is in the proper azimuth. Hence this method of investi- 
gation requires a rotation both of the crystalline plate about 
its normal and of the nicol about its axis until complete dark- 
ness is obtained. The position of the crystal then gives the 
position of the principal axes of the incident ellipse; that of 
the nicol, the ratio of these axes. 

Second, a fixed plate of variable thickness, such as a quartz 
wedge, may be used in order to give those two components of 
the incident light which are in the princi^Dal directions of vibra- 
tion of the plate such a difference of phase that, after passage 
through the crystal, they combine to form plane-polarized 
light. A nicol is used to test whether or not this has been 
accomplished. The position of the nicol gives the ratio of the 
components z/, of the incident light, while their original 
difference of phase is calculated from the thickness of the plate 
which has been used to change the incident light into plane- 
polarized light. 

In order that the crystal may produce a difference of phase 
zero, it is convenient to so combine two quartz wedges, whose 
optical axes lie in different directions, that they produce differ- 
ences of phase of different sign. Thus, 
^ for example, in Fig. 79, A is sl wedge 
Fig. 79. of quartz whose crystallographic axis 

is parallel to the edge of the wedge, while B is another plate 
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whose principal axis is perpendicular to the edge but parallel 
to the surface {Babinef s compensator). Only the difference 
in the thickness of the two wedges is effective. Hence, if the 
incident light is homogeneous and elliptically polarized, a suit- 
able setting of the analyzing nicol brings out dark bands which 
run parallel to the axis of the wedge. These bands move 
across the compensator if one wedge is displaced with reference 
to the other. A micrometer screw effects this displacement. 
After the instrument has been calibrated by means of plane- 
polarized light, it is easy from the reading on the micrometer 
when a given band has been brought into a definite position 
to calculate the difference of phase of those two components 
Uy Vy which are parallel to the two principal axes of the quartz 
wedges. 

The construction must be somewhat altered if it is desired 
to obtain a large uniform field of plane-polarized light. Then, 
in place of a quartz wedge, a plane parallel plate of quartz 
must be used as a compensator. 

Such a plate is produced by com- 
bining two adjustable quartz wedges ^ 
whose axes lie in the same direc- 
tion (Fig, 8o). In order to make 
it possible to introduce a difference of phase zero, the two 
wedges are again combined with a plane parallel plate of 
quartz B whose principal axis is at right angles to the ax6s of 
A and ] so that the effective thickness is the difference 
between the thickness of B and the sum of the thicknesses of 
the wedges A and A\ This construction, that of the Soleil- 
Babinet compensator, is shown in Fig. 8o. In the wedges Ay 
A' the principal axis is parallel to the edges of the wedges; in 
the plate B the principal axis is perpendicular to the edge and 
parallel to the surface. It is convenient to have one plate, for 
example A\ cemented to B, while A is micrometrically adjust- 
able. For a suitable setting of the micrometer and the 
analyzing nicol the whole field is dark. 

This construction of the compensator is particularly con- 
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venient for studying the modifications which plane-polanzed 
lieht undergoes upon reflection or refraction. In a spectrom 
eter (Fig. 8i) the collimator K and the telescope F are ui- 
nished with nicol prisms whose orientations may be read off 
on the graduated circles p, p'. The Soleil-Babinet compen- 



sator C is attached to the telescope. Its principal directions 
of vibration (the principal axes) are parallel and perpendicular 
to the plane of incidence of the light, is the reflecting or 
refracting body. Thus the light is parallel in passing through 
the nicols and the compensator.* 


^ Since the telescope must be focussed for infinity, the simple Babinet compen- 
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CHAPTER I 
THEORY OF LIGHT 

I. Mechanical Theory. — The aim of a theory of light is to 
deduce mathematically from some particular hypothesis the 
differential equation which the light vector satisfies, and the 
boundary conditions which must be fulfilled when light crosses 
the boundary between two different media. Now the differen- 
tial equation (12) on page 169 of the light vector is also the 
general equation of motion in an elastic medium, and hence it 
was natural at first to base a theory of light upon the theory 
of elasticity. According to this mechanical conception, a light 
vector must be a displacement of the ether particles from their 
posiiiofis of eq 7 iilibrmm^ and the ether, i.e. the medium in 
which the light vibrations are able to be propagated, must be 
an elastic material of very small density. 

But a difficulty arises at once from the fact that light-waves 
are transverse. In general both transverse and longitudinal 
vibrations are propagated in an elastic medium ; but fluids which 
have no rigidity are capable of transmitting longitudinal vibra- 
tions only, while solids which are perfectly incompressible can 
transmit transverse vibrations only. The fact that the heavenly 
bodies move without friction through free space would point 
strongly to the conclusion that the ether is a fluid, not an in- 
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compressible solid. Nevertheless this difficulty may be met 
by the consideration that, with respect to such slowly acting 
forces as are manifested in the motions of the heavenly bodies, 
the ether acts like a frictionless fluid; while, with respect to 
the rapidly changing forces such as are present in the vibra- 
tions of light, a slight trace of friction causes it to act like a 
rigid body. 

But a second difficulty arises in setting up the boundary 
conditions for the light vector. The theory of elasticity fur- 
nishes six conditions for the passage of a motion through the 
bounding surface between two elastic media, namely, the 
equality on both sides of the boundary of the components of 
the displacements of the particles, and the equality of the com- 
ponents of the elastic forces. But in order to satisfy these 
six conditions both transverse and longitudinal waves must be 
present. How the various mechanical theories attempt to 
meet this difficulty will not be considered here : * suffice it to 
say that most of these theories retain only four of the boundary 
conditions. 

In order to bring theory into agreement with the observa- 
tions upon the properties of reflected light, for instance to 
deduce Brewster’s law as to the polarizing angle (cf. page 
246), it is necessary to assume either that the density or that 
the elasticity of the ether is the same in all bodies. The 
former standpoint was taken by F. Neumann, the latter by 
Fresnel. Neumann’s assumption leads to the conclusion that 
the displacement of the ether particles in a plane-polarized ray 
lies in the plane of polarization, while Fresnel’s makes it per- 
pendicular to this plane. 

2. Electromagnetic Theory. — The fundamental hypothe- 
sis of this theory, first announced by Faraday, and afterwards 
mathematically developed by Maxwell, is that the velocity of 
light in a non-absorbing medium is identical with the velocity of 


* For complete presentation cf. Winkelmann’s Handbuch, Optik, pp. 
641-674. 
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an electromagnetic wave in the same medium. Either the elec- 
tric or the magnetic force may be looked upon as the light 
vector; both are continually vibrating and, in a plane-polarized 
ray, are perpendicular to each other. This two-sidedness of 
the theory leaves open the question as to the position of 
the light vector with respect to the plane of polarization; 
nevertheless, for the reasons stated on page 252, it is simpler 
to interpret the electric force, which lies perpendicular to the 
plane of polarization, as the light vector. This leads to the 
results of Fresners mechanical theory, while Neumann's re- 
sults are obtained when the magnetic force is interpreted as the 
light vector. 

The following are the essential advantages of the electro- 
magnetic theory: 

1. That the waves are transverse follows at once from 
Maxwell’s simple conception of electromagnetic action, 
according to which there exist only closed electrical circuits. 

2. The boundary conditions hold for every electromag- 
netic field. It is not necessary, as in the case of the mechan- 
ical theories, to make special assumptions for the light 
vibrations. 

3. The velocity of light in space, and in many cases in 
ponderable bodies also, can be determined from pure electromag- 
netic experimerits . This latter is an especial advantage of this 
theory over the mechanical theory, and it was this point which 
immediately gained adherents for the electromagnetic concep- 
tion of the nature of light. In fact it is an epoch-making 
advance in natural science when in this way two originally 
distinct fields of investigation, like optics and electricity, are 
brought into relations which can be made the subject of quan- 
titative measurements. 

Henceforth the electromagnetic point of view will be main- 
tained. But it may be remarked that the conclusions reached 
in the preceding chapters are altogether independent of any 
particular theory, i.e. independent of what is understood by a 
light vector. 
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3. The Definition of the Electric and of the Magnetic 
Force. — Two very long thin magnets exert forces upon each 
other which appear to emanate from the ends or poles of the 
magnets. The strengths of tzvo magnet-'poles m and ni^ are 
defined by the fact that in a vacuum, at a distance apart 
r, they exert upon each other a mechanical force (which can be 
measured in C. G. S. units) 


m • in^ 


(I) 


In accordance with this equation a tmit magnetic pole (in = i) 
is defined as one which, placed at unit distance from a like 
pole, exerts upon it unit force. 

The strength of a magnetic field in any medium* is the 
force which the field exerts upon unit magnetic pole. The 
components of § along the rectangular axes .r, j/, z will be 
denoted by ol^ /?, y. 

The direction of the magnetic lines of force determines the 
direction of the magnetic field ; the density of the lines, the 
strength of the field, since in a vacuum the strength of field is 
represented by the number of lines of force which pass per- 
pendicularly through unit surface. A correct conception of the 
law of force (i) is obtained if a pole of strength in be conceived 
as the origin of 47^7;^ lines of force. For then the density of 
the lines upon a sphere of radius r described about the pole as 
centre is equal to m : i,e. is equal to the strength of field 

§, according to law (i). 

Similar definitions hold in the electrostatic system for the 
electric field. 

The quantities of tzvo electric charges e and e^ are defined 
by the fact that in a vacuum, at a distance apart r, they exert 
upon each other a measurable mechanical force 




llii 

^2 


(2) 


The definition of unit charge is then similar to that of unit pole 
above. 


* This medium can be filled with matter or be totally devoid of it. 
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The strejigth ^ of any electric field in any medium is the 
force which it exerts upon unit charge. The components of ^ 
along the three rectangular axes will be denoted by F, Z. 

The direction of the electric lines of force determines the 
direction of the electric field, and the number of lines which 
intersect perpendicularly unit surface in a vacuum determines 
the strength ^ of the field. Hence, since law (2) holds, \ 7 te 
lines of force originate in a charge whose quantity is e. 

4, Definition of the Electric Current in the Electrostatic 
and in the Electromagnetic Systems. — In the electrostatic sys- 
tem the electric current i which is passing through any cross- 
section q is defined as the number of electrostatic units of quan- 
tity which pass through q in unit time. Thus if, in the element 
of time dt^ the quantity de passes through q^ the current is 



If the cross-section q is unity, i is equal to the current 
density j. The components of the current density, namely, 
jx> Jyy jz^ obtained by choosing q perpendicular to the 
X-, jj/-, or ^-axis respectively. 

hi the electromagnetic system^ the cnirent i' is defined by 
means of its magnetic effect. A continuous current is obtained 
in a wire when the ends of the wire are connected to the poles 
of a galvanic cell. In this case also definite quantities of elec- 
tricity are driven along the wire, for the isolated poles of the 
cell are actually electrically charged bodies. A magnetic pole 
placed in the neighborhood of an electric current is acted upon 
by a magnetic force. In the electromagnetic system the current 
i' is defined by the fact that it requires ^rci' = 9( units of work 
to carry unit magnetic pole once around the current X 

Take, for example, a rectangle whose sides are dx^ dy 
(Fig. 82), and through which a current V = j'ydx dy flows in a 

** The worker is independent of both the path of the magnet pole and the 
nature of tlie medium surrounding the current. Cf. Drude, Physik des Aethers, 
PP- 77i 83 - 
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direction perpendicular to its plane. is the .a'-component of 
the current density in the electromagnetic system. If the cur- 
rent flows toward the reader {Fig. 82 )^ and the positive direc- 
tion of the coordinates is that shoivn m the flgttre., then, accord- 
ing to Ampere’s rule, a positive magnetic pole is deflected in 
the direction of the arrow. The whole work done in mov- 
ing a magnet pole \ around the circuit from A through 

C, /), and back to ^ is 


dx *dy — Cl' -dx ^'dy, ... (4) 

if a and F denote the components of the magnetic force which 
act along AB and ADy while a' and denote the components 
which act along DC and BC. differs from a only in that it 
acts along a line whose ^/-coordinate is dy greater than the 
^/-coordinate of the line AB along which a acts. When dy is 
sufficiently small (a' — oi) \ dy is the differential coefficient 
3^: 3j|/, so that 

Similarly 

so that, from (4), 

« = (H - M 


Since now by the definition of the current F this work is 
equal to = /^Ttj'^^dxdyy it follows that 


ArTtjl 


'by' 


and in the same way the two other differential equations may 
be deduced, namely, 


— 

3/? 

'by 


'boi 

'by _ 

’’’ 3.sr 

bx 


(5) 
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These are Maxwell’s differential equations of the electro- 
magnetic field. In order to use them with the signs given in 
(5), the coordinate system must be chosen in accordance with 
Fig. 82. In these equations the current density defined 
electromagnetically may be replaced by the current density j 
defined electrostatically by introducing the ratio of the elec- 
tromagnetic to the electrostatic unit. Thus 

i:i'=c, = (6) 

Hence, by (s), 

^Jx'— 3-^’ dx 0j/‘ 

These equations are independent of the nature of the 
medium in which the electromagnetic phenomena occur (cf. 
note I, page 263), mid hmce they hold also in non-honiogeneotis 
and crystalline media. 

The value of the ratio c can be obtained by observing the 
magnetic effect which is produced by the discharge of a quan- 
tity e of electricity measured in electrostatic units. It may be 
shown that c has the dimensions of a velocity. Its value is 
^ = 3 . cm. /sec. 


5. Definition of the Magnetic Current. — Following the 
analogy of the electric current, the magnetic current which 
passes through any cross-section q is defined as the number of 
units of magnetism which pass through q in unit time. The 
magnetic current divided by the area of the surface q is called 
the density of the current, and its components are represented 

by -yy, •s-,- 

Equations (7) express the fact that an electric current is 
always surrounded by circular lines of magnetic force. But on 


the other hand a magnetic 
current must always be sur- 
rounded by circular lines of 
electric force. This follows 
at once from an application 
of the principle of energy. 


y 



Fig. 82. 


Imagine the rectangle ABCD of Fig. 82 traversed by an elec- 
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trie current of intensity i (measured in electrostatic units) flow- 
ing in the direction of the arrows. Then a positive magnetic 
pole would be driven through the rectangle toward the reader, 
i.e. in the positive direction of the ^-axis, and would continually 
revolve about one side of the rectangle. The work thus per- 
formed must be dojie at the expense of the amoimt of energy which 
is reqidred to maintain the ciLrrent at the constant intensity i 
while it is doing the work; or, in other words, the motion of 
the pole must create a certain cowiter-electromotive force which 
must be overcome if the current is to remain constant. The 
expression for the work done when a unit charge is carried 
once about the rectangle in the direction of the arrows is 
analogous to that given in (4) and (4'), i.e. 



In order to maintain the current at intensity i during the time 
this work must be multiplied by the number of unit charges 
which traverse the circuit in the time t^ i.e. by 2-^. The prin- 
ciple of energy requires that this work §t2V be equal to the 
work which is done upon a magnet pole of strength m in 
carrying it once around a side of the rectangle in the time t. 
Since (cf. page 263) this work is equal to e^nmi^ = dgtmi'.Cy it 
follows that 


/\.nini \ c, i.e. SI = \ ct. . . {9) 

But m: t is the strength of the magnetic current which passes 
through the rectangle, and m/t-dx dy is equal to the .a'-com- 
ponent of the magnetic density. Hence from (8) and (9) it 
follows that 


15 - 

c 'dx dy 


(10) 


And similarly two other equations for .9^ and are obtained. 

In (10) X and Y represent the electric forces which must 
be called into play in order to keep the current constant. But 
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if X and Y denote the opposite forces produced by the mag- 
netic current by induction, they are of the same magnitude but 
opposite in sign. Hence 

'dz dy^ c 'dx 9^’ 'by bx* 

These equations a^'e perfectly general and hold in all media^ 
even in those which are non-homogeneons and crystalline. 

The general equations (7) and (ii) may be called the 
fundamental equations of MaxwelV s theory. In all extensions 
of the original theory of Maxwell to bodies possessing 
peculiar optical properties, such as dispersion, absorption, 
natural and magnetic rotation of the plane of polarization, 
these fundamental equations remain unchanged. But the 
equations which connect and etc., with the electric and 
magnetic forces have different forms for particular cases. 

6. The Ether. — Constant electric currents can only be 
produced in conductors like the metals, not in dielectrics. 
Nevertheless a change in an electric charge produces in the 
latter currents which are called displacement currents to dis- 
tinguish them from the conduction cur^rents^ and the corner- 
stone of Maxwell’s theory is the assumption that these dis- 
placement currents have the same magnetic effects as the 
conduction currents. This assumption gives to Maxwell’s 
theory the greatest simplicity in comparison with the other 
electrical theories. Constant magnetic currents cannot be 
produced, since there are no magnetic conductors. 

It is first necessary to determine how the electric and 
magnetic current densities in the free ether depend upon the 
electric and magnetic forces. In the free ether there are no 
charges e or poles m concentrated at given points, but there 
are lines of force. Now, in accordance with the convention 
adopted on pages 262 and 263, namely, that every charge ^or 
pole in sends out 4;r^ or A^nm line^ of force, it may be said 
that 47r multiplied by the current density is equal to the change 
in the density of the lines of force in unit time, i.e. 
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3^* 

. 4Vy 
A'^^x — 0 / * A'^^y 


aiv; 


dK 

dt ’ 

4 % 

~ dt' 

dM^ 



dt ’ 

4^S, 

~ dt ’ 


( 12 ) 


in which iV,, are the components of the 

densities of the electric and magnetic lines of force. But now, 
in accordance with the definitions on pages 262 and 263, in a 
vacuum the density of the electric or magnetic lines of force is 
numerically equal to the electric or magnetic force, so that, for 
a vacuum, equations (12) become 

. . 3F . az 1 

■" di ’ ~ dt ’ 

da 3 /? dy 

4^^x~ gj,. 4^s^— , 4’r-rx — Q^- 



Hence for the free ether the equations (7) and (ii) of the 
electromagnetic field take the form 


idX dy 3/? I 3F 3^ dy idZ dfi 

c dt dy ds ^ c dt ^ dz dx'^ cdt ^ dx 

c dt ^ dz dy'* c dt dx 3^ ’ c dt ^ dy 


dy' 

dx' 


KH) 


7* Isotropic Dielectrics. — For a space filled with insulat- 
ing matter laws (i) and (2) must be modified. For if the 
electric charges e and are brought from empty space into a 
dielectric, for example a fluid, they exert a weaker influence 
upon each other than in empty space, so that it is necessary 
to write 




6 


(IS) 


The constant g is called the dielectric constant. The definition 
holds also for solid bodies, only in them the attracting or 
repelling forces cannot be observed so conveniently as in fluids. 
But there are other methods of determining the dielectric con- 
stant of solid bodies for which the reader is referred to texts 
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upon electricity. The dielectric constant of all material bodies 
is greater than i. 

Similarly the forces between magnetic poles are altered 
somewhat when the poles are brought from a vacuum into a 
material substance, so that it is necessary to write 




The constant is called the permeability of the substance. 
It is sometimes greater than i {^paramagnetic bodies), some- 
times less than i {diamagzietic bodies). It differs appreciably 
from I only in the paramagnetic metals iron, nickel, and 
cobalt. At present dielectrics only are important since it is 
desired to consider first perfectly transparent substances, 
namely, those which transmit the energy of the electromagnetic 
waves without absorption, i.e. without becoming heated. In 
dielectrics ju differs so little from i (generally only a few 
thousandths of i per cent) that in what follows it will always 
be considered equal to 

Because of the change of the law (2) into (15) a change 
must also be made in equations (13), since with the same cur- 
rents the electric force in the dielectric is — weaker than in the 

6 

free ether. Hence (13) become 

e— , etc., etc. . . (17) 

For an isotropic dielectric, since equations (7) and (ii) are 
applicable to this case also, the following equations hold when 


= I : 
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* In the discussion of the optical properties of magnetized bodies it will be 
shown why it is justifiable to assume for light vibrations’ = i for all bodies. 
The reason for this is not that the magnetization of a body cannot follow the rapid 
changes of field which occur in light vibrations, but is far more complicated. 
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These equations completely determine all the properties of 
the electromagnetic field in a dielectric. 

If equations (12) be considered general, i.e. if the number 
of lines of force which originate in a charge be considered 
independent of the nature of the medium, then a comparison 
of (17) with (12) shows that within the body 

N^=.eY, N, = eZ, . 

i.e. only in the ether (e z= i, — i) is the density of the lines 
of force numerically equal to the electric, or the magnetic, force , 
^Tte lines of force must be sent out from the entire surface 
of an elementary cube which contains the charge e and has the 
dimensions dx dy dz. But the number of emitted lines can 
also be calculated from the surface of the cube; thus the two 
sides which lie perpendicular to the ;r-axis emit the number 
— {fSlf)fiy dz -}- {HP)fiy dz, in which the indices I and 2 relate 
to the opposite faces which are dx apart. Now evidently, from 
the definition of a derivative, 

so in this way the whole number of lines passing out of the 
surface is found to be 


\9;ir 



dx dy dz. 


If this expression be placed equal to A^ne, then it follows, in 
consideration of (19), \i e \ dx dy dz =: p be called the density 
of the charge (charge of unit volume). 


47rp — 


dx 


+ 


dy 


9 ^ ’ • 


• . (20) 


It is evident from its derivation that this eqtiation holds also 
for isotropic non-homogeneous bodies, i.e. for bodies in which e 
varies with x, y, z. An analogous equation may be deduced 
for the density of the magnetization. 
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8. The Boundary Conditions. — If two different media are 
in contact, there are certain conditions which the electric and 
magnetic forces must fulfil in passing from one medium into 
the other. These conditions may be obtained from the equa- 
tions (18) by the following consideration: In the passage from 
a medium of dielectric constant to one of dielectric constant 
the change in the electric and magnetic forces is not 
abrupt, as would be the case if the surface of separation were 
a mathematical plane, but gradual, so that within the transi- 
tion layer the dielectric constant varies continuously from the 
value to the value 6^. Also within this transition layer the 
equations (7), (n), and (17), and hence also (18), must hold, 
i.e. all the differential coefficients which appear in them must 
remain finite. Assume now, for example, that the plane of 
contact between the two media is the ;r>'-plane. Since the 


differential coefficients 


must remain finite 


dv ax d/^ 3^ 

within the transition layer, it follows that, if the thickness of 
this layer, i.e. dz, is infinitely small, the changes in F, X, 
/?, ct in the transition layer are infinitely small. In other 
words, the co^nponents of the clect^dc and magrietic forces parallel 
to the surface must vary continuously m passing throtcgh the 
transition layer ^ assumed to be infinitely thin. That is. 




2 > 






= ( 3 ^ for z = (21) 


in which the subscripts refer to the two different media. 


Since in equations (18) the differential coefficients 


'dz 


and 


?)y 

'dz 


do not appear, the same conclusions do not hold for Z and y 
which held for JT, F, / 3 , a. Nevertheless it is evident from the 

'by 

last of equations (18) that — , and hence also y, has the same 

ot 


value on both sides of the transition layer, because, for all 
values of x andj/, X and Fhave the same values on both sides 
of that layer. Hence there is ?io discontinuity in y in passing 
through the infinitely thin boundary layer. In the same way 
the conclusion may be drawn from the third of equations (18) 
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that the product eZ is coutimcous and heiice that Z is discon'- 
tinuous. To the boundary conditions (21) there are then also 
to be added 

Yy. = r 2 for ^ = O. . . ( 21 ') 

But on account of the existence of the principal equations 
(18) on/j/ four of the six equations [21) and (2/') are indepeitdeiti 
of one another. 

Equation (19) in connection with (21) shows that the lines 
of force do not have free ends at the boundary between two media. 
(N.B in (21') is assumed equal to i, otherwise it would be 
necessary to write 

9. The Energy of the Electromagnetic Field. — If equa- 
tions (18) be multiplied by the factors Xdty Ydr, ZdXy adt^ 
fdt^ ydr^ in which dr represents an element of volume, and 
then integrated over any region, there results, after adding and 
setting 


@ = + + + + . (22) 



The application of theorem (20) on page 173 gives 

in which dS denotes an element of the surface which bounds 
the region over which the integration is taken, and 7i the inner 
normal to dS. When this transformation is applied to the first 
three integrals which appear on the right-hand side of (23) the 
volume integrals disappear, and there results 

^dr — J* (kB'— fZ) cos { 7 zx) -|- (^aZ — yX) cos {ny) 
+ {^X — aY) cos (24) 
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If the region of integration be taken so. large that at its 
limits the electric and magnetic forces are vanishingly small, 
then equation (24) asserts that the quantity (£ for this region 
does not vary with the time. (£ signifies the energy of the 
electromagnetic field in tinit volume. This can be shown to 
be the meaning of (£ by a calculation of the work done in 
moving the electric or the magnetic charges. (Cf. Drude, 
Physik des Aethers, pages 127, 272.) 

10. The Rays of Light as the Lines of Energy Flow. — Ifj 
at the boundary of the region of integration A, Y, fi yfi. 

do not vanish, equation (24) can be interpreted to mean that | 
the change of electromagnetic energy in any region Js ^ue tp> 
an inflow or outflow of energy through the boundary^ Accord- 
ing to (24), the components of this energy flow, represented 
fxy fyi fx y regarded as the following : 

L=^{yY-^Z), f-^(aZ-rX), f-±yX-aY). (25) 

From this it follows that 

«•/* ■\- Y-f. = O. 

+ + = 0 , 

and hence the direction of the flow of energy is always per- 
pendicular to the electric and magnetic forces. 

This theory, due to Poynting, of the flow of energy in the 
electromagnetic field, is of great importance in the theory of 
light in that the rays of light must be considered as the lines 
of energy flow. For on page 2 a light-ray which passes 
from a source ^ to a point P was defined as the locus of those 
points at which an obstacle, i.e, an opaque body, must be 
placed in order to cut off the light effect a,tP. Now evidently 
the energy cannot be propagated from Q to P if the lines of 
energy flow from Q to P are intercepted by an obstacle. 

Hence, by (25), the direction of the rays of light must be 
perpendicular to the electric and magnetic forces. 
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I. Velocity of Light. — From the standpoint of the electric 
theory a plane electromagnetic wave may be conceived to 
originate as follows: Imagine that at a certain instant an 
electric current parallel to the .r-axis is excited in a thin layer 
which is parallel to the .ry-plane. This current gives rise to 
magnetic forces at the surface of the layer, which are parallel 
to thej'-axis. The growth of the magnetic field induces elec- 
tric forces which within the layer are parallel to the negative 
;r-axis, without the layer parallel to the positive ;ir-axis. 
Hence within the layer the electric current disappears, because 
the induced currents neutralize the original current; but in its 
place there arises outside the layer electric currents which run 
along the positive direction of the ;ir-axis. In this way an 
electric impulse is propagated in the form of a wave along 
both the positive and negative directions of the ^-axis. 

In order to find the velocity of propagation, it is necessary 
to return to equations (i8) of the previous chapter. 

If the first three of these equations be differentiated with 

'do: dy 

respect to the time, and if the values of given 

01 ot ot 

in the last three of these equations be introduced, there 
results 


dt^ 



dV\ 

- — / 


bxs 


dx) 


, 'bx 

bz I 
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and similarly two other equations are obtained. Now this 
equation may be written in the form 




d f^x dv dz 

d^v djy djs: 


Also differentiation of the first three of the equations (i8) 
with respect to .r, jv, and addition of them gives 


3 /3X- 


2)1 \ 2x 




Since in what follows we are only concerned with periodic 
changes in the electric and magnetic forces, and since for 
these the differential coefficient with respect to the time is 
proportional to the changes themselves (when the phase 

7t 

“ has been added), the conclusion may be drawn from the 
last equation that 




2Y 2Z 

2y 2z 


Hence equation (i) becomes 


P dP 


2^X , 

‘ 2P 


= AX. 


Similar equations hold for Y and Zy so that the following 
system of equations is obtained : 




’ c* W 


For the components of the magnetic force similar equations 
hold, thus 


9 ^ 213 

2x 2y 


_L 




^ AR 
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Now it has been shown on page 170 that differential equa* 
tions of the form of (3) and (3') represent waves which are 
propagated with a velocity 

r = 4 (4) 

Ve 

This is then, according to the electromagnetic view of the 
nature of light, the velocity of light, and it is immaterial 
whether the electric or the magnetic force be interpreted as the 
light vector, for the two are inseparably connected and have 
the same velocity. 

Applying equation (4) to the case of the free ether, it fol- 
lows that the velocity of light m ether is eqttal to the ratio of 
if he electromagnetic to the electrostatic units. This conclusion 
has actually been strikingly verified, for (cf. page 119) the 
mean of the best determinations of the velocity of light was 
seen to be F = 2.9989* 10^^ cm. /sec., a number which agrees 
within the observational error with that given for the ratio of 
the units, namely, c 3*10^® cm. /sec. 

This is the first brilliant success of the electromagnetic 
theory. 

According to (4) the velocity in ponderable bodies must 
be I • 4^6 smaller than in the free ether, or, since the index of 
refraction of a body with respect to the ether is the ratio of 
the velocities in ether and in the body, 

«o=V'e, (5) 

i.e. the square of the index of refraction is equal to the dielectric 
constant. 

Evidently this relation cannot be rigorously fulfilled, for 
the reason that the index depends for all bodies upon the color, 
i.e. upon the period of oscillation, while from its definition e is 
independent of the period of oscillation. 

But in case of the gases, in which the dependence of the 
index upon the color is small, the relation (5) is well satisfied, 
as is shown by the following table, in which the values of the 
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dielectric constants are due to Boltzmann,* while the indices 
are those for yellow light : 





Air 

1. 000 294 

1. 000 295 

Hydrogen 

1. 000 138 

1.000 132 

Carbon dioxide 

1 . 000 449 

1.000473 

Carbon monoxide 

1 . 000 346 

1.000345 

Nitrous oxide 

1 . 000 503 

1.000497 


Relation (5) also holds well for the liquid hydrocarbons; for 
example, for benzole Uq (yellow) = 1.482, Ve— 1.49. 

On the other hand many of the solid bodies, such as the 
glasses, as well as some liquids, like water and alcohol, show 
a marked departure from equation (5). For these substances 
€ is always larger than as the following table shows : 



Wo 

|/e 

Water 

1-33 

9.0 

Methyl alcohol 

1.34 

5*7 

Ethyl alcohol 

1.36 

5-0 


In order to explain these departures, the fundamental 
equations of the electric theory must be extended. This 
extension will be made in Chapter V of this section. In this 
extension the quantity e which is here considered as constant 
will be found to depend upon the period of oscillation. 

But first an investigation will be made from the standpoint 
of the electric theory of those optical properties of bodies which 
do not depend upon dispersion. In what follows it will be 
assumed that the light is 7 nonochromaiicy and that the exteyision 
to he given in Chapter V has already been made^ so that the 
constant e appearing in the fundamental eqtiaiions is equal to 
the sqiLare of the index of refraction for the given color. 


*L. Boltzmann, Wien. Ber. 69, p. 795, 1874. Pogg. Ann. 155, p. 407, 1873, 
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2. The Transverse Nature of Plane Waves. — A plane 

wave is represented by the equations 

„ . 27r / mr -C ny 4 - pz\ ^ 

X = ^,.COS ^ ^ — - - ), 

T, . 2^/ mx 4 - ny 4 - pz\ 

V = Ay cos J , 

_ , 2?r / mx 4 - ny 4 - />z\ 

Z = ^,.cos ~yV - y - --)■ 

For the phase is the same in the planes 

mx + ny + const., .... (7) 

which is then the equation of the wave fronts, and p are 

the direction cosines of the normal to the wave front, provided 
the further condition be imposed that 

^ I (8) 

Ayy Aj^ are the components of the amplitude of the 
resultant electrical force. They are then proportional to the 
direction cosines of the amplitude A . In consequence of equa- 
tion (2) on page 275, 

A^'Vt Ay* 7 t -f' A^^p =r o, . • • • (9) 

an equation which expresses the fact that the resulting ampli- 
tude A is perpendicular to the normal to the wave front, i.e. 
to the direction of propagation; or in other words, the 

wave is transverse. This conclusion holds for the magnetic 
* force also. That plane waves are transverse follows from equa- 
tions (2) or (2'), i,e. from the form of the fundamental equa- 
tions of the theory. 

3. Reflection and Refraction at the Boundary between 
two Transparent Isotropic Media. — Let two media i and 2 
having the dielectric constants and meet in a plane which 
will be taken as the ^rj-plane. Let the positive ^-axis extend 
from medium i to medium 2 (Fig. 83). Let a plane wave fall 
from the former upon the latter at an angle of incidence 0, and 
let the ;r^-plane be the plane of incidence. The direction 
cosines of the direction of propagation of the incident wave are 
then 

^ = sin 0, « = o, / = cos 0. . . . (lo^ 
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Let the incident electric force be resolved into two com- 
ponents, one perpendicular to the plane of incidence and of 
amplitude and one in the plane of incidence and of ampli- 
tude Ep. The first component is parallel to the jv-axis so that, 
in consideration of (6) and (lo), the ;j/-component of the incident 
force may be written 

27 t , ;t; sin 0 + ^ cos 0\ 

Yg — -£,-cos j, y j,.(n) 

in which is the velocity of light in the first medium. 
By (4), 

V, = c-.Ve^ (12) 

Since the wave is transverse, the component E^ of the elec- 
trical force, which lies in the plane of incidence, is perpendic- 
ular to the ray, i.e. the components and along the 
and ^-axes, of the amplitude Ep must have the values 
A^ = Ep-cos 0, A, = Ep-sin 0, 
if, as shown in Fig. 83, the positive direction of Ep is taken 
downward, i.e. into the second medium. 

The X- and ^-components of the electric force of the inci- 
dent wave are, therefore, 

^ ^ ^sin 0 -f- 0COS 0\ 

=z Ep-cos 0^cos p: 

^ f 1 2^ 

_ 7- • ^ .rsin 0 cos 0\ ' ^ 

= — ^^.sin 0«cos -Y'v y /• 

Now a magnetic force is necessarily connected with the 
electric force in the incident wave, and from the fundamental 
equations (18) on page 269, and (12) above, the components 
of this force are found to be 

r- ^ ^^1 ^sin 04-^cos0\ "I 

a, = ~£,.cos 0 '/ej.cos-^l^/ ^ j, 


Ve^cos 


:4-^,-sin 0 


— 27r / 

ye^cos-y 


;ir sin 0 + ^ cos 0^ 

f\ h 

( sin 0 + ^ cos 0\ 
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If = o, E^ > 0, then = o, and differs from 

zero, i.e. the amplitude E^ of the 
electric force, which lies in the 
plane of incidence, gives rise to a 
component of the magnetic force 
which is perpendicular to the plane 
of incidence. Conversely, the 
component E^ of the electric force, 
which is perpendicular to the plane 
of incidence, gives rise to a mag- 
netic force wdiich lies in the plane 
of incidence. This conclusion that the electric and magnetic 
forces which are inseparably connected are always perpendic- 
ular to each other follows from the considerations already given 
on page 274. 

When the incident electromagnetic wave reaches the 
boundary it is divided into a reflected and a refracted wave. 
The electric forces in the reflected wave can be represented by 
expressions analogous to those in (ii) and (13), namely, by 



Fig. 83. 


_ z, o ^ sm (p' 2 cos (p'\ 

Rp • cos 0 • cos ^ ^ j f 


t-r 2;r/ 

Yr = -S.- cos — 


27 r / X sin 4 >' z cos <p‘ 


V, 


')■ 


— RySWi 0' cos -y 


27 t ! X sin 0' + 2: cos 0'' 


V, 


\ 


(15) 


The corresponding equations for the refracted wave are 

X sin x -\- ^ cos 


^2= Z?^-cos x-cos ~ 


Y^= D,.cos ^ 






X sin X z cos X 


V,. 


■). 


27r ( 

^2 = — Z)^-sin Af-cos -y 


X sin cos )l 


). 


(16) 


In these equations R^, 7?^, Dp, denote amplitudes, 0' 
the angle of reflection, i.e. the angle between the .s'-axis 
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and the direction of propagation of the reflected wave, x the- 
angle of refraction. 

The corresponding magnetic forces are, cf. (14), 


™ T> M ,/~ 27 r/ X <p' A- z cos. cf)\ "I 

— i?j-cos 0 • i/6j.COS ' I 


A = cos 


27 r 

T 






= +i?,.sin 0' -j/e^.cos 


27 r/ 

«2 = — A'cos X • rcj-cos y(if — 


T\ 

27 t/ X sin X ~i' cos n 


(17) 


^2 

27 r y 


A = + 


2;r 


^2 = +. 7 ?,-sin ;i:- t/ej-cos 


(18) 


On account of the boundary conditions (21) of the previous 
chapter, there must exist between the electric (or the magnetic) 
forces certain relations for all values of the time and of the 
coordinates x and j/. Such conditions can only be fulfilled if, 
for ^ = o, all forces become proportional to the same function 
of Xy fy i.e, the following relations must hold: 

sin 0 sin 0' sin 

~vr""~vr""~vr 

From the first of these equations it follows immediately that 
sin 0= sin 0'; i.e., since the direction of the reflected ray 
cannot coincide with that of the incident ray, 

cos 0 cos 0', i e. 0' = — 0. . . (20) 

This is the laiv of reflection y in accordance with which the 
incident and reflected rays lie symmetrically with respect to 
the normal at the point of incidence. 

The second of equations (19) contains the law of refrac- 
tion, since from this equation 

sin 0 : sin a: = F; : Fg = . . . . (21) 
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.in which n is the index of refraction of medium 2 with respect 
to medium i . 

The laws of reflection and refraction follow, then, from the 
fact of the existence of botmdary conditions and are altogether 
independent of the particidar form of these conditions . 

As to the form of these conditions it is to be noted that 
here similar expressions for the other 

components, since the electric force in medium i is due to a 
superposition of the incident and reflected forces. Hence the 
boundary conditions (21) on page 272 give, in connection with 
(20), 

{E^ — cos (}> -=z cos X, 

— D^, 

{E, — R^ cos (p cos X, 

{e, + r,)VE^ 

From this the reflected and refracted amplitudes can be 
calculated in terms of the incident amplitude. Thus: 


( 22 ) 




1 -1 

V e, cos <p^ 


cos 0 
cos X 


zE, = 

V ZQS X / \ 

2E - D 4--^^ 

^ - ^^\^cos 0+ vtJ' 

p / cos 0 _ „ / cos 0 

"^cosz ^\cos^“*" yrj 


+ i). 


(23) 


If the ratio V” ; V e,, which, according to (4), is the index 
of refraction n of medium 2 with respect to i, be replaced by 
sin 0 : sin a: [cf. (21)], then (23) may be written in the form > 

p _ _ P sin (0 -X) r, _ r tan (0 - x) 

" "sin(0 + A;y ^tan{0 + ;ry 

71 _ Z7 2 sin cos 0 „ ^ 2 sin ;t cos 0 

t I ,A I ^6 -C, 


sin(0 + A:)’ ^ ^ sin (0 + a:) cos (0 — J 


(24) 
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These are FresneV s reflection eqttaiions, from which the 
phase and the intensity of the reflected light can be calculated 
in terms of the characteristics of the incident light. 

It is seen from (24) that never vanishes, but that 
becomes zero when 

tan (^ + j) = 00, . • . (25) 

i.e, when the reflected ray is perpendicular to the refracted ray. 

In this case it follows from (25) that 

sin X = sin cos 0, or, cf. (21), 

tan (j) ^ n (25') 

When, then, the angle of incidence has this value, the 
electric amplitude in the reflected wave has no component 
which lies in the plane of incidence, no matter what the nature 
of the incident light, i.e. no matter what ratio exists between /f 
and Ep. Thus if natural light is incident at an *angle 0 which 
corresponds to (25'), the electric force in the reflcctecl wave 
has but one component, namely, that perpendicular to the 
plane of incidence; in other words, it is plane-polar hed. Now 
this angle <p actually corresponds to Brewster’s law given 
above on page 246. At the same time it now appears, since 
the plane of incidence was called the plane of polarization, that 
m a plane-polarized ivave the light vector is perpendicular to 
the plane of polarizatiojiy provided this vector be identified with 
the electric force. 

On the other hand the light vector would lie in the plane 
of polarization if it were identified zvith the magnetic force y since, 
by equation (17) (cf. also page 280), R^ signifies the amplitude 
of the component of the magnetic force which is perpendicular 
to the plane of incidence, Nenmann's reflection equations 
would follow from the assumption that the magnetic force is 
the light vector. 

The intensities of the reflected electric and magnetic waves 
are equal. For, given incident light polarized in the plane of 
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incidence, in order to calculate the reflected intensity it is 
necessary to apply only the first of equations (24), no matter 
whether the electric or the magnetic force be interpreted as the 
light vector. For, by (14) on page 279, is in every case 
the amplitude of the incident light. 

On the other hand the signs of the reflected electric and 
magnetic amplitudes are opposite. This difference does not 
affect the intensity, which depends upon the square of the 
amplitude only, but it does affect the phase of the wave. This 
will be more fully discussed for a particular case. 

4. Perpendicular Incidence. Stationary Waves. — Equa- 
tions (24) become indeterminate when 0=0, because then X 
is also zero. However, in this case, since ^ 

cos 0 = cos X = I, (23) gives 




’n-i-i’ 

The first of these equations asserts that, if n> I, the 
reflected electric amplitude is of opposite sign to the incident 
ampliUide, But the second equation asserts the same thing, 
for, when 0=0, like signs of and actually denote oppo- 
site directions of these amplitudes, as appears from the way in 
which and E^ are taken positive, in Fig. 83 on page 280. 
The stationary waves (cf. page 155) produced by the interfer- 
ence of the incident and reflected waves must have a node at 
the reflecting surface, which, to be sure, would be a point of 
complete rest only if were exactly as large as i.e. if 
;^ = 00 . For finite n only a minimum occurs at the mirror, 
since the reflected amplitude only partially neutralizes the 
effect of the incident amplitude. 

For the magnetic forces, however, E^ and Rp represent the 
components of the amplitude which are perpendicular to the 
plane of incidence, i.e. parallel to the j/-axis. Like signs of these 
amplitudes represent actually like directions, so that it follows 
from the second of equations (26) (also from the first, if the 
proper interpretation be put upon the direction of the amplitudes 
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in space) that the i^eflcctcd magnetic ampliUtde has the same 
direction as the incident magnetic ampliUtde . Hence stationary 
magnetic waves have a loop at the mirror itself if > i . 

Wiener’s photographic investigation showed that at the 
bounding surface between glass and metal a node was formed 
at the surface of the mirror. This indicates that the electric 
force is the determinative vector for photographic .effects, as 
was even more convincingly proved by the investigation of 
stationary waves formed in polarized light at oblique incidence 
(cf. page 25 1)., 

5. Polarization of Natural Light by Passage through a 
Pile of Plates. — From equation (24) it is seen that 

7t 

continually increases as 0 increases from zero to On the 

other hand : Ep first decreases, until it reaches a zero value 
at the polarizing angle, and then increases to the maximum 

7C 

value I when 0 = j (grazing incidence). But for all angles 

of incidence if E^:= E^, R,> R^, For, from (24), 

^ co^{<P + X) , . 

R, E, cos {(h — X) ^ 

Hence at every angle of incidence natural light is partially (or 
completely) polarized in the plane of incidence. And since 
by assumption no light is lost, the refracted light must be 
partially polarized in a plane perpendicular to the plane of 
incidence. This explains the polarizing effect of a pile of 
plates. 

Also an application of the last two of equations (24) to the 
two surfaces of a glass plate gives directly, for the passage of 
the light through the plate, 

a:), .... (28) 

in which D \ , Up denote the amplitudes of the ray emerging 
from the plate. Hence when E^ — Ep, it follows from (28) 
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that D\<D'p, i.e. incident natural light becomes by passage 
through the plate partially polarized in a plane perpendicular 
to the plane of incidence. To be sure, there is no angle 0 at 
which this polarization is complete, as is the case for reflection; 
it is more complete the larger the value of 0 . If 0 is equal 

to the polarizing angle* ^tan 0 = 7^, 0 -f- Af 

(28), when 




sin^ 2 0 




Hence when n 1.5, D[ \ and the ratio of the 

intensities ^ 0.73. After passage through five plates 

this ratio sinks to 0.73® = 0.20, i.e. the light would still differ 
considerably from plane-polarized light, 

6. Experimental Verification of the Theory. — Equations 
(24) may be experimentally verified either by comparing the 
intensities of the reflected and incident light, or more con- 
veniently by measuring the rotation which the plane of pola^Hza-- 
tion of the incident light undergoes at reflection or refraction. 
The amount of this rotation may be calculated from equations 
(27) or (28). 

If the incident light is plane-polarized, the quantity ol con- 
tained in the expression for the ratio of the components, 
namely, Ep\ tan o', is the azimuth of the plane of polariza’- 
tion of the incident light. The reflected and refracted light is 
likewise plane-polarized and the azimuth 0 of its plane of polar- 
ization is determined by (27) and (28). Thus tan ?/? = Rp : R,, 
For the measurement of this angle it is convenient to use the 
apparatus shown on page 258 without the Babinet compen- 
sator. The incident light is polarized by means of the Nicol 
P (the polarizer')^ and the Nicol p' (the analyzer') is then turned 
until the light is extinguished. The value of 0 which corre- 
sponds to any particular « can thus be observed. 


♦ At this angle the transmitted Hght is by no means completely polarized. 
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Both methods furnish sutisfactoiy verification of the laws of 
reflection; but Jamin found by very careful investigation t!\at, 
in the nciy^hborhood of the polari/in|4' an}.;’le, there is always a 
departure from those laws, in that the polari/.ation of the 
reflected li^ht is not strictly plane Init s(,>mewhat elliptical. 
Hence it cannot l)c entirely cxtin^^uishetl by tlu: anal}V.er 
unless the compensator is used. The explanation tT this 
phenomenon follows. 

7. Elliptic Polarization of the Reflected Light and the 
Surface or Transition Layer. —The above (Ievelopnu!nts make 
application of the boundary conditions (31) on page 271 and 
rest upon the assumption that when light passes from medium 
I to medium 2 there is a discontinuity at the Ixninding sur- 
face. But strictly speaking there is no disc<mtinuity in Nature, 
Between two media i and 2 tliere must always exist a tran- 
sition layer within which the dielectric constant varies continu- 
ously from to €,y This transition layer is indeed very thin, 
but whether its thickness may be neglected, as has hitherto 
been clone, when so short electromagnetic waves as are the 
light-waves arc under consideration, is very douhtfuL I'nrther- 
more the thickness of this transition layer lietwecn two metlia 
is generally increased by polishing the surface. 

In any case the actual relations can be better represented 
if a transition layer be taken into account. 

Nevertheless, in order not to unnecessarily complicate the 
calculation, it may be assumed that the thickness / of this 
transition layer is so small that all terms of higher order than 
the first in / may be neglected. 

Fir.st the boundary conditions which hold for the electric 
and magnetic forcc.s at the two boundaries of the Iransititnt 
layer will be deduced. These boundaries are defined as the 
loci of those points at which the dielectric con.stant first attains 
the values and respectively. 

According to the remark of page 267 equation.^ (iB) on 
page 269 hold within the transition layer also, 

If the fourth and fifth of these equations (18) be multiplied 
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by an element of the thickness of the transition layer, and 
integrated between the two boundaries i and 2, there results, 
since the quantities involved do not depend uponj/, provided 
be taken perpendicular to the plane of incidence, 

Now, by (21) and (21^) on pages 271 and 272, cxj /?, and eZ 
are approximately constant within the transition layer, so that 
a, and eZ may be placed before the sign of integration in 
the above equations and replaced by a^y ^2^2 * 

y 5 i, Thus 





dz 

6 * 


Introducing the abbreviation 


dz ^ I, I ^dz = /, 



(30) 


in which / denotes the thickness of the transition layer and e 
its dielectric constant at the point corresponding to the element 
dz of the thickness, equations (29) become 


c 'dt c -bt’ 

Likewise the first two of equations (18) give, after multipli- 
cation by dzy integration, and treatment as above, 

^ 




a .y'— I 


'dx 


c dt 


— P2 




(32) 


Equations (31) and (32) take the place of the previous 
boundary conditions (21) on page 271. 

To determine the electric and magnetic forces in media i 
and 2, equations (ii), (13), (14), (15), (16), (17), (18) of this 
chapter may be used, but with the limitation that the forces in 
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the reflected and ri'fracled wavi; must differ in phase from tlie 
incident wave by an arnmint whieli must he deduced from 
c;t]uations (31) and {^2). Without such a difference of phase 
these ecpiations cannot he salisfieil. 

Now these differences of pliase may l)e most sim[)ly taken 
into account in the followinp- way: Write, for instance |cf. 
equations (15), paj.fe 2Su|, 

X sin (/•' 


V-..-: Ah cos 


2 7 r , 

L 


-I' " j I 


then 1',. is the real part of the complex t[uantity 


A',-c 

Writing now 


Jir / \ stu ( a t on \ . I 

, / V“ r, 

AVc'® r.- R 


then 


h' 


iK j 


.yw i •4MI ) 

' j V r, ) 


(33) 

( 34 ) 


in winch the Hyininil means that tluj rtsal part af tin* ctunplex 
quantity which (olltnvs it is to he* taken, l*his complex 
(luantity within the hruckets ctmtains llu* amiJlitiuU* which 
is also complex, sn i/nti an advance in phase ii ivhiih aeenrs in 
3 ",. 7 nav he npresen/ed hr se/tinx' T, et/na/ io I he rea! part of 
an exponential fnnetion eontaininx' a eon/piex /tn tt*r (eomphw 
awp/itude). I’he other electric uiul nuqpietic forces may Ite 
treated in the same way. 

Instead of performing the calculations with the r<*al {lurts 
only of the complex (piantities, it is possible, wlum mdy linear 
equations (or linear differential cc|uations) are involved, to first 
set the electric and magnetic forces eciual to tlie com(dex 
quantities and, at the end of the calculation, to take the real 
parts only into consideration in detcnniiutig the pliysical 
meaning. 

Thus in the {wevious etpiations (n), (13), (14), (15), (tGi 
(17), (18) for the electric and magnetic, forces, the real ampli- 
tudes /q, fy, yc,, etc,, will be replaced by the complex 
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amplitudes Eg, Ep, Rg, Rp, etc., and the cosines by the 
exponential expression (cf. equation (34) ). Then the boundary 
conditions (31) and (32) give, since they are to hold for^ = o, 
and since + X ^ , — a'^ -j- , etc., 


(Ep-Rp)cos0=Dp 
Es + Rs= Ds 
(E3— R3)VejC0S9:>=D, 


.2n(.-l sm8;ir \-| 
cos x + zy{ye- 


• , .-in ._/■ 

I + 2-^ cos a: r e — 
r ^ c 


Ye, 


. 27 t ('sin’^Af 


gCOS 


-I)]. 


(Ep + Rp) 4/6^ = Dp r COB 




(35) 


From these equations Rg, Rp, Dg, Dp may be calculated 
in terms of Eg and Ep. It is the reflected light only which is 
here of interest. If the product Tc be replaced by A, the wave 
length in vacuo of the light considered, and if be replaced 
by c : Ve^, then, from (35), 


cos <f> Vfj-cos xVet+i Y cos 0 cos sin= xW 

cos (p y^+cos xV'^i+^ [/ cos <p cos ;i;+(/-yes sin*;t)V^ 2 ] 

— 27ir ~~~~ 

^ cos (p Y xV ^ sin® x\ 

cos 0 4 / 67 +COS y[/ COS 0 COS xY^X^%-\-P — ^^2 X ] 


(36) 


Now it is to be remembered that the terms which contain 


the factor z~ are very small correction terms, since they are 

proportional to the thickness I of the transition layer. Hence 
if the expressions (36) be developed to terms of the first power 
only of the ratio I : A, there results 


Rp _ cos (pYTl—cos xY 
cos 04/6a+cos;^|/^ 
Rs _cos 04/61 —cos 

cos 04/61+cos ;^ 4 /ea 


t -451^ _^./-/cos® y— /6a4-^76a^sin® y ) 

cos (pyex- — ^ y , 

A ^a cos^ 0 — 6, cos® X [ 


1+2 -j- cos <py€i 


/6a -P 


ex cos® 0 — 6a cos® X 


^ ( 37 ) 
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The denominator of the correction term which appears in 
the second of these equations can never vanish, i.e. cos^ <p 
can never be equal to cos^ for if , then always 

Xi and hence cos 0 < cos X- But the denominator of the 
correction term of the first of equations (37) does vanish if 


cos 0 = cos xVe^ (38) 

A simple transformation of (38) shows, since : V e, ==: ;z, 
that this condition is fulfilled for the polarizing angle 0, which, 
according to Brewster’s law, is determined by tan 0 == 7 t. 
Hence for this angle of incidence it follows from ( 37 )> or also 
directly from (36), that 


R 


p 

ipr == 2 — cos 
Ep 


<p V 


p cos® X — l 6 ^+ g-ei sin® x 


( 39 ) 


^ ‘ ^ (cos p 4^62 -f- cos X V €1)® 

Equations (37) can be further simplified by consideration 


of the law of refraction, namely, 


sin 0 : sin Z = , . (40) 

For from this it follows that 


cos* 0 — cos^ ;i: = — e^, \ 

cos* 0 — cos* X = ^ (^1 sin* (p — cos* 0) I ^ 

^2 ' 

Now the nature of the reflected light is completely deter- 
mined by the ratio Rp : R^. Assume that the incident light is 
plane-polarized at an azimuth of 45° to the plane of incidence 
(cf. page 286), Then Ep = Eg, and from (37) it follows, in 
consideration of (40) and (41), that 

Rp cos ( 0 +^) ( , .4^ ^2 cos 0 sin* 0 \ . s 

in which rj is an abbreviation for 


V — P — l{ex + Sj) 4 - ge^e^. . . . (43) 

At the polarizing angle (tan 0 = n) (42) assumes the value 


Rp 

Rs 





( 44 ). 
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as is seen most easily from (39) by dividing it by the secon 
of equations (37) and retaining terms of the first order only i 
T} : A.. 

In order now to recognize the physical significance of (42 
and (44) it must be borne in mind that, according to (33), 

= = ... (45 

in which and are the components which are respective!; 
parallel and perpendicular to the plane of incidence of th 
amplitude of the reflected electric force, and and are th 
advances in phase of these components with respect to the in 
cident wave. Hence 


Rs 



~ ^s) 




(46 


in which p is the ratio of the amplitudes and ^ the difference h 
phase of the two components. Hence, from (44), it follows tha 
at the polarizing angle 0 


p = 




4/ Cj + €2 

I 

Cl €2 


J = ;r/2, 


• (47. 


i.e. the reflected light is not plane-polarized in the plane 0 
incidence as it was above shown to be when the transitior 
layer was not considered, but it is elliptically polarized. Th( 
principal axes of the ellipse are parallel and perpendicular tc 
the plane of incidence (cf. page 249) and their ratio is 'p. p wil 
be called the coefficient of ellipticity. By (43), (47), and (30] 
this may be written 


nr |/ej + ej /’(e - 6,)(e - e^) 

p-x-^J i 


(48; 


in which the integration is to be extended through the transi- 
tion layer between the two media. 

According to (48) p is positive if the value of the dielectric 
constant e of the transition layer varies continuously between 
the limiting values and and if > €y But if at any 
point within the transition layer e > Cx and also e > €2 , then f 
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is negative when The relations arc inverted when 

i.e. when the medium producing the reflection has the 
smaller refractive index. In consideration of the way in which 
the amplitude is taken positive (cf. Fig, 83, page 280), it is 
evident that, if the coefTicicnt of ellipticity /i is positive, the 
direction of rotation of the reflected light in its eUii)tical 
vibration form is counter-clockwise to an observer standing* in 
the plane of incidence and looking* toward the reflecting sur- 
face, provided the incident electrical force makes an angle t)f 
with the plane of incidence and is directed froin upper left 
to lower right. But if p is negative, then when the same ctm- 
ditions exist for the incident electrical force, the direction of 
rotation of the reflected electrical force is clockwise. 

Also for any otlicr angle of incidence the rencctcd light is 
always elliptically polarized, even though the incident light is 
plane-polarized, for there is always a differt'nce of pha.se J 
between the and .ir-components, which, according to (42) 
and (46), has the value 


tan /I 


1 

4 1 V 


COS (/> sin'*^ </> 
sin'^ (/> — cos’*^ 0' 


• ( 49 ) 


while the ratio p of the amplitudes does not depart appreciably 
from the normal value 


cos' (0 xY 


• • (50) 


which is obtained witliout the consideration of a surface layer. 
In consideration of (47), (49) may be written 


tan J ” 


.sin 0 tan 0 


• (SO 


On account of the .smallness of p , the dinbrence of phase is 
appreciable only in the neighborhood of the polarizing angle, 
for which tan 0 = «, 

These theoretical conclusions have been completely verified 
by experiment. For, in the fir.st place, it i.s observed tliat 
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when the angle of incidence is that determined by Brewster^s 
law, the reflected light is not completely (though very nearly) 
plane-poIarized, since it is not possible to entirely extinguish it 
with an analyzing Nicol. The results of the investigation of 
the elliptic polarization of reflected light by means of the 
analyzer and compensator (cf. page 255) are in good agreement 
with equations (50) and (51). 

It is further found that the coefficient of ellipticity is smaller 
the less the reflecting surface has been contaminated by con- 
tact with foreign substances. Thus, for example, it is very 
small at the fresh surfaces of cleavage of crystals, and at the 
surfaces of liquids which are continually renewed by allowing 
the liquid to overflow. For polished mirrors p is considerable. 
The change in the sign of p when the relations of the two 
media are interchanged is in accord with the theory. The 
theory is also confirmed by the fact that, in the case of reflec- 
tion from polished surfaces, p is in general positive. Only in 
the case of media which have relatively small indices of refrac- 
tion, like fluor-spar {71 = 1.44) and hyalite {n = 1.42), has p 
been observed to be negative. This also might be expected 
from the theory, provided the index of refraction of the 
polished transition layer were greater than that of the 
medium. 

For well-cleaned polished glass surfaces, when the reflec- 
tion takes place in air, the value of p lies between 0.03 (for 
heavy flint glass of index n = 1-75) and 0.007. 

For liquids in contact with air the value of p does not 
exceed o.oi. Water has a negative coefficient of ellipticity 
which, when the surface is thoroughly cleaned, may be as 
small as 0.00035. There are also so-called neutral liquids 
like glycerine which produce no elliptic polarization by reflec- 
tion. According to the theoretical equation given above for 
the coefficient of ellipticity it is not necessary that these liquids 
have no transition layer, i.e. that an actual discontinuity occur 
in the dielectric constants in passing from the air to the liquid. 
Rather, layers which have intermediate values of the dielectric 
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constant may exist, provided only other layers whose dielectric 
constant is greater than that of the liquid are also present. 

When the coefficient of ellipticity is positive (for reflection 
in air) it is possible to determine a loiver limit for the thickness 
of the transition layer. For evidently, for a given positive 
value of p, the smallest thickness which the transition layer 
can have is attained when its dielectric constant is assumed to 
be a constant whose value is determined by making the factor 

flXf ^ in equation (48) a maximum. This is the case 

when e = ^ ''^hen the dielectric constant of the transi- 
tion layer is a geometrical mean of the dielectric constants of 
the two media. Hence, from (48), the lower limit I for the 
thickness of the transition layer is given by 

£= ^ = p ^ 

A- 7t *+- ^2 ^ Fi + 71^ — I ’ 

in which n denotes the index of refraction of the medium 2 


with respect to the medium i (air). Thus for flint glass, for 
which n = i* 7 S, p = 0.03 (cf. page 294), I : X z=z 0.0175. 
Hence the assumption of a transition layer of very small thick- 
ness is sufficient to account for a very strong elliptic pola^dzatioii 
in reflected light. 

8, Total Reflection, — Consider again the case in which the 
light incident in medium i is reflected from the surface of 
medium 2. If the index n of 2 with respect to i is less than 
I , the angle of refraction x which corresponds to the angle of 
incidence <p is not real if 

sin 0 

sin X = > I (S 3 ) 


At this angle of incidence cp there is then no refracted 
light, but all of the incident light is reflected (total reflection). 

In order to determine in this case the relation between the 
nature of the reflected light and that of the incident light, the 
method used in § 3 of this chapter must be followed. The 
discussion and the conclusions there given are applicable. In 
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order to avoid the use of the angle of refraction X in equations 
(22), (23), and (24), sin X may be regarded as an abbreviation 
for sin 0 : n, so that cos X may be replaced by 

sin- 0 



If sin 0 > n, this quantity is imaginary. In order to bring 
this out clearly the imaginary unit — i = 2 will be introduced, 
thus; 


cos X = 



( 54 ) 


Equations (23) must hold under all circumstances, t for they are 
deduced from the general boundary conditions for the passage 
of light through the surface between two isotropic media, and 
these conditions always hold, whether total reflection occurs 
or not. But when (54) is substituted in (23) the amplitudes -in 
the reflected light become complex, even when those of the 
incident light are real. From the physical meaning of a com- 
plex amplitude which was brought out on page 289, it is 
evident that in total reflection the reflected light has siijflered a 
chaiige of phase with respect to the incident light. 

In order to calculate this change of phase, write, in accord- 
ance with (45), for the reflected amplitudes which appear in 
(23) the complex quantities so that from (23) and 

(54), since Ve ^ : = n, 



i cos 0 
Y sin^ 0 — 7 ? 
i cos 0 • 71 
Y sin^ 0 — iP' 


■) 


( i cos 0 
V^siir 0 — 7^ 




i cos 4 ^-n 

Ysiii^ 0 — 7p 



■ ( 55 ) 


*Cos X must be an imaginary with a negative sign. According to the condi- 
tions which are to be fulfilled, either a positive or a negative value of cos x would 
be possible. This could be physically realized only if the medium 2 were a plate 
upon both sides of which light were incident at the same angle 0, which must also 
be greater than the critical angle. This appears from the considerations in § 9. 

f The transition layers will here be neglected. They have but a small influence 
upon total reflection ; cf. Drude, Wied. Ann. 43, p. 146, 1891. 
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In order to obtain the intensities of the reflected light, i.e. 
the values of and it is only necessary to multiply equa- 
tions (55) by the conjugate complex equations, i.e. by those 
equations which are obtained from (55) by substituting — 2 
for 2.* The result is 


£/ = R/, E/^R/, .... (56) 

i.e. the intensity of the reflected light is equal to that of the 
incident light (total reflection). This holds also for each of 
the components (the s and p) separately. 

The absolute differences of phase and will not be dis- 
cussed, but the relative difference A = 6 ^ is of interest 

because, according to page 292, the vibration form of the 
reflected light is obtained from it. Division of the first of 
equations (55) by the second gives, when := E^, i.e. when 
the incident light is plane-polarized at an azimuth of 45° with 
respect to the plane of incidence, since then, according to 
iS 6 ),R, = R,, 


1 cos 0 — Vsm^ (p — I cos 0 + 4/sin^ <f> — 

2 cos 4> »n——Vs\v? <p—9p 2 cos 0-22-h- Vsin^ 0— 

n n 


r * (57) 


From this it follows that 


... . ^ sin^ 0 + f cos 0 ^sin^ 0 — 7 ? 

^ ~ 5^) ^ ^ 1 — J . 

sin^ 0—2 cos 0 V^'sin^ 0 — 


Hence 


I i cos 0 4/ sin^ 0 — 

I e^A ~~ 0 


If this equation be multiplied by the conjugate complex 
expression, there results, since = 2 cos A^ 


I — cos A j cos 0 47 sin^ 0 — 

I -f- cos A ( sin^ 0 


* Every equation between complex quantities can be replaced by the conjugate 
complex equation; for the real and the imaginary parts of both sides of such equa- 
tions are separately equal to each other. 
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tan 


cos (p V sirf <p — 
sin^ 0 


. ( 58 ) 


From this it appears that the relative difference of phase A 
is zero for grazing incidence 0 = as well as for the critical 
angle sin p=:n; but for intermediate values of the angle of 
incidence it is not zero, i.e. the reflected light is elliptically 
polarized when the incident light is plane-polarized. A differ- 
entiation of (58) with respect to 0 gives 

I sin^ 0(1 + rP) 

2 cos^ \A 90 0 -/sin^ cp — 

Hence it follows that the relative difference of phase A is a 
maximum for that angle of incidence 0' which satisfies the 
equation 


sin^ 0' = 


2n^ 
I + 


( 59 ) 


Hence the maximum value A^ of the difference of phase is 
given, according to (58), by 

^ At ^ s 

tan (60) 


For glass whose index is 1.51, i.e. for the case in which 
n 1 : I. (since the reflection takes place in glass, not 
in air), it follows from (59) that 0'= 51° 20', and from (60) 
that A^ = 36'. A has exactly the value 45° both for 

0 = 48° 37' and for 0 = 54° 37'. Two total reflections at 
either of these angles of incidence produce circularly polar- 
ized light, provided the incident light is plane-polarized in the 
azimuth 45"^ with respect to the plane of incidence, i.e. pro- 
vided = E^ and = R^. Such 
a twofold double reflection can 
be produced by Fresnel's rhomb, 
which consists of a parallelepiped 
of glass of the form shown in Fig. 
84. When the light falls normally upon one end of the rhomb 
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and is plane-polarized in the azimuth 45° with respect to the 
plane of incidence, the emergent light is circularly polarized. 

Circular polarization can also be obtained by a threefold, 
fourfold, etc., total reflection at other angles of incidence. 
The glass parallelopipeds which must be used in these cases 
have other angles, for example 69° 12', 74° 42^ etc., when 
the index of the glass is i . 5 1 . 

9. Penetration of the Light into the Second Medium in 
the Case of Total Reflection, — In the above discussion the 
reflected light only was considered. Nevertheless in the 
second medium the light vector is not zero, since equations 
(23) on page 282 give appreciable values for and 
The amplitude decreases rapidly as ^ increases, i.e. as the 
distance from the surface increases, for by (16) and (18) on 
pages 280 and 281 the electric and magnetic forces in the 
second medium are proportional to the real parts of the com- 
plex quantities 

sin X + * cos 

^ (61) 

which, when X is eliminated by means of equations (53) and 
(54), takes the form 

aTT / sin^ .giTx A:sln<^ \ 

, . . (62) 

Thus for values of z which are not infinitely large with 
respect to the wave length TV^^\ in the second medium, 
the amplitude is not strictly zero. 

This appears at first sight to be a contradiction of the con- 
clusion that the intensity of the reflected ligh^ is equal to the 
intensity of the incident light, for whence comes the energy of 
the refracted light .? 

This contradiction vanishes when the flow of energy 
through the bounding surface is considered. According to 
equation (24) on page 272 this flow is, since in this case 
cos (nx) = cos {ny) = o, cos (nz) = i, 

. . (63) 
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If now the electric and magnetic forces be taken as the 
real parts of the complex quantities which are obtained from 
the right-hand sides of equations (i6) and (i8) on page 280 

by replacing the factor cos . . .) by ^ , it is clear 

that, on account of the factor cos Xy which by (54) is purely 

7 t 

imaginary, has a difference of phase — with respect to , 

7 t 

and ^ difference of phase — with respect to so that by 

2 

writing 

Tr \ 

F 2 = ^ COS\^-y- + djy 

in which a and <5^ no longer contain the time, the magnetic 
force takes the form 



Hence if a^Y^dty contained in the expression (63) for the 
energy flow, be integrated between the limits / = o and ^ = 7 ", 
there results 


f a^Y^dt = aa' f sin^^ + 

k/ o *-/ o 


cos I- 


( 27tt 

T' 


+ s} 


dt 


T 

47t 




T 


= o. 

o 


In the same way the integral of ^^X^dt vanishes. Thus, 
on the whole, during a complete period, no energy passes from 
medium i to medium 2. Hence the reflected light contains 
the entire energy of the incident light. 

That no energy passes through the ;ir^-plane appears 
plausible from (62). For this equation represents waves which 
are propagated along the .r-axis. But from equation (24) on 
page 272 tlVere is an actual flow of energy into medium 2 when 
the direction of flow (i.e. the normal 71) is parallel to the 
;r-axis. There is then a passage of energy into medium 2 at 
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one end of the incident wave, i.e. when jir is negative, but this 
energy is carried back again into medium i by the waves of 
medium 2 at the other end of the wave, i.e. when is positive. 

These waves of variable amplitude possess still another 
peculiarity: they are not transverse zvaves. For it follows 
from (62) that they are propagated along the .^"-axis ; hence if 
they were transverse, would of necessity be equal to zero. 
But this is not the case. This is no contradiction of the 
Fresnel-Arago experiments given on page 247 which were 
used as proof of the transverse nature of light; for those experi- 
ments relate to waves of constant amplitude. Quincke’s inves- 
tigation, showing that these waves of variable amplitude may 
be transformed into waves of constant amplitude when the 
thickness of medium 2 is small, i.e. when it is of the order of 
magnitude of the wave length of light, may be looked upon as 
proof that, in the case of total reflection, the light vector in 
the second medium is not zero. As a matter of fact, if medium 
2 is a very thin film between two portions of medium i, no 
total reflection takes place, for, in the limit, the thickness of 
this film is zero, so that the incident light must pass on undis- 
turbed, since the homogeneity of the medium is not disturbed. 
As soon as the medium 2 becomes so thin as to appear trans- 
parent, then it is evident that, even at angles larger than the 
critical angle, the reflected light must lose something of its 
intensity. All the characteristics of this case can be theoreti- 
cally deduced by simply applying upon both sides of film 2 the 
universally applicable boundary conditions (21) on page 271.* 
10. Application of Total Reflection to the Determination 
of Index of Refraction. — When the incident beam lies in the 
more strongly refracting medium, if the angle of incidence be 
gradually increased, the occurrence of total reflection is made 
evident by a sudden increase in the intensity of the reflected 
light, and the complete disappearance of the refracted light. 
But it is to be remarked that the curves connecting the inten- 


* Cf. Winkelmann’s Handbuch, Optik, p. 780. 


sities of the reflected and refracted light with the angle of 
incidence <t> have no discontinuity at the point at which 0 
reaches the critical angle. Nevertheless these curves vary so 
rapidly with 0 in this neighborhood that there is an apparent 
discontinuity which makes it possible to determine accurately 
the critical angle 0 and hence the index of refraction.* Thus, 
for instance, for glass of index n =: the following relations 

exist between the intensity of the reflected light and the 
angle of incidence 0 [E], is set equal to i , C is the angle in 
minutes of arc by which <p is smaller than the critical angle): 

C[ 2^ 4 ' 8 ' 15^ 30^ 

E/ I 0.74 0.64 0.53 0.43 0.25. 


II, The Intensity of Light in Ifewton^s Rings. — The 
intensities of the reflected and transmitted light will be calcu- 
lated for the case of a plate of dielectric constant and thick- 
ness d surrounded by a medium of dielectric constant e^. Let 
the first surface of the plate upon which the light falls be the 
.ry-plane, the second surface the plane z ^ d. 

For the sake of simplicity the incidence will be assumed 
to be normal and the incident light to satisfy the equations 

^.= 0, 2; = o. . (64) 

Setting ■= o places no limitation upon the generality of 
the conclusions, since, at perpendicular incidence, all results 
which hold for the _y-component of the light vector hold with- 
out change for the .^-component also. 

According to equations (14) on page 279, if (64) represents 
the electric force, the incident magnetic force is represented 
by 

Of, = — £ _ o, r. = o. . (65) 


* For the construction of total refractometers and reflectometers for this pur* 
pose, cf. Winkelmann’s Handbuch, Optik, p. 312. 
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By equations (15) and (17) on pages 280 and 281, the 
reflected electric and magnetic forces in medium i are repre- 
sented by 

= F,= R,<”'/7-(. + -/n), F,= o, ) 

«,= RV'v‘*’’A(' + V«',X /5,= o, f, = o;) 

Now repeated reflections and refractions take place at the 
surfaces of the plate (cf. above, page 137); but it is not neces- 
sary to follow out each one of these separately, since their 
total effect can be easily brought into the calculation.* This 
effect consists in the propagation of waves within the plate 
along both the positive and the negative directions of the 
.2-axis. For the former the following equations hold; 

X' = o, F' — Z' = o; 

y 3 ' = o, / = 0; 

while for the latter 

X" = o, = + Z" = o-, ) 

a" = D''V 7 / -t- V P" = 0, y" = 0. j 

Let the total effect of all the waves which have passed 
through the plate be 

= z,, = o, ) 

= — D 1 / 6 ^ 2 * ~ = 0 , Vd= 0 . ) 

It is now necessary to apply at both sides of the plate 
— o, d) the boundary conditions (21) on page 271, 
which here take the form 

= + + for^^o, . (70) 

F^, = {or0=d. . (71) 

The conditions (70) give 

E->rR = D'-\-D'', {E-R)VT^--={D'-D'')V'^, . (70') 

* Equations (66) are to represent the total effect of all the separate waves which 
are propagated in medium i along the negative ^i-axis. 
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and the conditions (71) 

D'e - -j- D"e + ‘^ — De- 

{D'e - — U'e + '>) V'e^ = De- V\ , 


in which p and q are abbreviations for 

2 it d d 2 Tt d d 

From (71') follows at once 

(Z7V - '> + D"e + '>) = iP'e " — D"e + '>) , 


from which is deduced 


(71') 


(73) 


D'e - '>( ~ Ve^) = D"e + '>( Ve^ + Ve,)- • • (73) 

From (70'), 

^ + R 7?' + Z)" 

E - K~ D' -- D" ' 
i.e. 

R i?'( j/i; - 4/6,) -}- j/j; + 

£ ~ D‘{ + i/^) + n"{ Ve^ - Ye/ 

» In consideration of (73) this last may be written 

R_ €,) 

E ^ 6 ^ 4 - 

_ g sin/-(€^ — 6^) 

/ sin /-(e, + + 2 4/6^- cos 


In order to obtain the intensity of the reflected light, 
this equation must be multiplied by the conjugate complex 
equation (cf. page 297). Thus, when denotes the intensity 
of the incident light, there results 

sinV(ei-e,y _ sinVCl-^^')* , , 

‘^’'“‘^'sinV( 6 ^- e^f-Y4e,e^ ~ sin* p{\ - 7Yf -f 41Y' 

provided so that n is the index of the plate 2 with 

respect to medium i . 
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From (70') and (71') it is easy to deduce the equation 

De ^ 4 ^^1 S 

E + V'eJ' — Ve^ — 

2 V 7 ^ 


i sin p{e^ + e^) + 2Ve^€^*cos p 
So that the intensity of the transmitted light is 

T T 4^1^2 

^ ^^sin2 p ^ 

Hence the relation holds 

J d I ~ kJt J e > • • * • • 

as was to be expected, since the plate absorbs no light 

According to (74) the reflected light vanishes completely 
when / = o, tt, 37r, etc., i.e. when the thickness of the plate 
d = o, , Ag, fAg, etc. This is in agreement with the results 
deduced from equation (17) on page 139, A maximum of 


( 75 ) 


(76) 


intensity occurs when sin p — Then J^— 


, 2\2 


I “4” 


[In the case of normal reflection at one surface only, equation 

(26) on page 284 gives 7. '] 

If media i and 2 are air and glass, ^2 = 1.5. In the case 
of Newton’s rings these media are glass and air, so that 
=: r : 1.5. In both cases equation (74) becomes 

_ _sin 2 /.i .56 

Jr — Je'2 


'sin^/- 1.56 +9’ 


Hence, for an approximation, the term sin^/(i — ^1"^^ 

denominator of (74) may be neglected in comparison with 4;/^, 
so that at a point in the Newton ring apparatus at which the 
thickness of the air film is 

^ (77) 
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A denotes the wave length in air. If the incident light is 
white, and if denotes the intensity in the incident beam of 
light of wave length A, then the intensity of the reflected light 
is, provided dispersion or the dependence of n upon A be 
neglected. 

The colors of thin plates are then a mixture composed of 
pure colors in a manner easily evident from (78). 

12. Non-Homogeneous Media : Curved Rays. — The opti- 
cal properties of a non-homogeneous medium, in which the 
dielectric constant e is a function of the coordinates -r, jj/, will 
be briefly considered. The most logical way of doing this 
would be to 'integrate the differential equations (18) on page 
269; for these hold for non-homogencous media also. To do 
this e must be given as a function of Xy j/, and is. This method 
would give both the paths of the rays and the intensities of the 
reflections necessarily taking place inside of a non-homogene- 
ous medium. But even with the simplest possible assumption 
for ethis method is complicated and has never yet been carried 
out. Investigation has been limited to the determination of 
the form of the rays from Snell’s law or Huygens’ principle — 
a process which succeeds at once if the medium be conceived 
to be composed of thin homogeneous layers having different 
indices. When the index varies continuously, the ray must of 
course be curved. Heath has deduced for its radius of curva- 
ture p at a point P the equation 

I d log 11 
p dv ’ 

in which y denotes the direction of most rapid change (decreas- 
ing) of the index n. 

This equation explains the phenomenon of mirage, which 
is observed when the distribution of the density of the air over 


* Heath, Geometrical Optics. Cambridge, 1897. 
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the earth’s surface is abnormal, as is the case over heated 
deserts. At a certain height above the earth the index 7i of 
the air is then a maximum. But in this case, by (79), p = 00 , 
i.e. at this height the ray has a point of inflection. Hence two 
different rays can come from an object to the eye of an ob- 
server, who then sees two images of the object, one erect, the 
other inverted.* 

An interesting application of the theory of curved rays has 
been made by A. Schmidt. t He explains the appearance of 
the sun by showing that a luminous sphere of gas of the dimen- 
sions of the sun, whose density increases coniinuonsly from 
without towards the interior, would have .sharp limits, as the 
sun appears to have. For a ray of light which travels towards 
such a sphere of gas so as to make an angle less than a certain 
angle 0 with the line drawn from the observer to the centre of 
the sphere is deflected toward the centre of the sphere and 
passes many times around that centre. It thus attains depths 
from which a continuous spectrum is emitted, for an incan- 
descent gas emits such a spectrum when the pressure is suffi- 
cient. But a ray which makes an angle greater than <t> v/ith 
a line drawn to the centre of the sphere must again leave the 
sphere without having traversed intensely luminous layers. 
Although there is no discontinuity in the sun’s density yet it 
appears as a sharply bounded disc which subtends a visual 
angle 20. 

For the experimental presentation of curved rays cf. 
J. Mac6 de Lepinay and A. Perot (Ann. d. chim. et d. phys. 
(6) 27, page 94, 1892); also 0 . Wiener (Wied. Ann. 49, page 
105, 1893). The latter has made use of the curved rays in 
investigations upon diffusion and upon the conduction of heat. 


* A more complete discussion of these interesting phenomena with the refer- 
ences is given in Winkelmann’s Handb., Optik, pp. 344-384. 

•)* A. Schmidt, Die Strahlenbrechung auf der Sonne. Stuttgart, 1891. 
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I. Differential Equations and Boundary Conditions.^ — A 
crystal differs from an isotropic substance in that its properties 
are different in different directions. Now in the electromag-- 
netic theory the specific properties of a substance depend solely 
upon its dielectric constant, provided the standpoint taken on 
page 269, that the permeability of all substances is equal to 
unity, be maintained. 

Now an inspection of the deduction of the differential 
equations for an isotropic body as given upon pages 269 sq. 
shows that equations (17) contain only the specific properties 
of the body, i.e. its dielectric constants. But equations (7) 
and (ii) are also applicable to crystals, as has been already 
remarked. Plence only equations (17) need to be extended, 
since in a crystal the dielectric constant depends upon the 
direction of the electric lines of force. The most general 
equations for the extension of (17) are 


4% 


475^, = 



dJT 

1 

dv 

+ 


^11 

dn 

r ^12 


3 /- ’ 


djr , 


dV 

+ 


^21 

di 

h ^22 

di 

^23 > 




dV 

+ 

dZ 


. 

€32 


®33 ’ 


• (0 


since the components of the current must always remain linear 
^ ^dJTdVdZ ^ ^ 

functions ol — , — . Equations (i) assert that in general 

in a crystal the direction of a line of current flow does not 
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coincide with the direction of a line of force, since if, for 
example, Y and Z vanish while X remains finite,/ and do 
not vanish. 

Equation (23) on page 272 for the flow of energy may be 
deduced by multiplying the general equations (9) and (ii), 
namely, 

47 r . __ ^ __ 3 /? 15 — 

^ 3 . 8 ’ ’ ‘ ^ 3.8 3 j/ ' ‘ ‘ ’ 

by Xdt^ . . . and integrating with respect to t, {dr repre- 
sents element of volume.) The result is 

+ t/ 

in which (£ represents the energy in the volume element d r. 
This equation may also be applied to crystals, since the specific 
properties of the medium do not appear in it. Hence the 
change in the electromagnetic energy in unit volume with 
respect to the time is 

3 ® 

+ S,y. 

Since the last three of equations (17) on page 269 hold in 
this case also (when = i) the last three terms of this equation 
are a differential coefficient with respect to the time, i.e. 

^ + ^ + r^)- 

Consequently must also be a differential 

coefficient with respect to the time. In order that this may be 
possible in consideration of (i), the following conditions must 
be fulfilled: 

^21 “ ^12 ’ Si ~ ^13 > S3 “ > 


(2) 
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and in this case the part ©j of the energy which depends upon 
the electric forces is 

+ 2e„2X+ 26, ^F). ( 

By means of a transformation of coordinates ©j may always 
be reduced to the canonical form 

®. = jiC'.-^ + (4) 

When the coordinates have been thus chosen the factors ^Hk 
vanish and equations (i) take the simplified form 

•-iLM" --Air • _ {\ 

These coordinate axes are characterized by the fact that 
along their direction the electric current coincides with the 
direction of the electric force. These rectangular axes will be 
called axes of electric symmetry^ since the crystal is symmetrical 
in its electrical properties with respect to them, or also with 
respect to the three coordinate planes which they define. 

^3 signify the dielectric constants corresponding to the 
three axes of symmetry. They will be called the principal 
dielectric constants. 

As was remarked above, the assumption will be made that 
the permeability of the crystal is the same in all directions. 
Although this is not rigorously true, as is evident from the 
tendency shown by a sphere of crystal when hung in a power- 
ful magnetic field to set itself in a particular direction, yet 
experiment justifies the assumption in the case of light vibra- 
tions.* 

Hence in the differential equations (i8) on page 269, which 
apply to isotropic media, only such modifications are necessary 

♦ The theoretical reason for setting // = i in the case of the light vibrations will 
be given later, in Chapter VII. 
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as are due to' the fact that the dielectric constant has different 
values in different directions. The dielectric constant appears 
in only the first three of equations (18). These equations assert 
that the components of the current are proportional to the quan- 

titles etc. Since the components of the current in a 

crystal are given by equations (i) and (5), the general differ- 
ential equations (7) and (ii)of the electromagnetic field on 
pages 265 and 267 become for a crystal, when its axes of 
electric symmetry have been chosen as coordinate axes, 


c ?)t 'bj/ 'dz' 

I .'doc 'dY dZ 

c dt dz d)y' 



doc 

dy 

c dt 

dz 



dZ 


c dt 

dx 

3.5 ’ 


doc 

c dt dx dz^ 

I dy dY 

c di dy dx 


( 6 ) 

( 7 ) 


When referred to any arbitrary system of coordinates, 
equations (6) must be replaced by 


I / 

c dt 




dY 


dt ) dy dz' 


(6') 


The conditions which must be fulfilled at the bounding sur- 
face between two crystals, or between a crystal and an isotropic 
medium, for example air, may be obtained from the considera- 
tions which were presented in § 8 of Chapter I, page 271. 
They demand that^ m passing throtigh the botmdary, the com- 
ponents of the electric and magnetic forces parallel to the 
boundary be coniinuotis. 

2. Light-vectors and Light-rays. — In the discussion of 
isotropic media on page 283 it was shown that different 
interpretations of optical phenomena are obtained accord- 
ing as the light-vector is identified with the electric or with 
the magnetic force. Both courses accord with the results of 
experiment if the phenomena of stationary waves be left out 
of account. The case is similar in the optics of crystals, save 
that there is here a third possibility, namely, that of choosing 
the electric current as the light-vector. Its components are 
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then proportional to ^3:^. Thus in the optics 

of crystals there are three possible theories which differ from 
one another both as regards the position of the light-vector 
with respect to the plane of polarization, and also as regards 
its position with respect to the wave normal in the case of 
plane waves. As to the latter difference it appears from page 
278 that the light-vector is perpendicular to the wave normal 
in the case of plane waves (i.e. plane zvaves are transverse'), if 
its components, which will here be represented by u, Vy and w, 
satisfy the differential equation 


'bn bv bw 
bx'^ bjy"^ b^ ^ ^ 


( 8 ) 


Differentiation of equations (7) with respect to ;tr, j/, and .3- 
and addition of them gives, as above on page 275, 


bt\ba:'^ by~^bzl 


= o, 


( 9 ) 


i.e. the waves are transverse if the magnetic force is taken as 
the light-vector. 

If the same operation be performed upon the three equations 
(6), there results 



i.e. the waves are likewise transverse if the electric current be 
interpreted as the light- vector. 

But the waves are not transverse if the electric force is 
taken as the light-vector, since, in consequence of the last 
equation, because of the differences between and €3, 

the following inequality exists : 


(“) 


^ + 

The plane of polarization is defined by the direction of the 
wave normal and the magnetic force, as was shown on page 
283 to be the case for isotropic media. 
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Thus the characteristics of the three possible theories of 
the optics of crystals are the following: 

1 . The magnetic force is the light-vector. Plane waves are 
transverse; the light-vector lies in the plane of polarization. 
(Mechanical theory of F, Neumann, G. Kirchhoff, W. Voigt, 
and others.) 

2. The electric force is the light-vector. Plane waves are 
not strictly transverse; the light- vector is almost perpendicular 
to the plane of polarization. (Mechanical theory of Ketteler, 
Boussinesq, Lord Rayleigh, and others.) 

3. The electric cnrre^it is the light-vector. Plane waves are 
transverse; the light-vector lies perpendicular to the plane of 
polarization. (Mechanical theory of Fresnel.) 

These differences in the theory cannot lead to observable 
differences in phenomena so long as the observations of the 
final light effect are made in an isotropic medium upon ad- 
vancing, not stationary, waves. No other kinds of observations 
are possible in the case of crystals. Hence nothing more can 
be done than to solve each particular problem rigorously, i.e. 
in consideration of its special boundary conditions. 

The system of differential equations and boundary condi- 
tions to be treated are then completely determined, and there 
results one definite value for the electric force in the outer 
isotropic medium no matter what is interpreted as the light- 
vector in the crystal. The results which can be tested by 
experiment are the same whether the magnetic force or the 
electric force is taken as the light-vector in the outer medium. 
For, according to the fundamental equations, the intensity of 
the advancing magnetic wave is always the same as the 
intensity of the advancing electric wave. 

The electromagnetic theory has then the advantage that it 
includes a number of analytically different theories and shows 
why they must lead to the same result. 

A ray of light was defined on page 273 as the path of the 
energy flow. According to the equation given on page 310 
for the electromagnetic energy in crystals, equation (23) on 
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page 272 for the flow of energy holds for crystals also. The 
direction cosines of the ray of light are then also in the crystal 
proportional to the quantities , y^ , defined in equation 

(25) on page 273. 

TAe ray of light is then perpe 7 idicular both to the electric 
and to the magnetic force. In general it docs not coincide 
with the normal to a plane wave, since from the inequality (i i) 
this normal is not perpendicular to the electric force. 

3, FresnePs Law for the Velocity of Light.— In order to 
find the velocity of light in crystals, it is necessary to deduce 
from equations (6) and (7) such differential equations as 
contain either the electric force alone or the magnetic force 
alone. The former are obtained by differentiating the three 

equations (6) with respect to t and substituting for 

which appear upon the right-hand side, their values taken 
from (7). Thus from the first of equations (6) 


e,b^X 

= —( 

■bX 

bY\ b / 

d* b^ 

bj/\ 

. 'dy 

bx } bz V 


3.^ ] 


The right-hand side of this equation can be written in the 
more symmetrical form 


6 , 










d /dx 

Zj/ \ 'bx 
b !bX 


bz ' bx 


4- 


^ dy 

^ 3a/ 

^nations of (6), 

3F 

bz\ 

■ by ' 

bz !' 

dF 

bz\ 

by ' 

bz '■ 


(12) 


( 12 ) 


From the discussion of the preceding paragraph it appears 
that only analytical differences result from differences in the 
choice of the light-vector. In order to bring the discussion 
into accord with Fresnel’s theory, the light-vector will be 
assumed to be proportional to the electric current. Let u, v, 
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zv, be the components of the lij^ht-vector for plane waves, 
thus; 

ji = e^X = cos ^ y ^ 


4(c» -I- ;'r'‘ 

in which it is assutuecl that 

9JP -H !Jf» -h I. . . (14) 

A denotes then the amplitude of the light-vector, ilj^, U?. its 
direction cosines with respect to the axes of electric symmetry, 
iH, n, p the direction cosines of the wave intrinal, I ' the 
velocity of light measuretl in the direction of the wave nornuil 
(the so-called velocity along the normal). On account of 
equation (lO) the relation holds 

‘Hdtm -f- '1)1/1 -I- 1)^/ o, , . . . (15) 

which signifies that the wave is transverse. 

Sub.stitution of the values (13) in (12) gives {C is widlten 
for c above) 


SDi 




C» “ 

fc,F“ ■ 

- 

^ ■ 


Ut 

// 1 

m/u 

-- 

-yi ~ 

■ 'p 




. ^1 

(lOl/U 

'C^ ~ 


K*' 



A multiplication of these equations by C'^V^ and a .substi- 
tution, for brevity, of 

(7^ : = I>\ C* : % = A* . (16) 

rt-’SOJwi -1» -) • Al^p = 6’», . . . (i6') 

*The kuttCT c huH two mraniii^iH in IIu'h Inwik. In grufral t the 

of light in vaeuo. In tho sfction m tjptica of crysUb C will Ins used tu driiotr 
this velocity, and c will stand for C j y'c-a* 
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gives 

m{cF-V^)=mG\ ^iP-V^)=p(?, (17; 

i.e. 

= ^ = ^ = (170 

If these last three equations be multiplied by n, /, 
respectively, and added, the left-hand side reduces to zero, 
because of (15), so that, by dropping the factor ( 9 ^, there re- 
sults 

in^ I I ^ ^ /,o\ 

_ ;/2 + ^3 _ j72 + ~ • • (^^) 

This equation, which expresses the functional relationship 
between and m, and /, is of the second degree in V'^. 
Hence for every particular direction of the wave 7 iormal there 
are tivo different values for the velocity. Equation (iS) is 
called Fresnel’s law. 

When m -= 1 ^ n =1 p = Oy the two velocities are = IP, 

= (?. Thus when the wave normal coincides with one of 
the axes of electric symmetry of the crystal, two of the quan- 
tities a, and c represent velocities. Hence a, b, c are called 
the principal velocities . 

The same law of velocity (18) results if either the electric 
or the magnetic force is taken as the light- vector. 

4. The Directions of the Vibrations. — Two waves travel- 
ling with different velocities correspond to every wave normal. 
The position in these waves of the characteristic quantity, for 
example the electric current, is perfectly definite and differ- 
ent in the two waves. Thus if the indices i and 2 refer to the 
two waves respectively, then, from position of the 

light-vector is obtained from 

3K • • 9? — * - • - 

r • (19) 

JJC2 . • 433 ^ • ^2 _ Y^ * ^ Vf J 
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Thus in the direction of a given wave normal but two i)lanc- 
polarized waves are able to be propagated, and these waves 
are polarized at right angles to each other. For, from (ly), 


But now 


ur 




+ ctc« 


( 20 ) 


nP / ^ ^ N 

so that the left-hand side of (20) is proportional to 

I j vP j iP I 

Vf^V} I - V} + - 

vP fP \ 

/p A-} 7 y ‘ 

Now since both and satisfy e(piation (iH), this emtire 
expression is equal to zero. Couseciucntly the light- vector 
9?^, is perpendicular to 

The velocity is a si?ijf/c- 7 'aL/ed fitnction of the direction of 
vibration, I"or, in consideration of (ly), FresnoFs law (18) 
may be written 

(^2 _ ^ 


i.e., since = P 

P^ = am‘^ + (1 80 

5, The Normal Surface. — In order to gain a conception 
of how the velocity varies with the direction of the wave 
normal, it is best to lay off from a given origin 0 , in all po.ssi 
ble directions of the wave normals, the two velocities as radii 
vectores. In this way a surface consisting of two sheets is 
obtained, — the so-called normal surface. In a plane of electric 
symmetry, for example the j^.c^-planc, the two values of the 
velocity are, by (18), 

V^^a\ V;^^lPf^^An\ . . . (21) 

i.e. the section of the wave surface by a plane of electric 
symmetry consists of a circle and an oval. If a ^ b > e, the 
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sections of the wave surface by the planes of symmetry are 
shown in Fig. 85. In the ;r^-plane, for two directions of the 
wave normal, which are denoted by and A^, the two roots 
V and V„ of necessity coincide, since the two sheets of the 
normal surface intersect. It can be shown that this occurs for 



no other directions of the wave normal) for the quadratic equa- 
tion in is, by (i8), 


-f- “I- = 0 . . . . (22) 

If the following abbreviations be introduced : 

m\h^ - n\d - P = p\a^ - b% , (23) 

the solution of (22) is 


2 = m\b^ + ^) + + cP) + P\ci^ + P) \ 

± - 2 MN - 2 NP - 2 MP. ) 


(24) 
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Now since a> b > c, M and P are positive, N negative. 
Since the quantity under the radical may be put in the form 

{M-\- N -- Pf - 4MN, 

it is made up of two positive terms. Hence when the two 
roots in are equal, the two following conditions must be 
satisfied: 

M+ N - P = o, MN o. 

Now M cannot be zero, since in that case N =: P, which is 
impossible, for N is negative and P positive. Consequently 
the expression under the radical vanishes only when 

N=o, P, 

i.e. when 

n — o, b^^y . . (25) 

or since in — i, when 



These equations determine the two directions of the wave 
normals for which the two velocities are the same. These 
directions are called the optic axes. The axes of electric 
symmetry x and z which bisect the angles between the optic 
axes are called the median lines of the crystal. 

The value of the common velocity of the two waves when 
the wave normal coincides with an optic axis is V^=. b. 

This is evident from Fig. 85 as well as from equation (24) 
taken in connection with (26). Hence, from (19), the direction 
of vibration of these waves is indeterminate, since an indeter- 
minate expression, namely, 7t : b^ — = o : Oy occurs in these 

equations. Hence along the optic axis any kind of light may 
be propagated, i.e. light polarized in any way, or even natural 
light. 

The velocity V can be calculated more conveniently by 
introducing the angles and which the wave normal 
makes with the optic axes than by the use of (24), Let the 
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positive direction of one of the optic axes be so taken that 
it makes acute angles with the positive directions of the ;r- and 
.3'-axes. The direction cosines of this axis are then, by (26), 

Let the positive direction of the other optic axis be so taken 
that it makes an acute angle with the ^-axis but an obtuse 
angle with the ;ir-axis. Its direction cosines are then 

^2- \J — C »’ ^2-0' A-+Y^2_^2- (26) 


Hence the cosines of the angles and between the 
wave normal and the positive directions of and A^ are 

cos = 7 n 7 n^ + + -FPi y 


i.e. 


cos 


cos ^2 


Ici^ — b^ , jb"^ — 

~ '''y V 

jd^ — b'^ . / b^ c‘^ 

= “ Y Y ^ 


( 27 ) 


In consequence of the relation m* = \ it is easy to 

deduce the following: 

^2(^2 4- 4- n\^ 4- a2) 4_ pi[ai 4- ^2) 

— {c? — c^) cos cos , (28) 

2MN—2NP - 2MP 

= — Pf sin^ g^ sin®“ g^. 

Hence, from (24), 

2 Fj* = a’ 4- 4- {a^ - P) cos (^1 - g^, I 
2 F/ = 4_ ^2 4_ Y • ( 9 ) 

6. Geometrical Construction of the Wave Surface and of 
the Direction of Vibration. — Fresnel gives the following geo- 
metrical construction for finding, with the aid of a surface called 
an ovaloid^ the velocity and the direction of vibration: Let 
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the direction cosines of the nulius vector of the ovalokl be 
The equation of the ovaloicl is then 

p'i — aH){^ d- -h , (30) 

and c being its principal axes. In order to obtain the 
velocity of propagation of a wave front, i)ass a plane thrt>ugii 
the centre of the ovaloid parallel to the wave front, and ilctcr-* 
mine the largest and the smallest radii vectores and of 
the oval section thus obtained. Tliese are etiual to the veloci- 
ties of the two waves, and the directions of p^ anti p.^ are the 
directions of vibration in the waves, the directions p^ and p^ 
corresponding to the velocities p^ and respectively. 

In order to prove that this construction is correct, account 
must be taken of the fact that must also satisfy both 

of the conditions 

I r. xV + “H V O') 

O i.;:: wW, -H /A% -I- /«J, .... (32) 

The hist cciuation is an ex[)rcssion of the fact that the oval 
section is perpendicular to the w.ave normal. In order to 
determine those directions for which p has ii ma.'vi- 

mum or a minimum value, x*-),, flj,, may, in accordance 
with the rules of <li(Tercntial calculu.s, be rejjarded as indepen- 
dent variables provided ecpiations (31) and (32) be multiplied 
by the indeterminate Lagrani^ian factors rr, and and added 
to equation (30). Jly settinff the .separate differential coeni- 
cients of with respect to fl,, v% equal to zero, there 
results 

o = 2{a^ -f- ) 

O = 2(<^’ 4- + w<^3. [ . . . • (3.^) 

0 = 2(r’' + 4- pcr^. ) 

If these equations be multiplied byi 9 ,, and respec- 
tively and added, then, in consideration of (31) and (32), 

4- = — (Tj. 
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Hence, from (30), cr^ — — p‘^. If this value is substituted in 
(33), these three equations may be written in the form 

'i'l i) 

If these equations be multiplied by n, and p respec- 
tively and added, then it follows from (32) that 
in^ 11^ p'^ 

- p* + ^ 

i.e. p actually satisfies the same equation as the velocity V 
[cf. equation (18), page 316]. 

From (34) it follows that -fig, stand in the same 
ratio to one another as 2 K, 9 ?, and ^ in (19), i.e. the direction 
of the light-vector is that of the maximum or minimum radius 
vector of the oval section. 

Since, by § 5, the direction of vibration is indeterminate in 
the case in which the wave normal coincides with one of the 
optic axes, the oval section has in this case no maximum or 
minimum radius vector, i.e. i(/ie intersections with the ovaloid 
of pla 7 ies which are perpcndictdar to the optic axes are circles. 
The radii of these two circles are the same and equal to b. 
Any arbitrary oval section of a plane wave whose normal is N 
cuts the two circular sections of the ovaloid in two radii 
vector es i\ and r^ which have the same length b. These radii 
r^ and r^ are perpendicular to the planes which are defined by 
the wave normal N and the one or the other of the optic axes 

and A^\ since, e.g. , is perpendicular to N as well as 
to Ay Hence these planes [NAi^ or {NAP) also cut the oval 
section of the ovaloid by the plane wave in two equal radii if 
and r/, since r/ is perpendicular to i \ , and r^ to r^ Also, 
since r^ = r^^ it follows, from the symmetry of the oval section, 
that if — r/, and that the principal axes p^ and p^ of this sec- 
tion bisect the angles between and r^, if and r^. The 
directions of vibration of the Ugh f vectors (which coincide with 
Pj and P2) lie in the two planes which bisect the angles formed 
by the planes {NA^ and {NA^, Thus the directions of the 
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vibrations are determined, since they are also perpendicular to 
the wave normals N. The direction of vibration which corre- 
sponds to [defined by (29)] lies in the plane which bisects 
the angle N, A^)y in which and A^ denote the positive 
directions of the optic axes defined by (26') ; the direction of 
vibration corresponding to is perpendicular to this plane, 
i.e. in the plane which bisects the angle A’’, — A^). 

*7. Uniaxial Crystals. — When two of the principal veloci- 
ties a, by c are equal, for example when a =• by the equations 
become much simpler. From (26) on page 319 it follows that 
both optic axes coincide with the ^-axis. Hence these crystals 
are called uniaxial. From (29) it follows, since 

cos^ g + A sin^^, . . (35) 

in which g denotes the angle included between the wave 
normal and the optic axis. One wave has then a constant 
velocity; it is called the ordinary wave. The direction of 
vibration of the extraordinary wave lies, according to the con- 
struction of the preceding page, in the principal plane of the 
crystal, i.e. in the plane defined by the principal axis and the 
normal to the wave. The direction of vibration of the ordinary 
wave is therefore perpendicular to the principal plane of the 
wave. Since the principal plane of the wave was defined above 
(page 244) as the plane of polarization of the ordinary wave, 
the direction of vibration is perpendicular to the plane of polar- 
ization, as is the case from Fresnel’s standpoint for isotropic 
media. When the angle g which the wave normal makes with 
the optic axis varies, N remaining always in the same principal 
section, the direction of vibration of the ordinary wave remains 
fixed, while that of the extraordinary wave changes. Hence, 
as was mentioned on page 252, § 7, Fresnel’s standpoint has 
the advantage of simplicity in that the direction of vibration is 
alone determinative of the characteristics of the wave. If this 
is unchanged, the velocity of the wave is unchanged even 
though the direction of the wave normal varies. 

Uniaxial crystals belong to those crystallographic systems 
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which have one principal axis and perpendicular to it two or 
three secondary axes, i.e. to the tetragonal or hexagonal 
systems. The optic axis coincides with the principal crystal- 
lographic axis. The crystals of the regular system do not 
differ optically from isotropic substances, since from their 
crystallographic symmetry a b =. c. 

Rhombic, monoclinic, and triclinic crystals can be optically 
biaxial. In the first the axes of crystallographic symmetry 
coincide necessarily with the axes of electric symmetry, since 
in all its physical properties a crystal has at least that sym- 
metry which is peculiar to its crystalline form. In monoclinic 
crystals the crystalline form determines the position of but one 
of the axes of electric symmetry, since this latter is perpendic- 
ular to the one plane of crystallographic symmetry. In 
triclinic crystals the axes of electric symmetry have no fixed 
relation to the crystalline form. 

In the case of uniaxial crystals {a = /;) the ovaloid becomes, 
according to (30), the surface of revolution 

p2 ~ (36) 

According as this surface is flattened or elongated in the direc- 
tion of the axis, the crystal is said to be positively or negatively 
uniaxial. Thus in the former a> c, in the latter a < c. 
According to (35), in positive crystals the ordinary wave 
travels faster, i.e. is less refracted, while in negative crystals 
the ordinary wave is more strongly refracted than the extraor- 
dinary. Quartz is positively, calc-spar negatively, uniaxial. 

8. Determination of the Direction of the Ray from the 
Direction of the Wave Normal. — Let the direction cosines of 
the ray be m, n, p. From the considerations presented on 
page 313 and equation (25) on page 273, 

m : n : p = r F - /?Z : - yAT : - oiY. . (37) 

But from equations (13) and (16) on page 315, 

X:Y:Z^ (38) 
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Also, from equations (7), page 31 1, and (13), it is easy to 
deduce 

a : ^ : y ^ ; chn^ — : ahilSR — (39) 

Substitution of the values (38) and (39) in (37) gives 

m : n : )3 - 7 n{am^ + 

+ 'SRd\ahn^ + bhtdl 4- c^P^) (40) 

The terms denoted thus . . . can be obtained from the 
written terms by a cyclical interchange of letters. 

If now the abbreviation (16') on page 315 be introduced, 
i.e. if 

ahfWi + + c^p^ = . . . (41) 

it follows from (17) that 

dm = mv^ + mG\ m = 9 ^ F2 + nG\ = pGK 

If these three equations be squared and added, then, since 
(cf. page 315) 

+ 9^2 + 5|S2 = ^ I, 

Wm + 9^5^ + = o, 

it follows that 

am'^ + = V^ + GK . . . (42) 

Squaring and adding equations (17') gives 

^ I • (43) 

If now the value of obtained from (17') be introduced, 
namely, 

then, in consideration of (41) and (42), (40) becomes 
xa : n : p = — 6^^) + 
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or 

m : n : p = in[ 

■p{^''+yi-Cr^)- • (44) 

This equation gives the direction of the ray in ternns of the 
direction of the wave normal, for is expressed in terms of 
niy n, and J> in Fresnel’s law (i8), and G" [cf. (43)] in terms 

of my fly py ailCl 

In order to determine the absolute values of in, it, not 
their ratios merely, it is possible to write 



in which (j is a factor of proportionality which can be deter- 
mined by squaring and adding these three equations. This 
gives, in consideration of (18) and (43), 

I = a- 2 (F‘‘ + &) (46) 

9. The Ray Surface. — If a wave front has travelled parallel 
to itself in unit time a distance F, then V is called the velocity 
along the normal. The ray is oblique to the normal, making 
with it an angle which is given by 

cos C = 1117/2 + n/2 + p/ (47) 

The ray has then in unit time travelled a distance such 
that 

S cos C = F (48) 

9 S is called the velocity of the ray: it is larger than the 
velocity along the normal. 

If the three equations (45) be multiplied by niy respec- 
tively, and added, it follows that cos Qz^erV'^y or, in con- 
sideration of (48), 


cr = I : F» 


(49) 
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Hence, from (46), 

^4 ^ j72g52 _ 174 ^ (50) 

or, in consideration of (48), 

= F2 tan C (SO 

If the value of from (50) be substituted in (45), then, in 

consideration of (49), there results, after a simple transforma- 
tion, 

mSS mV n 95 nV pV , 

^2372= v ^- d ^' ^ 52 ) 


If these three equations be multiplied by pc^y 

respectively, and added, then, in consideration of (i/'), 

^ \ V , 79m I ocYi N 


But the light-ray is perpendicular to the electric force. 
Hence the right-hand side of the last equation vanishes, since 
the components of the electric force satisfy (38). Hence 

sgs _ ^2 + 932 _ ^2+ ^^2 _ ^2 - o, . . (S 3 ) 


which may also be written in the form 




I 

w 


+ 


I 


I 

W 


+ 


I 

w 


(530 


The addition to (53_) of in'* + ^ gives 

11^582 

?82 _ + 5 Q 2 _ + 352 _ ^ - 


This equation expresses the velocity 9 S of the ray as a function 
of the direction of the ray. If in every direction m, n, p the 
corresponding SS be laid off from a fixed point, the so-called 
raj/ surface is obtained. This surface, like the normal surface, 
consists of two sheets. These two surfaces are very similar to 
each other, since equation (SsO of the former is obtained from 
(l8) of the latter by substituting for all lengths which appear 
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in (i8) their reciprocal values. Each of the planes of symmetry 
intersects the ray surface in a circle and an ellipse. 

Hence, in order to apply the geometrical con.struction given 
in § 6 to this case, it is necessary to start from the surface 

[cf. (30)] 

i.e. from an ellipsoid whose axes are < 5 , c. The velocities 
95 of the ray in a direction tu, it, p arc given by the principal 
axes Pj and p.^ of that ellipse which is cut from the ellipsoid by 
a plane perpendicular to the ray. 

In this case also there must be two directions, and , for 
which the two roots of the quadratic equation (53') are the 
same. These directions are obtained from the equations for 
the optic axes, namely, (26') and (26"), by substituting in them 
for all lengths the reciprocal values. Thus 



These two directions are called the ray axes. 

The ray surface can be looked upon as that surface at which 
the light disturbance originating in a point P has arrived at the 
end of unit time. For this reason it is commonly called the 
wave surface. 

If, in accordance with Huygens’ principle, the separate 
points P of a wave front are looked upon as centres of disturb- 
ance and if the wave surfaces are constructed about these points, 
the envelope of these surfaces represents the wave front at the 
end of unit time (cf. page 159). According to this construe- 
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tion the wave fi^ont combes po 7 idmg to a ray PS is a plane tang e 7 it 
to the ivave surface at the point S. 

This result can also be deduced from the equations. If 
the rectangular coordinates of a point S of the wave surface 
are denoted by ;r, and s, then m® = .r, etc., and = 
+ and, from (S 3 "). 

j/2 p- 

932 _ ^2+ 93a _ ^2+ 5^2 _ ^ - I = O- • (SS) 


If this equation be written in the general form F{x^ y, z) = 0, 
the direction cosines of the normal to the tangent plane at the 


point yy z are proportional to 


^ ^ 
'dx' 'dy' 9 ^ * 


Hence it is 


necessary to prove that 


'dF ?}F dF 

dx ' 9 j/ * 9 ^ ‘ ^ * 

Now, from (55), 

dF _ / I y^ 

^ - a~ ~ (Sb"* - ay ~ 


• . (56) 

(932 _ 


From (52), X : W — a = mV : — a^y etc. Hence, in con- 

sideration of (43) and (50), 


ZF ( i V^]_ 2xV^ a^ - 

- a^~ ~^ 1 ~ 


i.e. , in consideration of ($2), 

dF 

"dx 


= — 2 m- 


YL 

G‘^ 


(S 7 ) 


From this equation — , — may be written out by a simple 

interchange of letters. Hence equation (56) immediately 
results, i.e. the construction found from Huygens' principle is 
verified. 

From these considerations it is evident that the direction 
m, tt, p of the ray can be determined from the direction m, n, 
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p of the normal in the following way: Suppose a light disturb- 
ance to start at any instant from a point P ; the ray surface is 
then tangent to all the wave fronts, i.e. it is the envelope of 
the wave fronts. Consider three elementary wave fronts the 
directions of whose normals are infinitely near to the direction 
of the line PN. Their intersection must then be infinitely near 
to the end point 5 of the ray PS which corresponds to the 
normal PN, since 5 is common to all three waves. The cor- 
rectness of this construction will now be analytically proved. 
The equation of a wave front is 

mx + d- = F (58) 

If the point x, y, z is to lie upon an infinitely near wave front, 
the equation obtained by differentiating (58) with respect to 
and p will also hold. But these quantities are not inde- 
pendent of one another, since fp p^ ■= i. According 

to the theorem of Lagrange (cf. above, page 321) there can 
be added to (58) the identity 

so that there results 


mx -f ny + pz + /2) =: F +/. . (59) 


/is an unknown constant. Since this constant has been intro- 
duced into the equation, m, 11, and p in (59) may be looked 
upon as independent variables, and the partial differential 
coefficients of (59) with respect to in, n, and p may be formed, 
namely. 




Z-\- 2 fP = 


dV 
dp ' 


(60) 


But, from (18) and (43), 

dV _ m ^ 

W- aY'V 


3 F 3 F 

Similar expressions hold for — , If the three equations 

(60) be multiplied by m, n, and p, respectively, and added, it 


PROPERTIES OF TRANSPARENT CRYSTALS 331 


Is evident from (18) and (61) that the right-hand side of the 
resulting equation reduces to zero, while the left-hand side is, 
by (5^)) ^ + 2/, so that the constant 2/ is determined as 
2/= — V. Hence, in consideration of (61), the first of equa- 
tions (60) becomes 



and similarly 

Hence the radius vector drawn from the origin to the point of 
intersection .r, y, z of the three infinitely near wave fronts 
coincides in fact with the direction of the ray as calculated on 
page 326, since x : y : z = m : n : Further, the velocity of 

the ray is found to have the same value as that 

given above in (45) and (49). 

For other geometrical relations between the ray, the wave 
normal, the optic axes, and the ray axes, cf. Winkelmann’s 
Handbuch der Physik, Optik, p. 699. 

10. Conical Refraction. — Corresponding to any given 
direction of a wave normal there are, in general, according 
to equation (44), two different rays, since for a given value 
of my fly and p there are two different values of But it 

may happen that these equations assume the indeterminate 
form o : o. Thus this occurs when one of the quantities ifiy iiy 
or p is equal to zero. If, for example, m — o, then, from (2 1) 
on page 317, = <2^. In this case, by (43) and (44)7 

- oFf : m^y 

= • • • • (62) 

The value of this expression, which is of the form o : o, is easily 
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determined, since, by Fresnel’s equation (i8) on page 316, the 
expression has a finite, determinate value, namely, 

___ 7 ^- , 

• • • (^ 3 ) 

The right-hand side of this equation can never be zero, since 
for a > by c and both terms of the right-hand side 

are negative. Hence, by (62), in = o when lit = o, i.e. the 
light-ray is in the j/,8^-plane when the wave normal is in the 
plane. When p — o the conclusion is similar. But the 
case in which ?z — o requires special consideration. For then, 
when F = equations similar to (62) and (63) are obtained, 
namely, 

n ~ n ^ , J72_ ^2 = — V'^ - V^- 


The right-hand side of this equation which corresponds to the 
case V = b may become zero, namely, when 
77 z\(^ - b^) + p\a^ - = o. 

Now this relation is actually fulfilled when the wave normal 
coincides with an optic axis [cf. (25), page 319]. In this case, 
by (64), n still retains the indeterminate form o : o, i.e. to this 
particular wave normal there correspond not two single deter- 
minate rays, but an infinite number of them, since 11 always 
remains indeterminate. The locus of the rays in .this case can 
be most simply determined from the equation 


m77t j n7t , pp _ 

58* - + 582 - 6 ^ + gS* - c* 


(6S) 


which is deduced from (52) by multiplying by 77ty n, and /, 
respectively, adding, and taking account of (18). If the wave 
normal coincides with an optic axis, then 7 i = o, but n is not 
necessarily zero and 35 is therefore in this case different from b. 
Hence 


58 * - a* + 58 * - c* “ 
Further, from (47) and (48), since V = b, 
58 (m»r -j- pp) = b. . 


. . ( 66 ) 
. • (67) 
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Elimination of 95 ^ from these two equations gives 

(mmc^ pj>a^){mm + p/) == . (68) 

If the coordinates of the end points of a ray are denoted by 
so that vx — X : Vxy etc., it follows that 

{xifK? -[^ zpcF){xm + zp^ = b\x^ . . (69) 

This equation of the second degree represents a cone whose 
vertex lies at the origin. Hence when the tvave normal coin- 
cides with the optic axis there are an infinite 7 minber of rays 
zvhich lie upon the cone defi^ied by equation { 6 f). This cone 
intersects the wave front 


xm zp '=^ const (70) 

in a circle, since when (70) is substituted in (69) the latter 
becomes 

{xm(? zpcF)-(COYist. = b\x^ + 
which is the equation of a sphere. 

Hence from the discussion on page 328 it follows that the 
wave surface has two tangent planes which are perpendicular 
to the optic axis and tangent to the wave surface in a circle. 
The axis of the cone coincides with the optic axis ; it is there- 
fore perpendicular to the plane of the circle. The aperture x 
of the cone is determined from (69) as 


tan X = 


V{a:^ - l}%b'^ - c^) 


• (71) 


This phenomenon is known as internal conical refraction^ for 
the following reason: If a ray of light is incident upon a crystal 
in such a direction that the refracted wave normal coincides 
with the optic axis of the crystal, then the light-rays within 
the crystal lie upon the surface of a cone. The rays which 
emerge from the plate lie therefore upon the surface of an 
elliptical cylinder whose axis is parallel to the incident light 
in case the plate of crystal is plane parallel.* Aragonite is 


* For the direction of the rays in the outer medium depends only upon the 
position of the wave front within the crystal, not upon the direction of the internal 
rays. The law of refraction will be more fully discussed in the next paragraph. 
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especially suited for observation of this phenomenon, since in it 
the angle of aperture of the cone is comparatively large 

^ = 1° 52').* The arrangement 

of the experiment is shown in 
j) Fig. 86. A parallel beam S 6 ? is 
incident through a small opening 
S 0 upon one side of a plane-parallel 
plate of aragonite which is cut 
perpendicular to the line bisecting the acute angle between the 
optic axes. When the plate is turned into the proper position 
by rotating it about an axis perpendicular to the plane of the 
optic axes, an elliptical ring appears upon the screen 55 . 

A microscope or a magnifying-glass focussed upon 0 may 
be used instead of a screen for observation. 

The equation representing the dependence of the direction 
of the wave normal upon the direction of the ray may be easily 
deduced from (52) taken in connection with (47) and (48). 
The result shows that in general for each particular value of 
m, n, 1) there are two values of m, n, p. Only when n = o 
and 95^ = i.e. when the ray coincides with the ray axis,f 
does 71 become indeterminate, as can be shown by a method 
similar to that used above. Hence ^jhen the 7^ ay coincides %mth 
the ray axis, then at the point of exit of the ray the ray surface 
does not have merely tzvo definite tangent planes, but a cone of 
tangeiit planes. The corresponding wave normals lie upon a 
cone of aperture ^ such that 



tan = 





(72) 


This equation is obtained from (71) by substituting in it 
for all the lengths their reciprocal values. 


* Sulphur is still better, since its angle of aperture is but its preparation is 
much more difficult. The use of a sphere of sulphur for demonstrating conical 
refraction is described by Schrauf, Wied. Ann. 37, p. 127. 

\ The ray axis is the axis of the cone of rays to which a single ray 5(9 (Fig. 86) 
gives rise when SO has the direction which corresponds to internal conical 
refraction. — T r, 
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This phenomenon is called external conical refraction^ for 
the reason that a ray which inside the crystal coincides with 
the ray axis becomes, upon emergence from the crystal, a cone 
of rays. For the rays after refraction into the outer medium 
have different directions corresponding to the different posi- 
tions of the wave front in the crystal (cf. note, page 333). 

Fig. 87 represents an arrangement for demonstrating 
experimentally external conical refraction. A beam of light 
is concentrated by a lens L upon a small opening o in front of 



an aragonite plate. A second screen with an opening is 
placed on the other side of the plate. If the line 00^ coincides 
with the direction of a ray axis, a ring appears upon the 
screen SS, The diameter of this ring increases as the distance 
from o' to the screen increases. In this arrangement only 
those rays are effective which travel in the direction 00' ^ the 
others are cut off by the second screen. The effective incident 
rays are parallel to the rays of the emergent cone. 

The phenomena of conical refraction were not observed 
until after Hamilton had proved theoretically that they must 
exist. 

II. Passage of Light through Plates and Prisms of 
Crystal. — The same analytical condition holds for the passage 
of light from air into a crystal as was shown on page 280 to 
hold for the refraction of light by an isotropic medium. If the 
incident wave is proportional to 


27t ( 

COS^-^/ — 


mx ny p£ 

V~ 
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while the refracted wave is proportional to 

27 t ( m’x + 

cos-^^U — 

and if the boundary surface is the plane -s* = o, then the fact 
that boundary conditions exist requires, without reference to 
their form, the equations 

m m! n fi! 

This is the common law of refraction, i.e. the refracted ray lies 
in the plane of incidence, and the relation between the angle of 
incidence 0 and the angle of refraction 0' is 

sin c/) : sin = V : , . (73) 

in which V and F' are the velocities in air and in the crystal 
respectively. But in the case of crystals this relation does not 
in general give the direct construction of the refracted wave 
normal, since in general F' depends upon the direction of this 
normal. 

But the application of Huygens’ principle, in accordance 
with the same fundamental laws which were stated on page 
1 61 for isotropic bodies, does give directly not only the rela- 
tion (73), but also the construction of both the refracted wave 
normal and the refracted ray. For let A^B (Fig. 88) be the 
intersection of an incident wave front with the plane of inci- 

7 t 

dence (plane of the paper), and let the angle A^BA^ = and 

BA^ = F, and construct about A^ the ray surface ^ within the 
crystal, this surface being the locus of the points to which the 
disturbance originating at A^ has been propagated in unit time. 
Draw through A^ a line perpendicular to the plane of incidence, 
and pass through it two planes A^T^ and A^T^ tangent respec- 
tively to the two sheets of the ray surface. According to 
Huygens’ principle these tangent planes are the wave fronts of 
the refracted waves. The lines drawn from A^ to the two points 
of tangency and of the planes with the ray surface give 


r ^ 
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the directions of the refracted rays. In general these do not 
lie in the plane of incidence. 

Hence for perpendicular incidence the wave normal is not 
doubly refracted, but there are two different rays whose direc- 
tions may be determined by finding the points C-^ and in 
which the two sheets of the wave surface constructed about a 
point A of the bounding surface are tangent to two planes 



parallel to the bounding surface G. The directions of the rays 
are AC^ and AC,^ respectively. 

When the light passes from the crystal into air a similar 
construction is applicable. Hence in the passage of light 
through a plane-parallel plate of crystal there is never a 
double refraction of the wave normal, but only of tlie ray. In 
order to observe the phenomena of double refraction it is 
necessary to view a point on the remote side of the crystal. 
This point appears double, since its apparent position depends 
upon the paths of the rays.* But the introduction of a crystal- 
line plate between collimator and telescope produces no dis- 
placement of the image, since in this case the wave normal is 
determinative of the position of the image. In order to detect 
double refraction in this case, which occurs in all observations 


* The apparent position is displaced not only laterally but also vertically. Cf. 
Winkelmann’s Handbuch d. Pliysik, Optik, p. 705. 
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with the spectrometer, it is necessary to introduce a prism of 
the crystal. 

With the help of such a prism it is possible to find the prin- 
cipal indices of refraction, i.e. the quantities 

n^ — V : a, n^= V: d, = V : c. . . (74) 

If, for example, a prism of uniaxial crystal {a = d) be used 
whose edge is parallel to the optic axis, then the velocity V' 
of the waves whose normals are perpendicular to the edge of 
the prism has the two constant values a and c, /q and can 
therefore be found by the method of minimum deviation exactly 
as in the case of prisms of isotropic substances. The different 
directions of polarization of the emergent rays make it possible 
to recognize at once which index corresponds to 7 i^ and which 
to 

In the same way one of the principal indices of refraction 
of a prism of a biaxial crystal whose edge is parallel to one of 
the axes of optic symmetry may be found. In order to find 
the other two indices it is necessary to observe the deviation 
of a wave polarized parallel to the edge of the prism for at 
least two different angles of incidence. 

From the meaning which the electromagnetic theory gives 
to the principal velocities a, b, c, it is evident from equations 
(16) on page 315 and (74) that 

^1 ~ ^2 ™ ^2 » ^3 ~ ' * • (75) 

at least if C, the velocity in vacuo, be identified with F, the 
velocity in air. The error involved in this assumption may be 
neglected in view of the uncertainty which attends measure- 
ment of the dielectric constant. 

The relation (75) cannot be rigorously fulfilled, if for no 
other reason, because the index depends upon the color, i.e. 
upon the period of the electric force, while the dielectric con- 
stant of a homogeneous dielectric is, at least within wide limits, 
independent of the period. It is, however, natural to test (75) 
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under the assumption that 7 i^ is the index of infinitely long 
waves, i.e. the A of the Cauchy dispersion equation 

^ § (76) 

Relation (75) is approximately verified in the case of ortho- 
rhombic sulphur, whose dielectric constants have been deter- 
mined by Boltzmann.* Its indices were measured by Schrauf t 
In the following table denotes the index for yellow light and 
A the constant of (76) : 

«^2 = 3.8o; ^j 2=3.S9; gj = 3-8 i 

= 4.16; = 3.89; 62 = 3.97 

«32 = s.o2; ^3» = 4.6o; £3 = 4-77 

Thus the dielectric constants have the same sequence as 
the principal indices of refraction when both are arranged in 
the order of their magnitudes, but are uniformly larger than 
the ^’s. With some other crystals this difference is even 
greater. The departure from the requirements of the electro- 
magnetic theory is of the same kind as that shown by isotropic 
bodies (cf. page 277). Its explanation will be given in the 
treatment of the phenomena of dispersion. 

Thus the electromagnetic theory is analytically in complete 
agreement with the phenomena, but the exact values of the 
optical constants cannot be obtained from electrical measure- 
ments. These constants depend in a way which cannot be 
foreseen upon the color of the light. In fact not only the 
principal velocities b, but also, in the case of monoclinic 
and triclinic crystals, the positions of the axes of optic sym- 
metry depend upon the color. 

12. Total Reflection at the Surface of Crystalline Plates. 

— The construction given on page 336 for the refracted wave 
front becomes impossible when the straight line (3 which passes 
through A^ and is perpendicular to the plane of incidence inter- 

* Boltzmann, Wien. Ber. 70 (2), p. 342, 1874. Fogg. Ann. 153, p. 53 1, 1874. 
f Schrauf, Wien. Ber. 41, p. 805, i860. 
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sects one or both of the curves cut from the wave surface 2 by 
the bounding surface G, In this case there is no refracted 
wave front, but total reflection takes place. The limiting case, 
in which partial reflection becomes total, is reached for either 
one of the two refracted waves when the line ® is tangent to 
that sheet of the ray surface 2 which corresponds to the wave 
in question, i.e. is tangent to the section of the wave surface 
by the bounding plane G, In this case, since the point of 
tangency 7 " of @ with IE lies in the bounding plane 6^, the 
refracted ray is parallel to the boundary (cf. Fig. 89). This 


Plane of incidence 


Fra. 89. 

wave then can transfer no energy into the crystal, since the 
ray of light represents the path of energy flow (cf. page 313), 
and hence no energy passes through a plane parallel to the 
ray. Thus it appears from this consideration also that in this 
limiting case the reflected wave must contain the entire energy 
of the incident wave, i.e. total reflection must occur. 

Hence if a plate of crystal be immersed in a more strongly 
refracting medium, and illuminated with diffuse homogeneous 
light, two curves which separate the regions of less intensity 
from those of greater appear in the field of the reflected light. 
If the observation is made, not upon the reflected light, but upon 
light which, entering the crystal at one side and then falling 
at grazing incidence upon the surface, passes out into a more 
strongly refractive medium, these limiting curves are much 
sharper since they separate brightness from complete darkness. 
From these curves the critical angles and 0 ^ may be 




Fig. 90. 


Between the crystal and the sphere a liquid of greater index 
than the latter is introduced. K can be rotated along with the 
azimuth circle H about a vertical axis. The m^ovable mirror 
S makes it possible to illuminate the crystal plate either from 
below through K or from the side. The limiting curves of 



total renection are observed through the telescope UCrCrO 
which turns with the vertical circle V/ For convenience of 
observation, the telescope is so shaped that the rays, after three 
total reflections within it, always emerge horizontally. The 
objective of the telescope is so arranged that it compensates 
the refraction due to the spherical surface K of the rays reflected 
from the crystalline plate. It forms, therefore, sharp images 
of the curves. 

The method of total reflection is the simplest for the 
determination of the principal indices of refraction of a crys- 
talline plate. These indices are obtained at once from the 
maximum or minimum values of the angles of incidence which 
correspond to the two limiting curves. 

Thus if 0 denotes the angle of incidence corresponding to 
a limiting curve for any azimuth -G of the plane of incidence 
(cf. Figs. 88 and 89), then the line = F : sin 0 ; for 

BA^ '=. V (the velocity in the surrounding medium), and 
AyA^is the distance of the point A^ from a line which is tan- 
gent to the curve of intersection of the wave surface constructed 
about A^ with the bounding surface G. Maximum and mini- 
mum values of the limiting angles 0, i.e. of the line A^A^y 
coincide necessarily with maximum or minimum values of the 
length of the ray A^T (cf. Fig. 89), as can be easily shown by 
construction. In fact in this case A^A,^ coincides with the ray 
A^Ty since the tangents must be perpendicular to the radius 
vector A^T when this has a maximum or minimum value. 
The length A^^T of the ray has now in every plane section of 
the wave surface the absolute maximum a and the absolute 
minimum c. For it appears from the equation of the wave 
surface (cf. page 327) that 9 S must always lie between a and Cy 
since otherwise the three terms of equation (53) would have 
the same sign and their sum could not be zero. On the other 
hand it is also evident that in every plane section G of the 
wave surface SB reaches the limiting values a and Cy for, from 
Fig. 85, SB attains the value a at least in the line of intersection 
of G with the j/^-plane ; since in the j/^-plane one velocity has 
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the constant value 95 = while in the line of intersection of 
G with the 95 must attain the value c. In the inter- 

section of G with the .f/:-plane 95 = but it is uncertain, as 
can be shown from the last of Figs. 85, whether b belongs to 
the minimum of the outer or the maximum of the inner limiting 
curve. This can be decided by investigating the maxima or 
minima of the angle of incidence corresponding to the limiting 
curves for two plates of different orientations.* Four such 
measurements can be made upon each plate, and three of these 
must be common to the two plates. These three correspond 
to the three principal velocities a, by c. Their respective 
values may be determined from 

= V : sin 0 ::== ay by Cy , . . (77) 

where 0 denotes the maximum or minimum value of the angle 
of incidence for the limiting curve which corresponds to the 
given azimuth 0 of the plane of incidence. If the index of the 
medium {V) with respect to that of air (Fj,) be denoted by ?ty 
i.c. if V^tVi^ Uy then from (77) the principal indices of 
refraction of the crystal with respect to air arc obtained from 
the equation, since Vq : a = , etc. , 

iiyy n,^y 11^ == n sin 0 (78) 

For uniaxial crystals {a = b') 0 = const, along one of the 
limiting curves. This angle determines the principal velocity a. 
For the other limiting curve the angle of incidence varies. 
If y denotes the angle which the optic axis makes with the 
bounding surface of the crystal, the ray velocity, when the 
plane of incidence passes through the optic axis, is 


sin^ y d cos^ y* 


■ ■ (79) 


If the plane of incidence is perpendicular to the optic axis, 
then 95 ^ = For positive uniaxial crystals (a > c) (79) gives 

*If the polarization efiects be also taken into accoujit, one aection of tlie 
crystal is cnouj^]i, Cf. C. Viola, Wied. Bcibl. xSqo, J). 641. 
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the maximum value of i.e. it determines the minimum value 
of (p along* the limiting curve which arises from a total reflec- 
tion of the extraordinary ray. The maximum value of 0 along 
this limiting curve determines, therefore, the value of r; from 
the minimum value of (p it is possible to calculate y, i.e. the 
inclination of the face of the crystal to the optic axis. In the 
case of negative uniaxial crystals {a < c) the minimum value of 
cp determines the principal velocity c. 

Likewise in the case of biaxial crystals the angle between 
the face and the axes of optic symmetry can be determined 
from observation of the limiting curves of total reflection. 
Nevertheless for the sake of greater accuracy it is advantageous 
to couple with this other methods, for example, the method 
which makes use of the interference phenomena in convergent 
polarized light (cf. below). 

Conical refraction gives rise to peculiar phenomena in the 
limiting curves of total reflection. These may be observed if 
the bounding surface G coincides with the plane of the optic 
axes. For more complete discussion cf. Kohlrausch, Wied. 
Ann., 6, p. 86, 1879; Licbisch, Physik. Kryst., p. 423; Mas- 
cart, Traitd d’Optique, vol. 2, p. 102, Paris, 1891. 

13. Partial Reflection at the Surface of a Crystalline 
Plate. — In order to calculate the changes in amplitude which 
take place in partial reflection from a plate of crystal it is only 
necessary to apply equation (6') and (7) on page 31 1 together 
with the boundary conditions there mentioned. 

But since the calculation is complicated (cf. Winkclmann’s 
Handbuch, Optik, p. 745) only the result will be here 
mentioned that there is an angle of complete polarization, 
i.e. an angle of incidence at which incident natural light is 
plane-polarized after reflection. But the plane of polarization 
does not in general coincide with the plane of incidence, as it 
does in the case of isotropic media. 

14. Interference Phenomena Produced by Crystalline 
Plates in Polarized Light when the Incidence is Normal.— 
Let plane-polarized monochromatic light pass normally through 
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a plate of crystal and then through a second polarizing 
arrangement. This case is realized when the crystalline plate 
is placed upon the stage of the Norrenberg polarizing apparatus 
described on page 246. The upper 
mirror can be conveniently replaced 
by a Nicol prism, the analyzer. Let 
the plane of vibration of the electric 
force within the analyzer be A (Fig. 

91), and that within the polarizer P. 

The incident polarized light, the 
amplitude of which will be denoted 
by E, is resolved after entrance into 
the doubly refracting crystal into two waves of amplitude 
E cos 0 and E sin 0 respectively, 0 being the angle which 
P makes with the directions and of the vibrations of 
the two waves and within the crystal. The decrease 
in amplitude by reflection is neglected. It is very nearly the 
same for both waves. These two waves after passing through 
the crystal are brought into the same plane of polarization, and 
hence after passing through the analyzer have the amplitudes 
E cos 0 cos (0 — ^ sin 0 sin (0 — Now a difference 

in phase d has been introduced between the two waves by their 
passage through the plate. This difference is 

2^/1 I \ d f V V\ 

$ - ~ yj “ vj’ ' 

in which d denotes the thickness of the crystalline plate, 
the respective velocities of the two waves within it, V the 
velocity of light in air, and \ the wave length in air of the light 
used. Hence, according to page 131, the intensity of the light 
emerging from the analyzer is 

J r= £^{cos^ 0 cos ^(0 ;i:) + sin^ 0 sin® (0 — x) 

+ 2 sin 0 cos 0 sin (0 — x) cos (0 — X) cos d} . 

If cos d be replaced by i — 2 sin^ the equation becomes 
y = E^{cos^ X — sin 20 sin 2(0 — x) sin® 1 ( 5 ^}. (81) 
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The first term cos^ x represents the intensity of the light 
which would have emerged from the analyzer in case the 
crystal had not been introduced. This intensity will be 
called the original intensity ; thus 

= £2 cos2 X (82) 

Two cases will be considered in greater detail: 

1. Parallel Nicols: j = o. Then 

J\\ = sin2 2 0 sin^ ... (83) 

If the crystal be rotated, the original intensity will be 

attained in the four positions 0 = 0, 0=:-,0 = ;r, 0 = — , 

2 2 

i.e. whenever one of the planes of vibration within the crystal 
coincides with that of the Nicols. In the positions midway 

7t 

between the above, i.e. 0 = — , etc., 

4 

/y = 7 o(i — sin* id) = Ja cos* id, . . . (84) 

i.e. with the proper values of d, i.e. of the thickness of the 
crystal, complete darkness may result. 

2. Crossed Nicols : I = -• Here = o and 

= ^£2 sin2 2 0 sin2 .... (85) 

Thus, whatever its thickness, the plate appears dark when 
its planes of vibration coincide with those of the Nicols. If 
this is not the case, it is dark only when d = 2hTt, In the 

7t 

positions 0 = etc., 

£2sin2^d (86) 

Hence, unless it happens that d = 2Jnt, it is possible to find 
the direction of polarization or of vibration within the crystal 
by rotating it until the light is cut off. 

Hence a crystalline wedge between crossed Nicols is 
traversed by dark bands which run parallel to the edge of the 
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wedge, unless it is in the position in which the light is wholly 
cut off. These bands lie at those places at which the thickness 
of the wedge corresponds to the equation ± 2 k 7 r. If the 
incident light is white, the bands must appear colored since 6 
varies with the color. 

A plane-parallel plate of crystal between crossed Nicols 
must in general appear colored when the incident light is 
white. Not only does the amplitude E and the difference of 
phase d depend upon the color, but also the angle 0, i.e. the 
position of the planes of vibration. However, this latter varia- 
tion can in general be neglected on account of the small 
amount of the difference in the retardations for different colors. 
When the Nicols are crossed it appears from (86) that in white 

light for 0 ^ 

:eE^ sin2 

in which ^ is to be extended over the values corresponding 
to the different colors. Thus 


"SE^ = white light. 




Now from (8o) its evident that the dependence of ^ upon A 
is principally due to the appearance of A in the denominator. 
Hence if the approximately correct assumption be made that 
V V 

is independent of the color, then 

=: :2E- sin2 JTT^, (8/0 


in which 



is approximately independent of A. It appears from a com- 
parison of (87') with (78) on page 306 that the plate of crys- 
tal shows approximately the same colors as those proditced by the 
interference of the two waves reflected at the surfaces of a thin 
d^ 

film of air of thickness — . (Newton’s ring colors.) But the 
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Newton interference colors of thin plates differ widely from 
those produced by the crystal when the difference in the dis- 
persion of the two waves within the crystal is large. Then 
is no longer independent of 1. This is, for example, the case 
with the hyposulphate of strontium, apophyllite (from the Faroe 
Islands), brucite, and vesuvian. 

For a given angle 0 the plate of crystal shows between 
parallel Nicols colors which are complementary to those which 
it shows between crossed Nicols. For from (83) and (85) the 
sum of the intensities in the two cases is always which 
by (87) means white light. 

In the case of Newton’s interference colors there are certain 
values of d which give what are called sensitive tints which 
change rapidly for a slight change in c^. For example, the 
violet of the first order, which appears when d for the mean 
wave lengths has about the value tt, is such a sensitive tint. 
For a slight increase in d the color passes into blue, for a 
slight decrease into red. A plate of crystal ^ which shows a 
sensitive tint — for example, a plate of quartz of suitable thick- 
ness cut parallel to the axis — may be used to detect traces of 
double refraction in another plate 5)5', since the latter produce.s 
at once a change in the color of 5)3 when placed upon it and 
viewed between crossed Nicols. The arrangement is even 
more sensitive if the plate 5)3 is cut in the direction of the line 
bisecting its planes of vibration, and the two parts cemented 
together along the plane of section after one of them has been 
rotated through 180° about the normal to that surface. A 
trace of double refraction in the plate 5)3' then produces in the 
two halves of 5 p changes of color in opposite senses. This 
arrangement has been called a Bravais bi-plate after its 
inventor. With such a plate it is easy to show that the pres- 
sure of the finger, for example, is sufficient to produce double 
refraction in a glass cube. Also, the directions in which the 
light is completely cut off by 5)3' can be accurately determined 
with the help of a Bravais biplate. 

The application of the optical properties of crystals to the 
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construction of Babinet’s and Senarmont’s compensators has 
been mentioned above on page 256. 

15. Interference Phenomena in Crystalline Plates in 
Convergent Polarized Light. — Consider first the case in which 
the polarized light is incident upon the plate at an angle i. 
Let the angles of refraction be and (Fig. 92). It is evi- 



Fig. 92. 


dent from the figure that the difference in phase between the 
two waves after propagation through the crystal is 

_ 27 t(BD DK _ BC\ 

vj’ 

in which DK is the projection of CD upon the direction 
of propagation of the wave Now BD = d : cos , 

BC = d : cos , DK = CD sin i = {BC sin — BD sin sin 2, 
hence 

— d ^ ^ I \ I /sin z sin i \ i ) 

7 " I \ V vjcos rj^ ^ V vjcosr^)' 

But from the l^w of refraction 

sin z sin r. sin r„ 

- V -- 17- 
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it follows that 


<S = 


271 


cos 7 '. 

~Tr 


cos ) 

-vrl- 


If now the angles and which the wave 
with the optic axes within the crystal be introduce 
equations (29) on page 320, and may be 
rational functions of -f- ^ and 
higher order than the first in — (?, which is 
account of the smallness of the double refraction 
minerals, there results 


cl i 

I ^ ^ fw 

r 


in 1^ 


d 


Tt 

T 


d 

cos r 


sin sin ^3- 


In this equation and £-^ denote the angles i 

one of the two refracted wave normals makes 
axes; r denotes the angle of refraction for one of t:lio 
wave normals. Hence d : cos r is the length of 
the crystal. Since terms of the first order only in ^ 

been retained, may be considered equal to Z:^ • 

If the principal indices and of the crysta.! lir* i 
duced, and if n denote their geometrical mean, tli-OXi. 


d- z=z V^\ =: JA : 


and hence 


d = 


nd 

\ cos r n 


sin^,sin^2 


sinx-a- 


If the plate of crystal be introduced between, a. 
and an analyzer, the resultant intensity is 
expressed by (81), at least if the change in am j^lituclc^ i 
duced by refraction at the surfaces of tho 
neglected. 
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The case becomes of especial interest if the effects upon the 
intensity corresponding to different angles of incidence z can 
be brought into the field at the same time and compared. 
This can be done by means of the polarizing apparatu.s shown 
in Figs. 93 and 94. The mirror A reflects light from the sky 



Fig. 93. Fm. 94- 


into the apparatus. This light is concentrated liy means of 
two lenses JI and I) upon the aperture Tf. It is polarized by 
passage through the Nicol C. R lies at the principal focus of 
one or more convergent lenses F, which transform all the cones 
of rays which have their vertices at E into beams of parallel rays 
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which pass through the crystal G in all possible directions. 
In the figure three such beams are shown. The rays then fall 
upon a convergent lens H which brings together in a point M 
at its principal focus, which lies in the aperture of the dia- 
phragm y, each beam of parallel rays. The image formed at 
M is magnified by the eyepiece K, and the rays pass finally 
through the analyzer L, As is evident from the figure, the 
middle of the image at J is formed by rays which pass normally 
through the plate; the side portions of this image, by rays 
which traverse .the plate in directions which are more and more 
oblique the nearer the point M approaches the edge of J. 
With this arrangement the interference effects of rays which 
traverse the plate in different directions are brought simul- 
taneously into the field of view. 

At the different points M of the field of view the differ- 
ence of phase d between the two waves is different, as is also 
the angle 0 which the plane of vibration of the polarizer makes 
with the direction of vibration of one of the waves in the 
crystal. The loci of those points of the field for which <5^ is 
constant constitute a family of curves, the curves of equal 
differ e7ice of path (isochromatic curves'). The loci of those 
points of the field for which (p is constant are the ctirves of 
constant direction of polarization {isogyric curves). It is with 
the help of these two families of curves that the distribution 
of intensity in the field of view is most easily described. 

If all the rays which traverse the crystal be conceived to 
pass through a single point 0 upon its first surface, then 
only one ray comes to each point M in the field of view. 
This ray intersects the second surface of the plate in some 
point M’ , If in this way points M* upon the second face 
of the crystal, corresponding to all the points M of the focal 
plane, be found, then the figures formed by these two sets of 
points are similar. Hence only the points M’ will be consid- 
ered. It appears from equation (89), in which d : cos r de- 
notes the length of the path of the ray within the crystal, that 
the curves of equal difference of path are obtained from the 


PROPERTIES OF TRANSPARENT CRYSTALS 


353 


intersection of the second surface of the crystal with the family 
of surfaces constructed about 0 whose equation is 

p sin sin g.^ = const., .... (91) 

in which p represents the radius vector 
of a point P with respect to the point ( 9 , 
while g^ and g^ are the angles included 
between the radius vector and the optic 
axes. Such a surface has a form like 
that shown in Fig. 95. It must be 
asymptotic to the optic axes, since for 
= o or ^2 = o, p = 00 [cf. (91)]. 

If the crystal be cut perpendicular to 95 - 

an optical median line, i.e. to an axis of optic symmetry lying 
in the plane of the optic axes, the curves of equal difference of 
path are lemniscates whose poles and are the optic axes. 
If the plate be observed between crossed Nicols, equation (85) 
is applicable. In homogeneous light the curves of equal differ- 
ence of path for which d = 2 h 7 t are black. In white light 
they are curves of like colors (hence called isochromatic), 
resembling closely the Newton interference colors. Neverthe- 
less, for the reasons given on page 348, departures from this 
form are shown by some crystals,* and the entire phenomenon 
is complicated on account of the dispersion of the optic axes, 
i.e. on account of the fact that the trace of the optic axes upon 
the second surface of the crystal varies with the color. t In 
some crystals (brookite) the plane of the optic axes swings 
about through 90° if the color be changed. The form of the 
isochromatic curves in white light is greatly changed by the 
dispersion of the optic axes. The whole field of view is now. 



*Tlie rings shown by apophyliite from the Faroe Islands and from Peonah in 
tlie East Indies are especially remarkalde. Each ring has the same color, and the 
alternate rings are dark violet and dull yellow. This apophyliite is positively 
doubly refracting for red light, negatively doubly refracting for blue light, and 
neutral for yellow light. 

f Cf. Mascart, Traits d’Optique, vol. ii. pp. 173-190, Paris, 1891. In Rochelle 
salt the angle between the optic axes is for red 76", for violet 56®. 
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in accordance with (85), traversed by a black curve, the 
so-called prmcipal isogyre, for which sin 20 = 0. If the 
plane of the optic axes coincides with the plane of polarization 
of the analyzer, or the polarizer (the so-called principal posi- 
tion), the principal isogyre is a black cross one of whose arms 
passes through the optic axes, while the other, perpendicular 
to it, passes through the middle of the field. For, according 
to the construction given upon page 322, the directions of 
polarization and corresponding to points on this cross 
are parallel and perpendicular to the line joining the optic 

axes. Hence the interference figure is that shown in Fig. 96. 

! 




Fig. 96. 


Fig, 97. 


In the second principal position of the crystal, i.e. when the 
plane of the optic axes A^ and A^ makes an angle of 45° with 
the plane of the analyzer, the principal isogyres are hyperbolae 
which pass through the optic axes. Hence the interference 
pattern is that shown in Fig. 97. The equation of the prin- 
cipal isogyre can be approximately obtained by taking the line 
PB, which bisects the angle A^PAc^, as a direction of polariza- 
tion within the crystal,* P being any point upon the plate 
(cf. Fig. 98). Let the directions of the coordinates and y 


* From the rule given on page 322 it is evident that this is only approximately 
correct. The problem is more thoroughly discussed in Winkelmann’s Handbuch 
der Physik, Optik, p. 726 sq. 
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nes of polarization of the analyzer and the polarizer 
Also, let PA^ — /j, PA^ = 4, A-^A^ = /. Then 

: BA, = I, ; I,, BA, + BA, = I, 


= (92) 

he triangle A^BPy 

sin a : sin ^ A^BP = BA^ : . . . (93) 

the principal isogyre -^y^^ 5 P= 45 °, since the 
anecting the optic axes is to make an angle of 45° 



Fig. 98. 


rdinate axes, and since, for the principal isogyre, 
is to be parallel to the j;/-axis. Hence, from (92) 


sin CL = 


I 

v 2 K + h 


(94) 


n the triangle A^PA^y 

-{- // - 2l,l, COS 4 >={l, - l,f -f- 4/,/, sin 2 a; 



;l 
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or 

+ //) = (A* - (95) 

If the coordinates of the points and of the optic axes are 
called ±fy then 

iY=^{^+PY + iy+pr^ i^^%p\ 

and (95) becomes 

xy '=^ (96) 

But this is the equation of an equilateral hyperbola which 
passes through the optic axes A^ and A^ and is asymptotic to 
the coordinate axes. 

These black principal isogyres which cross the interference 
pattern are especially convenient for measuring the apparent 
angle between the optic axes, i.e. the angle which two wave 
normals, which within the plate are parallel to the optic axes, 
make with each other upon emergence from the plate. With 
'the aid of the law of refraction the angle between the optic 
axes themselves may be calculated from this, if the mean 
principal velocity b within the crystal be known. The apparent 
angle between the optic axes is measured by rotating the 
crystal about an axis perpendicular to the plane of the optic 
axes, and thus bringing the traces of the optic axes succes- 
sively into the middle of the field of view, i.e. under the cross- 
hairs. The angle through which the crystal is rotated is read 
off on a graduated circle. The apparatus constructed for 
measuring this angle is called a stauroscope. 

In uniaxial crystals a surface of equal difference of path 
= const.) has the form shown in Fig. 99. When the plate 
is cut perpendicular to the optic axis, the isochromatic curves 
are concentric circles about the optic axis. With crossed 
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Nicols the isogyre is a black right-angled cross. Hence the 
interference pattern is that shown in Fig. 100. From a 
measurement of the diameters of the rings the difference in the 



Fig. 99. 



Fig. ioo. 


two principal indices of refraction of the crystal can be 
obtained. 

For a discussion of methods of distinguishing the character 
of double refraction by means of a plate of selenite for which 

jt 

( 5 “ = — , as well as for other special cases, cf. Liebisch, Physik. 
Krystallogr., or Winkelmann’s Mandbuch der Physik, Optik. 
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ABSORBING MEDIA 


I. Electromagnetic Theory. — Absorbing media will be 
defined as media in which the intensity of light diminishes as 
the length of the path of the light within the medium increases. 
The metals are characterized by specially strong absorbing 
powers. According to the electromagnetic theory absorption 
is to be expected in all media which are not perfect dielectrics. 
For the electric currents arising from conduction produce heat 
the energy of which must come from the radiant energy of the 
light. 

The electromagnetic theory given above on page 268 sq. 
will now be extended to include the case of imperfect insu- 
lators, i.e. to include media which possess both a dielectric 
constant € and an electric conductivity cr. 

The components of the electric current density will here, 
as above, be denoted by (in electrostatic units), so 

that for an imperfect insulator 

j ^ ^ I ^ y ; (j\ 


For the total current is composed of the displacement cur- 
rents which alone were considered in equation (17) on page 
269 above, and the conduction currents, which are represented 
in (i) by the terms crX, a*F, crZ. If the current density and 
the electric force are measured in electrostatic units, then cr 
represents the absolute conductivity * in the electrostatic sys- 
tem. For mercury it has the value cr = 9. 56. 10^®. 


* The dimensions of this quantity are T~'^j the second being assumed as the 
unit of time. 
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Equations (i) contain the only additions which need be 
made to the theory of perfect dielectrics previously given. 
For equations (7) and (ii) on pages 265 and 267 will be 
retained as the fundamental equations of the Maxwell theory 
for every medium. If the permeability be set equal to i, so 


that etc., then these equations are 






^'boc 

by 




(2) 

c 

'by 

bz' 

c 


bx' 

c 

bx 

by ’ 

I 'bOL 

_0F 

bz 

ib^ 

JbZ 

bX 

I by 

_bX 

bV 

(3) 

c 'bt 

” bz 

'by' 

c 'bt 

bx 

bz' 

c bt 

~ dy 

bx' 


It may apppear questionable whether it is permissible to 
set = I in this case, since the strongly magnetic metals iron, 
nickel, and cobalt are included under the head of absorbing 
media. Nevertheless it is shown, both by experiment and 
by the theory which will be given in Chapter VII, that the 
permeability of all metals is for light vibrations equal to i,* 

In accordance with the general conclusion reached on page 
270, the boundary conditions for the passage of light through 
the surface separating two different absorbing media are 
expressed in the same form as above, namely, 

X, = . (4) 

provided the .r^-plane is parallel to the boundary. 

Equations (i) to (4) constitute a complete basis for the 
electromagnetic theory for isotropic absorbing media. 

In order to integrate the differential equations write, as on 
page 289, 

jr= . ... (s) 

in which not only A but also y, and tt are complex quan- 
tities. The physical meaning of X is obtained from the real 

^ In the Pliysik des Aethers, Stuttgart, 1894, Drude has developed the equa. 
tions which hold for any value of the permeability, and shown that in respect to 
optical phenomena its value for iron must be unity. / 
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parts of the complex quantities given in (5). It is, however, 
simpler to ignore the physical meaning of X until the conclu- 
sion, i.e. to cany the calculation through with the complex 
value of X given in (5). Thus, from (5), 

,27t 

■bt - ^ 

SO that equations (i) become 


e — i-2(TT ZX 
Jx — rz etc. 


47 r 




. ( 6 ) 


Thus the only difference between isotropic transparent and 
isotropic absorbing media consists in this, that the constant e, 
which is real for transparent media, becomes for absorbing 
media the complex constant 


e' = e — 220*7" (7) 


All the preceding equations can be applied if e is simply 
replaced by e'. 

Thus, for example, according to equation (3) on page 275, 


6 ' ^^X 


AX, 


(8) 


This gives, in connection with (5), 
e' 


-f ^ ^2. 


(9) 


Since e' is complex, v, and n cannot all be real. But this 
presence of an imaginary always indicates an absorption, i.e. a 
diminution in the amplitude. If, for example, r = 0, 
I — 2^ . 

7t = — y — , in which k and V are to be real, then, from (5), 

-T = “ x), . . . (10) 

in which A is set equal to T *V, But equation (10) asserts that 
the ratio of the amplitude at any instant to the amplitude after 
the wave has travelled a distance ^ is i : — 27 r/<r. Hence k is 

called the coe’fficient of absoi'p t ion. 
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Equation (10) represents the case in which light falls per- 
pendicularly from air upon the absorbing medium. V is the 
velocity and A. the wave length of light in the medium. If the 
ratio c \ V = 7 z ho called the index of refraction of the medium, 
since it represents the ratio of the velocities of light in air 
(assumed to be the same as in vacuo) and in the medium, then, 

by (9). 

d = yz2(i — — 22/c*), 

or 

n\i ~ K^') = e, irK = (sT, . . . (ii) 

Thus this equation furnishes the means of determining the 
index of refraction and the coefficient of absorption from the 
electric constants. It will be shown later that the relation 
(i i) cannot be numerically verified; nevertheless the important 
point here is to observe that a complex value of d actually 
means an absorption of light, and that the real and imaginary 
parts of d can be replaced, in accordance with (i i), by the more 
tangible concepts of refraction and absorption coefficients. 

2. Metallic Reflection. — Resume the notation on page 
279 sq. Let the incident light be plane-polarized at an 
azimuth of 45*^ to the plane of incidence. Then /i)j = 

The entire development there given can be applied here if 
only the real constant e be replaced by a complex quantity e'. 
0 denotes the angle of incidence and x complex quantity 
which may be determined in terms of 0 by 


sin X = 


sin 0 
Vd ' 


( 12 ) 


Then, from (27) on page 285, the ratio of the components 
of the complex amplitude of the reflected light is 


R» 


p-e‘ 




cos (0 -- xY 


p here denotes the ratio of the real amplitudes of the and s- 
components of the reflected light, J the relative difference of 
phase of these components. This is at once evident by setting 
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Rp = Rs = in which Rs> real 

quantities. Then 

p =z R^: /J = 6 ^- Ss. . . . ( 14 ) 

Since the right-hand side of (13) is a complex quantity, ^ 
cannot be zero. Incident plajie-polaidzed light therefore 
becomes by reflection at the surface of a metal elliptically polar- 
ized. 

From (13) it follows that 

I 4 ’ _ sin 0 sin x 

I — p'C^^ cos 0 cos ’ 

If in this equation x be replaced by 0 and d in accordance 
with (12), then ^ 

I 4 ~ _ sin 0 tan 0 ^ 

I p • e'^^ Yd — siii^ 0 ^ 

Hence when 0 = o, = — i, or = o and p = — i. 

n .. 

When 0 = he. z/ = o, p = i. Hence the 

relative difference of phase of the reflected light, i.e. its 
ellipticity, vanishes at perpendicular and grazing incidence. 
That angle of incidence 0 for which the difiference of phase z^ 

7t __ 

amounts to - is called the principal a7igle of incidence 0 . At 
this angle = i\ hence, from (15), 


I + • p __ sin 0 • tan 0 
I — i •'p V d — sin^ 0 


(16) 


If this equation be multiplied by the conjugate complex 
equation 


i — i • p sin 0 ' tan 0 
I *-[- f - p d — sin^ 0 

in which denotes the complex quantity which is conjugate 
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c Icift-Iiand side reduces to i. Hence the principal 
incidence is determined by 

d 0 -[- K-y — 2 u^(l — sin^ 04“ sin‘1 0. (17) 

^le numerical calculation it is generally sufficient to 
)unt of the first term only on the right-hand side of 
tion, since, for all the metals, 9 r(i 4- has a value 
iatcr than i, somewhere between 8 and 30. With 
)ximatioa (17) becomes simply 

sin 0 tan (f) = n V i /c^ (18) 

ipproximation may be obtained directly from (15) by 
^ in the denominator of the right-hand side sin 0 in 
m with e'. For, from (ii), 

Ve' = 7^(I — Ik), (19) 

5) becomes 

I 4" sin 0 tan 0 ^ ^ 

= n{i ^ Ik) 


p = tan ij) (21) 

^ [cf. (13)] that ?/; represents the azimuth of the 
polarization of the. reflected light with respect to the 
ncidcnce, after it has been made 2:)lanc-polarized by 
s such as the Babinct compensator (cf. page 257). 
s called the aziimitJt of restored polarts:atzo 7 i, 

: is easy to deduce the relation 

j — _ cos 20 — i sin A sm_20 

1 pet A I cos A sin 2 0 ' 

t following may be obtained from (20): 


sin Al tan 20, 
sin tan 0 


cos 20 


.4 =: sin^ 0 taiF 0 


I -4 cos A sin 20’ 

I — cos A sin 20 


(22) 


I 4" cos A sin 20' ) 
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From these equations the optical constants n and /c of a 
metal can be determined with sufficient accuracy from obser- 
vations of ^ and zl.* 

The value of ^ which corresponds to the principal angle of 
incidence 0 = 0 is called the principal azimuth 0. From the 
first of equations (22) it follows that 


K = tan 20 (23) 

Inversely, in order to obtain A and ?/; from the optical con- 
stants, set 

ft Y I [ fp 

tan P — - — T-T , tan 2 = • • (24) 

sin 0 tan 0 ^ 

Then from (20), since the right-hand side has the value 
cot 

tan A = sm Q tan 2P, 

cos 20 = cos Q sin 2P (25) 


The reflecting pozver of a metal is defined as the ratio of 
the intensity of the reflected light to that of the incident light 
when the angle of incidence 0 is zero. In this case, from 
equation (26) on page 284, since n is here to be replaced by 
n{\ — iP) [cf. equation (19)], 


Rp __ ^ n{i — ik) — i 

Ep n{\ — Ik) + i* 


. . (26) 


If this equation is multiplied by its conjugate complex 
equation, the value of the reflecting power R is found to be 


— I -|- a:^) 4- I — 2;z 
~~ E\~ ;2\i + + I ■+ 2w' 


• (27) 


Since for all metals 2n is small in comparison with 
t^{\ R is almost equal to unity, i.e. the reflecting power 

is very large. A substance which shows this strong reflecting 
power characteristic of the metals (in the case of silver it 


* More rigorous equations, in which sin*-^ 0 has not been neglected in comparison 
with e', are given in Winkelmann’s Handbuch, Optik, p. 822 sq. 
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amounts to 95 per cent) is said to have metallic lustre."^ This 
is more marked the greater the absorption coefficient of the 
substance. Since k is different for different colors, some 
metals, like gold and copper, have a very pronounced color. 
Thus a metal appears red if red light is reflected more strongly 
than the other colors. Hence the light reflected from the 
surface of a metal is approximately complementary to the color 
of the light transmitted by it. In order to observe this it is 
necessary to use sheets of the metal which are only a few 
thousandths of a millimetre thick. Gold-foil of such thickness 
actually appears green by transmitted light. 

The more often light is reflected between two mirrors of 
the same substance the more saturated does its color become, 
for the colors which are most strongly absorbed by the sub- 
stance are much less weakened by repeated reflection than the 
others. In this way Rubens and Nichols,t and Asclikinass .'j: 
have succeeded in isolating heat-waves much longer than any 
previously observed. An Auer burner without a chimney was 
used as the source of the radiations. After five reflections upon 
sylvine an approximately homogeneous beam of wave length 
A. = 0.061 mm. was obtained, this being the longest heat- 
wave yet observed. The reflecting power of sylvine for this 
radiation is i? rr: 0.80, i.e. 80 per cent. Long heat-waves can 
also be isolated by multiple reflections upon rock salt, fluor- 
spar, and quartz. 

It is important to distinguish between the surface colors 
produced by metallic reflection and those which are shown by 
weakly absorbing substances with rough surfaces ; for example, 
by colored paper, colored glass, etc. These substances appear 
colored in diffusely reflected light because the light is reflected 
in part from the interior particles of the substance, and hence 


* That this eflect is actually due to a liigh reflecting power is proved by the 
fact that a bubble of air under water from which the lig]\t is totally reflected 
looks like a drop of mercury. 

f Rubens and Nichols, Wied. Ann. 6o, p. 418, 1897. 

X Rubens and Aschkinass, Wied. Ann. 65, p. 241, 1898. 
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selective absorption is the cause of the color. In such cases 
the colors in transmitted and reflected light are the same, not 
complementary as in the case of the metals. 

3. The Optical Constants of the Metals. — Equation (22) 
shows how the optical constants n and /c of a metal can be 
conveniently determined, namely, by observing the vibration 
form of ‘the elliptically polarized reflected light when the 
incident light is plane-polarized, i.e. by measuring A and tfj 
by means of a Babinet compensator and analyzing Nicol in 
accordance with the method described on page 255 sq. But 
care must be taken that the surface of the metal be as clean as 
possible, since surface impurities tend to reduce the value of 
the principal angle of incidence.^ The following table contains 
some of the values which Drude has obtained by the reflection 
of yellow light from surfaces which were as clean as possible : 


Metals, 

nK 

n 

<p 



Silver 

3-67 

0.18 

75 '’42' 

43^35' 

95-3^ 

Gold 

2.82 

0-37 

72 i8 

41 39 

8S.1 

Platinum 

4.26 

2.06 

78 30 

32 35 

70.1 

Copper 

2.62 

0. 64 

71 35 

38 57 

73-2 

Steel 

3.40 

2.41 

77 3 

27 49 

58-5 

Sodium 

2,61 , 

0.005 

71 19 

44 58 

99-7 

Mercury 

4.96 

1-73 

79 34 

35 43 

78.4 


The reflecting power R was not measured directly, but cal- 
culated from (27). 

The optical constants can also be determined by observa- 
tions upon the transmitted light. By measuring the absorption 
in a thin film of thickness d a value for /c : A may be obtained, 
as is seen from (10), A denoting the wave length in the metal. 
Since now A = A^^ : and since A^ , the wave length in air, is 
known, uk may also be obtained. But reflection at the bounding 
surfaces of thin sheets of metal is accompanied by a great loss 


*Cf. Drude, Wied. Ann. 36, p. 885, 1889; 39, p. 481, 1890. 
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in intensity. In order to eliminate this difficulty it is necessary 
to compare the absorptions in films of different thickness. The 
losses due to reflection are then in both cases nearly the same, 
so that a conclusion may be drawn as to the value of ?iJ< from 
the difference in the absorptions. The difficulty in making 
these observations lies in obtaining metal films but a few 
thousandths of a millimetre in thickness, which are yet uniform 
and free from holes. For this reason the value of 71k as deter- 
mined by this transmission method usually comes out smaller 
than by the reflection method.*^ But in some cases, t for 
example, silver — which can be easily deposited upon glass from 
a solution — the values of 7i7< determined by the two methods 
are in good agreement. 

As in the case of transparent media, the index of refraction 
can be determined from the deviation produced by a prism, J 
but in the case of the metals the angle of the prism must be 
very small (a fraction of a minute of arc) in order that the 
intensity of the light transmitted may be appreciable. Since 
Kundt succeeded in producing metal prisms suitable for this 
purpose § (generally by electrolytic deposition upon platinized 
glass), the indices of refraction of the metals have been deter- 
mined many times by this method. || Not only is the produc- 
tion of these prisms troublesome, but also the. observations are 
very difficult, since the result is obtained as the quotient of two 
very small quantities. In general the results agree well with 
those obtained from observations of reflection; for example, 
the remarkable conclusion that for certain metals < I has 
been confirmed. 

These small indices of silver, gold, copper, and especially 


*W. Rathenau, Die Absorption cles Lichtcs in Mctallen. Dissert Berlin, '1889. 
I W. Wernicke, Pogg. Ann. Ergzgbd. 8, p. 75, 1878. Also the observations of 
Wien (Wied. Ann. 35, p. 48, 1888) furnish an approximate verification. 

For the equations cf. W. Voigt, Wien. Ann. 24, p. 144, 1885. P. Drude, 
W^ied. Ann. 42, p. 666, 1891. 

gA. Kundt, Wied. Ann. 34, p. 469, 1888. 

II Cf., for instance, Du Bois and Rubens, Wied. Ann. 41, p. 507, 1890. 


368 


THEORY OF OPTICS 


of sodium are particularly surprising; they mean that light 
travels faster in these metals than in air. 

If these optical constants be compared with the demands 
of the electromagnetic theory [cf. (n)], a contradiction is at 
once apparent. For since e is to equal ?t^{i — a*-), the dielec- 
tric constant of all the metals would be negative, since 
K = tan 2 (py and since 2?/? is for all metals larger than 45°, i,e, 
Kyi, But a negative dielectric constant has no meaning. 
Also, the second of equations (ii), namely, n'^K = aT, is not 
confirmed, since, for example, in the case of mercury, for 
yellow light crT = 20, while = 8.6. For silver crT is 
much greater, while u^k is much smaller than for mercury. 

The same fact is met with here which was encountered 
above when the indices of refraction of transparent media were 
compared with the dielectric constants. The electromagnetic 
theory describes the phenomena well, but the numerical values 
of the optical constants cannot be determined from electrical 
relations. The extension of the theory, which removes tins 
difficulty, will be given in the following chapter. 

4. Absorbing Crystals — The extension of the equations 
for isotropic absorbing media to include the case of absorbing 
crystals consists simply in assuming different dielectric con- 
stants and different conductivities along the three rectangular 
axes of optical symmetry. If the coordinate axes coincide 
with these axes of symmetry, equations (12) on page 314 are 
obtained, with this difference, that are complex 

quantities, if, in accordance with (5) on page 359, the electrical 
force is introduced as a complex quantity. To be sure the 
equations will not be perfectly general, since the axes of sym- 
metry for the dielectric constant do not necessarily coincide 
with those for the conductivity. These axes must coincide 
crystals which possess at least as much symmetry as 
the rhombic system. Nevertheless the most general case will 

A since the essential elements may be 

obtained from the simplification here presented.* 

“♦ThhlFtreatedmoref^lIyli^^ 


ABSORBING MEDIA 369 


In order to integrate the differential equations given above, 
namely, 



let the components k, re' of the light-vector Ik; represented 
by the equations 


V = < 3^ A’‘/r 7 £- ; ^ 11/ r^' • ’ ■\ 


(= 9 ) 


ill which I, and A/, A\ // may l)c complex. 

These equations coiTt!S|:H)iul to a [)lane wavt‘ whose direction 
cosines are ///, //» /. / is the velocity of the wave, and k the 

absorption coefficient (cf. paqc 360). Let 


F 


(K 


(i;. 


(30) 


Then I'l-esnel’s law (iH) on page 316 may he written 
fii'i />■> 


(31) 


in which, Iiowcver, iirv. complex, lleiict* this ctpui- 

tion splits up into two from wliich /'and k may lie calculated 
separately as functions of the direction ///, Ji, p (^f the wave 
normal. Accordini^* tt) etjualions (15), (iq), ami (20) on jiages 
315 and 317, the foUowin^f relalitms ludd for tlic quantities 
M, iV, II: 

J[fm I” Nn I’ Up r; o (32) 


M : AT: Jf 


at 


* b} 






‘ H 

O. 


( 33 ) 


Since, by (33), M, N, tl are C(»mple.\, two ellipticaJly 
I^olarized rays correspoml to every direction w, //, /, h'or if it 
be assumed tliat M A Ab/’q tlum < 3 , — denotes 


370 


THEORY OF OPTICS 


the difference of phase between the components 21^ v of the 
light-vector. For plane-polarized light dj — — o. Equa- 

tion (32) expresses the fact that the plane of the vibration is per- 
pendicular to the wave normal, (34) the fact that the ellipses 
are similar to each other, while their positions are inverted.* 
The relation which can be deduced from (31) between the 
velocity and the direction 71, p is very complicated. Hence 
Fresnel’s law, in spite of its apparent identity with (31), is 
considerably modified. But the relations are much simpler in 
the case of weakly absorbing crystals such as are always used 
when observations are made with transmitted light, t For if /c^ 
can be neglected in comparison with i, then oi? = F^(i -j- 2iK). 
Hence setting 

~ ia"^, — i? ic”^, ( 35 ) 

then 


in^ 


111^ 


iiF‘ f ,2KV^—a'^\ 

= )■ (36) 


Hence (31) splits up into the two equations 




^8 _ -r ^ 






2 kV'^ 




2 + 


;z2 




+ 


: O, 


• • (37) 




tru 71^ iF 


Equation (37) is Fresnel’s law. Hence when the absorp- 
tion is si 7 iall this is not modified. Equation (38) presents k as 
a function of and p. According to (33), when the absorp- 
tion is small M, JY, U are very nearly real, i.e. the two waves 
within the crystal have but a slight elliptic polarization. If 
SU, Sft, ^ denote the direction cosines of the principal axis of 


*For more complete proof of this, cf. Winkelmann’s Handbuch, Optik, p. 813. 
I In reflected light the effects of strong absorption are easy to observe, for 
example, with magnesium- or barium-platinocyanide. Such crystals show 
metallic lustre and produce polarization. 
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the vibration ellipse, then, from (33) and (36), since W is the 
real part of M, etc., 




_ f/2 • ,53 _ J72 • ^2 _ yi - 


(39) 


Thus yjty 9 ^, 5)5 are determined in the same way as the 
direction of vibration in transparent crystals. 

In view of (39) and the relation -f" 9 ^" + = i, it is 

possible to write (38) in the form: 

2 kV ^ = , (40) 

i.e., in accordance with (18') on page 317, which also holds 
here, 

. ^^259^2^^/ 2 9(^2 + ^^2^2 

H- • • • ■ 

Hence the index of ahsorptioji k, like the velocity V, is a 
single-valued functio 7 t of the direction of vibration. 

This law can be easily verified by observing in transmitted 
light a cube of colored crystal cut parallel to the planes of 
symmetry. This shows different colors as the direction of the 
ray is changed (trichroism for rhombic crystals, dichroism for 
hexagonal and tetragonal crystals). This phenomenon can be 
observed in tourmaline, beryl, smoky topaz, iolite, and espe- 
cially in pennine, which appears bluish green and brownish yel- 
low. If the light transmitted by such a crystal is analyzed with 
a Nicol, the color depends upon its plane of polarization, the 
extreme colors being obtained Avhen the Nicol is parallel to an 
axis of symmetry of the crystal/^' The six extreme colors 
which can be observed in a cube of tricroitic crystal by means 
of a Nicol reduce in reality to three, since each color appears 
twice, namely, in the positions for which the direction of vibra- 
tion in the Fresnel sense is the same (cf. page 253). 

Equations (40) and (41) become simpler if the wave normal 
lies near an optic axis; for example, near Ay If the angle g^ 


*BotIi colors arc seen at the same time if a double-image prism be used instead 
of a Nicol. Cf. Mtlller-Pouillct, vol. II, Optics, by Lummer, p. 1005. 
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which the wave normal JV makes with the optic axis is so 
small that its square can be neglected in comparison with 
I, then P. If, further, the angle between the plane 

of the optic axes (;tr^~plane) and the plane defined by 

and N be denoted by then the plane defined by iV'and 


the direction of vibration 


makes an angle - with 


the plane. For, from page 322, the plane of vibration 
bisects the angle included between the planes {HA^) and 
(HA^) ; but since N is to lie very near to the optic axis, the 
plane {NA^ may be identified with the plane (A^A^) of the 
optic axes, i.e. with the .^"^-plane. Hence the direction of 

?/; 

vibration 9}?^, must make an angle of — with that direc- 

tion S in the ;i'^-plane which is perpendicular to the wave 
normal iV, i.e. to the optic axis A^. The direction cosines of 
5 are cos g, o, sin g, where g denotes the angle between the 
optic axis A^ and the ^'-axis, i.e. half of the angle included 
between the optic axes. Hence it follows that 


cos— =1- cos g^ — sin g. 


(42) 


Since now the direction is also perpendicular to 

the wave normal N, i.e. to the optic axis A^j whose direction 
cosines are sin g^ o, cos g^ it follows that 

O = 9)^1 sin ^ cos q (42') 

From these last two equations 

^ ^ tp 

= cos q COS'™, = sin = - sin q cos . (43) 

2 2 2 


From this the direction 9^2 > ^2 determined, since 

it is perpendicular to , 9 ?^ , , and to m, p. Thus 

tp rp ip 

= - cos q sin 9?^ = cos = sin sin y . (44) 
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ence, from (40), in the ncii^hborhood of the optic axis 


2 = (rt' ~ cos- (/ 

2 = {a' ~ cos* ij -|- 


j 0 

sin- tj) cos- sin- 

0 ?/; 
sin- ^y) sin- — ~|- cos^—. 


(45) 


These equations show that for any an^ 4 c ± f the value of 
is the same as that of for an ang'le f' = tt i These 
uations arc inclotenninate for the optic axis itself, because 
sn 0 meaning. In accordance with the preceding 

icussion, the direction of vibration may be taken arbitrarily 
' page 319). .heroin (40) it follows that for a wave polarized 
the plane of the optic axes, i.e. vibrating perpendicularly to 
-se axes, since in this case iW = o, i)i = i, 


2 a;/^ ^ (46) 

t for a wave polarized in a plane perpendicular to the plane 
the optic axes, and therefore vil)rating in that plane, since 
this case — cos y, o, — sin y, 

2A'-y/'’ r : COS'^ (/ C' sin* ( 47 ) 

r intermediate i)ositions of the plane of polarization values 
K are obtained which lie between those of and a*^. 
nee the abeiorptiou of a wirre travellut^i^' aloii^i^ a)i optic axis 
iemis 7foH its p/aae tf po/ar/j^atioH. Upon introduction of 
quantities Aq and at^ (45) becomes 



For uniaxial crystals (a h, a' -- //), if p' represent the 
[•le between tlie wave normal and the optic axis, it is easy 
ieduce from (40) for the ortlinary wave 

2/c„fV = «'a, j 

the extraortlinary wave > . (49) 

F/=rt'acosa.^'-.) (■'asina.i,'-, F,'''=:a* coHa^-|-caaina^. ) 
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5. Interference Phenomena in Absorbing Biaxial Crys- 
tals. — Let a plate of an absorbing crystal be introduced in 
convergent light between analyzer and polarizer. Resume the 
notation of §§ 14 and 15 on pages 344 and 349, and consider 
Fig. 91. A wave vibrating in a direction which 
upon entering a crystal has an amplitude E cos 0, upon emer- 

gence from the crystal has the amplitude E cos (p e 'r' in 
which / denotes the length of the path traversed in the crystal. 
If d denote the thickness of the plate of crystal, and the angle 
of refraction of the wave , then I = d \ cos Similarly 
the amplitude of the wave is, upon emergence from the 

27r K’a , 

crystal, E sin 0 “ t “Fg (the length of the path within the 
crystal is assumed to be for both waves approximately the 
same). After passing through the analyzer the amplitudes 01 
the two waves are 


A'cos 0 cos (0 — X)'^ 

£ sin 0 sin (0 — ;i^) • ^ > 


___ 27r 1 

TV^ cos P [ 
27r ^ f 


TV^ cos r 


(50) 


The difference in phase S of the two waves in convergent light 
is determined by equation (88) on page 350. 

The case of crossed Nicols will be more carefully 


considered. Assume that the plate of crystal is cut perpendic- 
ular to the optic axis and denote by 0 the angle which the 
plane of the optic axes makes with the line MA^ drawn 
from a point M, which is near the optic axis in the field of 
view,* to the optic axis then (cf. Fig. loi) the direction 

0 

of vibration makes approximately the angle -- with the 
direction A^A^, provided A^M is small in comparison with 


♦The different points of the field of view correspond (cf. p. 351) to the different 
inclinations of the rays within the plate. 
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If, further, the plane of vibration P of the polarizer 
makes the angle a with the plane of the optic axes, then 



interfering waves are therefore 

+ E cos (on — t/2) sin "" ^3^, 1 

— E sin {a ^/2) cos — i^/^y j 

in which 


<7 = 


27rd 


the two 

• (51) 


since in the neighborhood of the optic axis by and 

r is to be small. 

Hence the intensity of the light which emerges from the 
analyzer is 

/= — (52) 

4 


If the wave normal actually coincides with the optic axis, 
the end sought may be obtained from the following considera- 
tions : The amplitude E is resolved into components which 
are parallel and perpendicular respectively to the plane 
of the optic axes. These components are E cos a and E sin a. 
After emergence from the crystal the former has the value 
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E cos a c the latter E sin (x c After passage throng 

the analyzer the former has the amplitude A cos a sin (xe 
the latter — E sin a cos ix c - These two waves have r 

difference in phase, since the velocity in the direction of tl 
optic axis is the same for both of them. Hence when tl 
wave normal is parallel to the optic axis, the light whk 
emerges from the analyzer has the intensit> 

. . (S 

The first factor in (52) placed equal to zero determines tl 
position of the black principal isogyre ?/' == 2 (X, But while t. 
black tsoj^jre in the uncolored crystals passes through the op\ 
axis itself^ in the pleach roic crystals the point of intersection 
the optic axis zoith the isogyre is bright, unless = O 
zt 

or = j, i.e. unless the plate lies in the first principal positio 

For, from (53), J' differs from zero when sin ^ o, and 
differs from k^. 

The second factor in (52) placed equal to zero shows th 
there are dark rings about the optic axis, since the value 
this second factor depends upon cos 1 ), and cos ^ has perioc 
maxima and minima as the distance from the optic a> 
increases. Nevertheless even with monochromatic light the 
rings are perfectly black only where i.e., accordh 

7t 

to (48), when tp = ± for there the second factor actual 

vanishes when cos (^ = i. The whole j>hcnomenon of t 
rings is less and less distinct the stronger the absorption, i. 
the thicker the plate. I"or the term in (52) which depen 
upon the difference in phase d has a factor which can 
written in the form e — + If the crystal is at all C( 

'fli/a.'n o-f* l/^nef rX Q tC . Vi' 


taining cos < 5 ^ vanishes. This second factor in (52) can be 
written 

( 54 ) 

Although cr is large, these terms may yet have appreciable 
values, since or k,, may be small for certain points M of the 
field of view provided either or a-,, is small. It can now be 

7C 

shown that when »/' = o or it, 7 '’ is a maximum ; when y; = ± 
a minimum. For, from (48), 


3 ^ 

a 'A 


(Tsin 


2■K^O■ 




Therefore maxima or minima occur when //' l-- o or tt, or when 

7t 

/Cj = i.c. ?/’ = ± Ihit when =r: o or tt, 


--2K.CT 

Tt 

and when th = ± , 

2 

P 7=Z 2 - r I r:- P.,. 


(S5) 


(S6) 


Writing c = x, 




jU then 



4'^.rje 


But now, since the arithmetical mean is alwa)\s greater than 

the geometrical (the difference between them increasing as the 

difference between x and j', i,c. between and , increases), 

the values tp = o or tt correspond to a maximum, the values 

TT . . . 

i/) ± ^ to a minimum, of /o 

In adciilion to the principal isogyre (ip ~ 20^), there is 
always a black brnsh traversing the field of vmv per pendieular 

to the plane of the optic axes = ± This brush coin- 

cides with the principal isogyre in the second principal position 
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Absorption gives rise to certain peculiar phenomena when 
either the analyzer or the polarizer is removed. In the first 
case the two amplitudes which emerge from the crystal have 
the values A cos (oL—\ip)e and E sin {a — ^I))e ~ If 

these are not brought back to a common plane of vibration, 
they do not interfere and the resultant intensity is simply the 
sum of the two components, i.e. 

y = £2|cos2(^ — ~ sin^ {a— (57) 

When the wave normal coincides with the optic axis, 

J- z=z E‘^{cos^ oce ^ + sin*-^ ae ~ . . (58) 

The following principal cases will be investigated: 

I. a=o. Then 

y = £2{cos2 + sin2 

f = E^e *“ 

But since 



therefore 



When 

when 


^ = ofor^=0 


or TT, or for ip = ±i */2. 


= o or TV, 

J= J^= 

tp= ±’^/2, 

J = J^ = £2.^-(>r> + 'r.)cr_ 


If, therefore, (type II, iolite, epidote), y > i.e. 

there is a dark brush perpendicular to the plane of the optic 
axes, which is, however, intercepted by a bright spot on the 
optic axis. But if (type I, andalusite, titanite), then 


n 

2. a: = 

2 

J — ^tl'e -[- cos^ ^ipe 

J' = £2.^“2/C.Gr^ 

When tp = o ov Tty 

when ^ ^/2 , 

J = /^ = 

If, therefore, < k^, Ji<J2J 3. continuous dark brush 
lies in the plane of the optic axes. But if /c^ > k^, J^y 
i.e. the dark brush is perpendicular to the plane of the optic 
axes and is intercepted by a bright spot on the optic axis. 

If both analyzer and polarizer are removed, i.e. if a plate 
of biaxial pleochroic crystal cut perpendicular to one of the 
optic axes is observed in transmitted natural light, the resultant 
intensity is 

.... (59^ 

while along the optic axis itself it is 

= E?{e “ ^ 

For natural light may be conceived as composed of two in- 
coherent components of equal amplitudes which vibrate in an> 
two directions which are at right angles to each other. Hence 
in (60) 2E- denotes the intensity of the incident light. Since 
now it was shown above [equation (54), page 377] that (59' 

7t 

has a minimum value when ?/; = ± it is evident that a dar) 

brush perpeTidicidar to the plaTie of the optic axes and interceptec 
by a bright spot tip on the axis will be seen. These figure* 
produced in natural light were observed by Brewster as long 
ago as 1819. They may be easily seen in andalusite anc 
epidote.* 


* For further discussion of these idiocyclophonous figures cf. Winkelmann* 
Handbuch, Optik, p. 817, note i. 
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ilong the optic axis = /c ^. ; hence 

(64) 


Irystals of the first type (/c^ < show, therefore, a dark brush 
/hen 0 = 0 and <p-=^ n, i.e. in a direction parallel to the direc- 
ion of vibration, or perpendicular to the plane of polarization 
f the polarizer. The dark brush is intercepted by a bright 
pot on the axis. In the case of crystals of the second type 

7C 

there is a dark brush when 0= ± i.e. parallel to 

he plane of polarization of the polarizer. The dark brush 
•asses through the axis itself. 

j. Transmitted natural light. The intensity of the ordinary 
ay is ““ that of the extraordinary ray is 
ence 

(65) 

^long the optic axis itself /c,, = , hence 

J' = 2£V - 2/<-.cr 

E'^ denotes the intensity of the incident natural light. In 
rystals of the first type there is a bright spot on the axis sur- 
Dunded by a dark held ; in crystals of the second type, a 
ark spot on the axis surrounded by a bright field. 


CHAPTER V 


DISPERSION 

I. Theoretical Considerations. — A theory which accounts 
well for the observed phenomena of dispersion may be obtained 
from the assumption that the smallest particles of a body 
(atoms or molecules) possess natural periods of vibration. 
These particles are set into more or less violent vibration 
according as their natural periods agree more or less closely 
with the periods of the light vibrations which fall upon the 
body.* That such vibrations can be excited by a source of 
light, i.e. an oscillating electrical force, is easily comprehended 
from a generalization of the theory, necessitated by the facts 
of electrolysis, that every molecule of a substance consists of 
positively or negatively charged atoms or groups of atoms, the 
so-called ions.t In a conductor these ions are free to move 
about, but in an insulator they have certain fixed positions of 
equilibrium about which they may oscillate. In every element 


* As Lord Rayleigh has recently shown (Phil. Mag. (5) 48, p. 15 1, 1889), 
Maxwell was the first to found the theory of anomalous dispersion upon such a 
basis (cf. Canibr. Calendar, 1869, Math. Tripos Exam.). His work did not, 
however, become known, and, independently of him, Sellmeier, v. Plelmholtz, and 
Ketteler have used this idea for the basis of a theory of dispersion. The assumption 
that molecules have natural periods can be justified from various points of view, 
even from that of the mechanical theory of light. From the electric standpoint 
these natural periods can be looked upon in two different ways : the treatment 
here given is based upon Reiff s presentation of v. Helmholtz’s conception — a pres- 
entation which also contains interesting applications to other domains of science 
(cf. Reiff, Theorie molecularelektrischer Vorgange, 1896). This conception is 
more probable than the other which was used by Kolacek (Wied. Ann. 32, p. 224, 



of volume the sum of the charges of the positive and negative 
ions must be zero,, since free electrification does not appear at 
any place upon a body which has not been charged from 
without. 

Consider first only the positive ions, and denote by the 
charge of a positive ion, by its mass, by the ;r-component 
of its displacement from its position of equilibrium ; then the 
equation of motion of this ion, when an exterior electrical force 
whose .;ir-component is X is applied, must be of the form 


m. 


■ 3 /^ 










• (0 


For the first term of the right-hand side e^X is the total 
impressed force. The second term denotes the (elastic) force 
which is called into play by the displacement of the ion and 
which acts to bring it back to its original position. The 
factor is introduced to indicate that the sign of this force is 
independent of sign of the charge. The third term repre- 
sents the force of friction which opposes the motion of the 
ion. This term also contains the factor since it must also 
be independent of the sign of the charge. are 

positive constants. The meaning of -Oj is obtained by deter- 
mining the position of equilibrium of the ion under the action 
of the force X. For if is independent of the time /, then, 
from (i), 



•Oj is proportional to the facility with which the ions may 
be displaced from their positions of rest, i.e. it is inversely 
proportional to the elastic resistance (or the coefficient of elas- 
ticity). For conductors is to be set equal to oo . 


*A11 quantities are to be measured in electrostatic units. Equation (i) would 
also hold if the ion had no mass, provided the self-induction due to its motion be 
taken into -consideratioiv 



An entirely similar equation holds for the m 
charged ions, namely, 





47r^y 


^2 ^ 2^2 


d/' 


Here, too, r.,, are positive, but is negati 

Now the electric current along the ;r-axis consists 
parts : 

I. The current which would be produced in the fr 
by an electrical force A"' if no ponderable molecul 
present. According to (13) on page 268, the currem 
has the value 


(7.0 0 — 


jL^ 

47r ' * 


2. The current due to the displacement of the 
charges. If the displacement during the time rf/ arr 
and if^^ denotes the number of positive ions in uni 
aiul the number in unit cross-section, then there 
time (// through unit cross-section the quantity 


in which r- iU' . denotes the number of ion 
t\‘pc* I which arc present in unit volume. Hence in 
there passes through unit cross-section the quantity 




UX = 


di’ 


in which is ;i differential coefficient with respect to 

(JJ, denotes the current density which is produce 

tnotiiui of the i<ins of type I. 

The current due to the displacement of the 
eharijes. 'I'liis may be written in a form similar to tl 

tlius 



for a displacement of a negative charge in the negative direc 
tion of the ;tr-axis is equivalent to a positive current in th 
positive direction of the A^-axis. 

The total current density along the ;ir-axis is then 

X = (A)o + (7^)1 + ijsc\ = ^ ^ (7 

The components of the current along the j/- and ^-axes take ; 
similar form 

Since no free charge can exist in an element of volume 
the following relation holds : 

^1^1 ^2^2 ~ ^ (S 

Now the fundamental equations (7) and (ii) on pages 261 
and 267 are, as always, applicable. The permeability pi wil 

'd(x 

be assumed equal to unity, so that 47 rs^ = — , etc. Henc( 

these fundamental equations, together with (i), (3), and (7) 
constitute a complete theoretical basis for all the phenomenj 
of dispersion. 

The general integral of differential equations (i) and (2) cai 
be immediately written out if X be assumed to be a periodii 
function of the time. For and are proportional to thi 
same periodic function of the time plus a certain term whicl 
represents the natural vibrations of the ions, which, according 
to (i) and (3), take place when X = o. But in considering 
stationary conditions this term can be neglected, since, 01 
account of the resistance factors and , it disappears in th< 
course of time because of damping. Hence it is possible to se 

.£ . / 

= Ty • (9 

T = T: 27 t, (10 

in which and A^ are still undetermined functions of th< 
coordinates, which, however, no longer contain the time 
while T is the period of the impressed force, i.e. of the ligh 
vibrations. In reality 4*1 and stand for the real parts of thi 
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complex quantities written in (9) ; nevertheless they can I 
equal to these complex quantities and the physical me; 
can be determined at the end of the calculation from thi 
parts. This method of procedure makes the calculation 
simpler. 

Now, from (9), 

3^1 _ i ^ 


Hence (i) may be written 


or when 


it follows that 


a, 


1 

c 

• to 

I WZjdj' 

t 47r 

4.Tce^. 

-Ml 

= - 

47r ’ 

‘ A 


= —X 

^ 1 47r 




z 6^ ' 

I — <z, — — 
1^1 


The similar expression for is obtained by rcplacin 
subscript i by 2. Hence, from (7), 


■ 

47t 'bt 


I + 




i 





I 


b. 


A comparison of this equation with (17) on page 
6 ?)Y 

namely, F=z — shows that in place of the die 
4-7t 0/ 

constant e there appears the complex quantity e' which de 
upon the period T{— r- 27 t)\ thus 
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n which the following abbreviation has been introduced : 

(I 50 

The 2 is to be extended over all the ions which are capable 
)f vibrating. It is possible to assume more than two different 
cinds of ions. But in the case of the higli periods of light 
dbrations and of dielectrics, these kinds are not to be assumed 
:o be identical with those found in electrolysis. 

The meaning of the constants which appear in (15) can be 
)rought out as follows: If the period is very long, i.e. if 
r = 00 , a condition which is practically realized in static 
ixperiments or in those upon slow electrical oscillations, it 
bllows from (15) that 

(16) 

In such experiments e is the dielectric constant of the 
nedium. From (2) and (13) it is evident that W;' can be called 
he dielectric constant of the ions of kind //. 7 Vie ri\mltant 
Uelectric constant is thoi the sum of the dielectric constants of 
he ether and of all the kinds of ions. 

Further, is a constant which is associated with the 
latural period which the ions of kind h would have if their 
:oefFicient of friction could be neglected. For in this case 
X = o, = r;, = o) it follows from (i) that 

= (17) 

It has been shown above on page 361 that a com];)lex 
lielectric constant indicates absorption of liglit. If n represent 
he index of refraction and k the coefficient of absorption, then 
irom the discussion there given [eciuation (i i)], and the ccpia- 
ion (15) here deduced, 


d = u\l — iK)^ 
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Using these series and introducing in place of r the period 
itself, in accordance with (lo) and (17), (19) becomes 


I + H — — I Yi — 1 - 


- 




T} 


t^: 2~ — 

2^4 


(22) 


Now in fact a dispersion formula with four constants, 
namely, 

B C 




2^2 1 2^4 > 


(23) 


in which A' , A, B, and C are positive, has been found to 
satisfy observations upon the relation between ?i and T for 
transparent substances. (23) is easily recognized as the 
incompleted series (22), and it is easy to see from (22) why the 
coefficients Ay By and C must be positive. It also appears 
that the term A of the dispersion equation, which does not 
contain Ty has the following physical significance: 

A =z I - 2 ’ t 9 ' (24) 

Since by (16) the dielectric constant e has the meaning 
e = I + = I 4" 

it appears that 

e-A = ( 25 ) 

i.e. the difference between the dielectric constant a7td the term of 
the dispersion eqnatiori ivhich does not contain T is always posi- 
tive and is equal to the sum of the dielectric constants of the ions 
whose natural periods lie in the ultra-red. - In this way the 
discrepancies mentioned above between Maxwell’s original 
theory and experiment are explained. 

Such a difference between e and A must always exist when 
the dispersion cannot be represented by the three-constant 
equation 

^ + ^2 4“ 


(26) 
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i.e. in the form 


7^2 = ^3 4 - 2 ’ 


A 2 _A, 3 > • 


• • ( 29 ) 


it is evident that must be identified with the dielectric con- 
stant e. In the case of the substances just mentioned 7 i^ can 
be well represented by equation (29) ; for example, for quartz, 
for the ordinary ray, the values of the constants are: 

= 0.0106, — 0.0106, 

M.,= 44-224, 78-32, 

713-55. A3- = 430.56, <52 = 4.58. 

In this Aa = T^- V, and the unit in which is measured is a 
thousandth part of a millimetre {/x)- According to (29) these 
seven constants M^, M^, M^, \ , A3, P must satisfy the 

equation 


- I = = 


A/ A3' A3'’ 


(30) 


The numerical value of the right-hand side is 3.2, that of the 
left 3.6. The difference is due to molecules whose natural 
periods of vibration lie so far out in the ultra-violet that r/, = 0 
for them. If the sum of the dielectric constants of these mole- 
cules be denoted by Bo', then, from (29), 


= I + + :se;;, M, = Bl . A^3. 


Hence the following takes the place of (30); 


I 



(30') 


Now the value of the dielectric constant of quartz lies between 
4.55 and 4.73, which agrees very well with the value of b^. 
For fluor-spar 

ifj = 0.00612, = 0.00888, 

^2=5099, A3' =1258, 

P = 6.09, e = 6.7 to 6.9. 

[Here again (30) is not exactly satisfied.]. 
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npressed periods which does not include a natural period of 
le ions. But whenever an impressed period coincides with a 
atural period, the normal course of the dispersion is disturbed, 
or it follows from (19) that for periods 7 ' which are smaller 

lan a natural period 7 ), , i.e. for which i — has a nega- 

;ve value, say — contains the large negative term 

- -0^ : C; while for those values of T which are larger than 



assumes the negative value C', ‘So that /r contains 


le positive term + i)l : Ifcjice as T increases con tin- 

onsly in j^enerai decreases; Ifni in />assij{si' through a region 
f absorption it increases. Within the region of absorption 
[9) cannot be used, but and k must be calculated from 
[8), Of, being now retained in the calculation. In any case 
2 must be a continuous function of 1\ Hence the general 
)rm of the ;r and at curva^s is that .shown in lug. 102, The 
alue of K differs from zero only in the immediate neighborhood 
f Tf , , and there it is larger the smaller the value of For, 
om (18), when 7 '= 7 ), , 



Hence if i.e. r/, , is small, the absor|)tion bands of the 
ibstance arc .shar[) and narrow; but ir<'//, is large, the absorp- 
on e.xtends over a large region of wave lengths but has a 
mall intensity. 

The form of the anomaleus dispersion curve sliown in Fig. 
02 represents well the ol)servations upon sul)stanccs which 
xhibit strong selective absorption, for example, fuchsine.* 
'he .gases and the vapors of metals are distinguished by very 
arrow and intense absor|)tion l)ands, and anomalous dispersion 
ccurs in the neighborhood of these bands. 
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reflected rays and forms a real image of L upon the screen 5 . 
This image is spread out into a spectrum by means of a suitably 
placed glass prism. This spectrum then shows the distribution 
of light indicated in the figure: the curve vinpq represents the 
limiting curve of total reflection. The break in the curve 
between n and p shows at a glance the effect of anomalous 
dispersion. Between n and p there is a dark band, since, for 
the colors which should appear at this place, the index of 
refraction of the flint glass is the same as that of the fuchsine 
solution, so that no reflection whatever takes place. The 
index of refraction within the region of maximum absorption 
cannot always be determined by this method, since, on account 
of the high absorption, the partial reflection in this region is so 




large (cf. metallic reflection) that it passes continuously into 
total reflection, so that no sharp limiting curve appears, n and 
K can then Ijc determined from the partial reflection as in the 
case of the metals. 

A striking confirmation * of the theory here presented has 
recently been brought out by the discovery of the fact that for 
very long waves (A much larger index 

(;/ = 2. 1 8) than for the shorter visible rays. Equation (29) 
gives, with the assumption of the values of the constants given 
for quartz on page 391, // 2.20. Hence if the radiation from 

an Auer burner be decomposed into a spectrum by means of 

^ nricjm nf ntifirfr fir#* fli#* trinlAr 
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end of the spectrum and may therefore be easily iso 
cutting off the other rays with a screen. 

The case inverse to that of narrow absorption band 
in which not Uj, but bj^ or tk are to be neglected in 
(15), i.e. the case in which the region of absorption 
which no natural periods of the ions occur (the ir 
periods are larger than the natural periods could possi 
In this case, from (18), 




The last that connected with the index refe 
natural periods which lie in the ultra-violet. If these 
are assumed to be small in comparison with 2", then fn 
if, as on page 391, be called 


= 1 + ^0 + 




2fi^K 




If only ions of kind h are present, it appears tl 
decreases from 7 " = 00 , 7i decreases continuously, 
absorption, which covers a broad region, reaches a m 
for a certain period T, These equations appear to r 
well for many substances the dispersion phenomena as 
observed by means of long electrical waves ranging 
the limits 1 = 00 and A. = i cm.* 

4. Dispersion of the Metals. — In considering coi 
of electricity it is necessary to bear in mind that with 
conductors a constant electrical force produces a co: 
displacement of quantities of electricity, and that the 
have no definite positions of equilibrium. The idea n 
of in electrolysis, that the displaced electrical quant 
connected with definite masses (ions), will be appliec 
metals to the extent that the motion of the ions 


possessed inert mass 7 n. But this may be only apparent 
mass, since the inertia may be accounted for by self-induction 
(cf. note, page 383). 

The constant of these conducting ions must be taken as 
infinitely great, since, according to (2), is proportional to 
the displacement of the ions from their original position be- 
cause of the influence of a constant electrical force. The equa- 
tion of motion of these ions is therefore obtained from equation 
(i) on page 383 by substituting in it = 00 . It is, therefore, 







(34) 


or if the current due to these ions, which according to (5) is 
introduced, 

( 35 ) 


In this equation m is the (apparent or real) mass of an ion, e 
its charge, 9 ? the number of ions in unit volume. From (35) 
it is evident that if two kinds of conducting ions, one charged 
positively and the other negatively, whose resistance factors 
are and respectively, are present, then for a constant 
current the following holds : 


^ ^ ^ = cr, 


(36) 


'1 '2 

in which cr is the specific conductivity of the substance measured 
in electrostatic units (cf. page 358). 

For periodic changes, since JSf = — by (35), 


or 


, z m , ^ I _ • 

I bX ( 4’tr^ 

ATT 'di I ffi 
( - 



• • (37) 
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Equation (14) on page 386 must then be extended 
term of this kind so that if, for abbreviation, 

m : = m', 

the resultant complex dielectric constant takes the form 


='=■+2: 




T I 

1+2 — 

' r 


bu + 4 ^" 27 - 

-T tr ■ 




VI 
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If it be assumed that the periods are remote from 
natural periods of the ions of kind h, so that may be : 
lected, then since e' ~ «-(r — //c)^ it follows from (39^ 
separation of the real and the imaginary parts, that 




tn 


'31 




^+('7) 


y >2 > 




From this it is evident that in the case of the metals k 
be greater than i, since the right -hand side of (40) ma 
negative not only on account of the second term, but als 
account of the third term, which is proportional to the mas 
of the conducting ions. For a given value of and 7 
right-hand side of (40) becomes negative sooner the small 
is, i.e. the larger the specific conductivity. Furthermore, 
explains the second difficulty which was mentioned on j 
368, namely, that for the metals 7 i^k is smaller than aT. 
if = o, or r = 00 , (41) actually gives, in connection 
(36), the relation demanded by Maxwell’s original the 
namely, 

f^K = 27rrJS'— z=z<T Tz 
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is the case when the period is small (r small) and the conduc- 
tivity large (r small), then (41) gives < a T.^ 

Still more general equations than (40) and (41) could be 
formed by taking account of the conditions represented by (33), 
which would correspond to the assumption that, in addition to 
the actually conducting ions, other conducting constituents 
were present, which constituents, however, under the action 
of a constant electric force, would be displaced only a finite 
distance from their original positions. This is the case of 
so-called internal conductivity which can be roughly imitated 
by embedding conductors in dielectrics. Whether such an 
assumption is necessary or not cannot be determined without 
a more complete investigation of the dispersion of the metals 
than has as yet been |)ossible. 

Equations (40) and (41) also account for the fact that only 
in the case of substances which arc as good conductors as are 
the metals does the electric conductivity cause absorption of 
light, while in the very best conducting electrolytes the con- 
ductivity is still so small that they can be quite transparent, as 
observation shows them to be. I'hus, for example, the specific 
conductivity of the best conducting sulpluiric acid or nitric acid 
is only 7-10 ^ times that of mercury. Since for the latter 
(cf. page 358) (T Io'‘^ for the l)est conducting electrolyte 
cr = 7-i0^b Now the period of the light vibrations is about 
r== 2- hence crl'^z 14.10“"'^ or :-0.00i4. But, from 
(41), is always smaller than cr 7 \ Thus k, i.e. the light 
absorption, or at least that part of it due to conductivity, is 
very small. 

* For a more complete cliscussioa cf. Drude, Phy.s. Zeitschr. p. 16 1, January, 
1900. 
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OPTICALLY ACTIVE SUBSTANCES 

I. General Considerations. — If a ray of plane- 
light falls perpendicularly upon a plane-parallel plate 
the plane of polarization of the emergent ray is the 
that of the incident ray. This is generally true fo 
stances, including crystals which are cut perpendic 
the optic axis. 

Nevertheless the so-called optically active substa7iCy 
a striking exception to the rule. Thus, for exampL 
of quartz, cut perpendicularly to the optic axis, rc 
plane of polarization strongly, and even a sugar soluti( 
it appreciably. This last fact is the more remarkabl 
it is customary to look upon a solution as a perfectly 
substance; but this phenomenon indicates that it i 
tropic. For, from considerations of symmetry, if a 
were perfectly isotropic, it could produce no change 
in the plane of polarization of the incident light. 

This phenomenon therefore indicates that, optic 
sidered, a sugar solution possesses no plane of symme 
otherwise, if the plane of polarization of the incic 
coincided with this plane, no rotation could take ph 
the nature of a solution is of itself evidence that it has 
properties in all directions. Hence the form of the 6 
equations which are able to describe the optical proc 
sugar solution must be such that it remains unchanee 


change if only one of the coordinate axes is inverted, i.e. if, 
for instance, and y remain unchanged while ^ is changed to 
— z. Substances for which differential equations of this form 
hold are called unsymmetrically isotropic. 

On the other hand a crystal which, like quartz, has no 
plane of optical symmetry is called an tmsy mine trie ally crystal- 
line substance. 

2. Isotropic Media. — Lack of symmetry in a solution can 
have its origin only in the constitution of the molecules, not 
in their arrangement. In fact le Bel and van’t Hoff have been 
able to bring the rotating power of substances into direct con- 
nection with their chemical constitution. In the case of solids 
the lack of symmetry may be due to the arrangement of the 
molecules. 

An attempt will here be made to extend the preceding 
theory by altering equation (i) on page 383, Maxwell’s fun- 
damental equations being as usual maintained. 

The unsymmetrical constitution of a substance can be 
recognized only by comparing its properties at one point with 
those at a neighboring point. The extension of the preceding 
ideas as to the motions of the ions will consist in considering 
the displacement of an ion to depend not only upon the elec- 
tric force which exists at the point occupied by the ion, but 
also upon the components of the electric force in the immediate 
neighborhood of this point. In order to express this idea 
mathematically it is necessary that equations (i) or (2) on page 
353 contain not only X but also the differential coefficients of 
X, F, and Z with respect to the coordinates. Now in view 
of the condition of isotropy, i.e. that the properties of the sub- 
stance in one coordinate direction are not to be distinguished 
from those in another, the only possible extension of (2) is 


eS 


47t\ 


+/'[• 


r^_ 



Zj/Jj 


(0 


to which are to be added two similar equations obtained by a 
cyclical interchange of the letters in (i). So far as isotropy 
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is concerned (i) might also contain the term but 
vanish because otherwise 



i.e. an accumulation of free charge might take place 
general — for example, in the case of light vibrat 
right-hand side does not vanish. 

An unsymmetrical isotropic medium would res 
the molecules were irregular tetrahedra of the sam 
the tetrahedra of the opposite kind (that which is the 
the first) being altogether wanting. The same woul 
if one kind existed in smaller numbers than the o 
graphical representation of equation (i) maybe obi 
conceiving that because of the molecular structure i 
of the ions are not short straight lines, but short helixi 
in the same direction and whose axes are directed a 


in space. Consider, for example, a right-handed he 
whose axis is parallel to the .v-axis. The component 
the charged ion always toward the left; but a positive 
the ion on the upper side of the helix toward the le 
^ lower side toward the right. 1 

is therefore a force toward the ri| 

. . 3F . . 


is proportional to 


upon the difference between the 
Y above and its value below. 

^ a positive Z drives the ion on 
Fig. 104. helix toward the le 

back side toward the right. The resultant effect b 


right is therefore proportional to + - 


These cone 


represented in eauation TiV in which F would be 


In consideration of equation (l), equation (l) on page 383 
would become 






(2) 


If, as on page 385, ^ be assumed to be a periodic function of 
the time, then there results, upon introduction of the current 

OJi = 

m 


0;)x 
in which 


{ ^ .a b\'bt 




a = 


r-& 

4.7t^ 


L 

47te^ ~~ ^ 


2 

1 > 


(3) 


(4) 


a 

In what follows - will be neglected, which is permissible 

if the periods of the light vibrations are not close to the natural 
periods of any of the ions. The whole current due to all of 
the ions and the ether is then 


in which 




€= I + 



/= 




(5) 


( 6 ) 


The fundamental equations (7} and (ii) on pages 265 
and 267 become therefore, if the permeability /^ = i , so that 
'ba. 

A 7 ts^— g-, etc., 
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From the same considerations which were giv 
271, it is evident that the boundary conditions to t 
the passage of light through the surface separating 
ent media are continuity of the components paralle 
face of both the electric and magnetic forces. 

In this way a complete theory of light ph< 
optically active substances is obtained. 

From equations (7) it follows that 

, air\ 

9/ \ 0jir ‘ 9y ‘ 9^ / ’ 


Hence from equations (7) and (8) there results, by 1 
tion of a, f3, y, as on page 275, 


ill 



a, y satisfy equations of the same form. 

3. Rotation of the Plane of Polarization. — If a 
is travelling along the ^-axis, it is possible to set 


p represents the reciprocal of the velocity of the wave. If the 
values in (ii) be substituted in (lo), there results 

eM — ^fpN — Mjrc^^ 
eN 4 “ ^fpM — Np'^c'^, 


M=z iNy . . . . ( 12 ; 


. . . (13; 

Hence in this case the peculiar result is obtained that twc 
waves exist which have different values of i.e. differen 
velocities. Further, the waves have imaginary ^/-amplitudes i 
they have real jir-amplitudes. 

In order to obtain the physical significance of this it is tc 
be remembered that the physical meaning of X and Y is founc 
by taking the real part of the right-hand side of (ii). Henc( 
when iN = M, 

X ^ M cos -(/ — ps^y Y := M sin -(t — pz) ; . (14 

T T 

when iN — — M, 


These equations are satisfied if 

Pf 


or if 


e — 




Pf 


x= Mcos -(i — ps), V= — Msin -fi - px). (15' 

t T 

These equations represent circularly pola^nzed light; anc 
since, in accordance with the conventions on page 264, tin 
;r-axis is directed toward the right, the j/-axis upward to ai 
observer looking in the negative direction of the -s'-axis, th< 
first is a left-handed circularly polarized wave, since its rotatioi 
is counter-clockwise ; the second is a right-handed circularl] 
polarized wave (cf. page 249). 
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Now these two waves have different velocities F, and i 
fact, from (12), for the first 

P — y,- 


3 rc^ ' c 

and, from (13), for the second 






a'/ — 


F> 


+ 


/ 


2rr 


1 / f" 

cy 


+ 


(i; 


Hence the indices of refraction for ri^ht-handed and lef 
handed circularly polarized light in optically active substance 
must be somewhat different; and a ray of natural light 
decomposed into two circularly polarized rays one of whic 
is right-handed, the other left-handed. When the incidenc 
is oblique these two rays should be separated. These dedu< 
tions from theory have been actually experimentally verific 
by V. Fleischl* for the case of sugar solutions and otlu 
liquids. 

The effect of the superposition of two circularly polarize 
waves whose velocities are V' and F" respectively, one < 
which is right-handed, the other left-handed, is 


v= r+r^ 


= 2Mcos~{^-^^:;)cos 
= 2Jfcos 


I /-/ . 

r 2 

r 2 




Hence in one particular position, i.e. for a certain value of , 
the light disturbance is plane-polarized, since, according ’ 
(18), X and Fhave the same phase. The position of the plai 
of polarization with respect to the ;r-axis is determined from 


i.e. this position varies with Thus the plane of polarizatioi 
rotates uniformly about the direction of propagation of th- 
light, the angle of rotation corresponding to a distance z bein| 


S 


zp 


// 


r 


-p' 


o 


jL. 


:= 27r2 



. . (19 


provided Aq = Tc denote the wave length in vacuum of th 
light considered. Since pc represents the index 71 of the sub 
stance with respect to a vacuum, 




7 t 


rc 


{ 71 - ^ 


(19' 


n- and n' denoting tho respective indices of refraction of th 
substance for a right-handed and a left-handed circular! 
polarized wave. Hence, from (19) and (19'), 

27tY = ( 19 ' 

If, then, plane-polarized light fall perpendicularly upon 
plate of an optically active substance of thickness the plan 
of polarization will be rotated an angle by the passage of tli 
light through the crystal, d'he rotation d may take place i 
one direction or the other according to the sign of f. ii- — . 
may be calculated from d by (19'). 

Special arrangements have been devised for measuring th 
angle of rotation easily and accurately.'^ In the half-shado 
polarimeter the field of view is divided into two parts in whic 
the planes of polarization arc slightly inclined to each othc 
But even with the use of two simple Nicols, a polarizer and r 
analyzer, when the light is homogeneous and sufficient 
intense the position of the plane of polarization can be dote 
mined from the mean of a number of observations to with 


* For a doHtription of Hiu'h instruiuonts ef. laticloU, Das (jpt indu* Drdumj 
vermOgeri dcr organiseber Substan/fii, Braunschwfig, 2«1 Kdition, iBpy ; Mttll 
Pouillet, Optik, p. stp Rotation of llie |)lane of tKdarizatiou has he 

practically made use of in sugar analy.sis. 
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three seconds of arc, provided the setting is made with the 
’ of the so-called Landolt band, h'or when Nicol prisms 
used the field of view is never polarized uniformly through 
so that, when the Nicols are crossed, the whole field is 
completely dark, but is crossed by a dark curved line w] 
was first observed by Landolt. The position of this t 
changes very rapidly as the plane of polarization of the 1 
which falls upon the analyzer changes.'^' 

4. Crystals. — In order to obtain a law for crystals, it r 
be borne in mind that the constants , which appea 

equations (i) of the dispersion theory on page 383, dej: 
upon the direction of the coordinates. Also that the tc 
which have been added in this chapter and which correspon 
the optical activity can have a much more general form with 
crystal than that given in (i) on page 401. Nevertheless 
assumption will be made that, so far as these added terms 
concerned, a crystal is to be treated like an unsymmetric 
isotropic substance. No objection can be made to this assu 
tion, since the coefficients J' of these added terms arc so sn 
in the case of all the actually e.xisting substances, tliat 
change of ywith the direction which is due to the crystal 
structure can be neglected. 

If the coordinate axes be taken in those directions w] 
would be the axes of optical symmetry of the crystal if it v 
not optically active, the extension of equations (7) and 
would bet 



I 'da 
in which 


d" djy’Cd^ dx ds" C'^~ ^ ” ’^’ 0 


I + ^- 
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(22) 


(23) 


In this , \'-);j 9 ?^ denote the three different dielec- 

tric constants of tlie ions of kind h aIon}>- the three coordinate 
directions, and r^, r", t'( are proiiortional to the three periods 
of vibration correspondin”- to the three axes. In (23) © , r 
are mean values of and r^, r", r;", respectively. 

For the sake of integ’ration set, as on pa|je 369, 




Mci4\ V =- KfH\ 


W i 




, 2 TT / ;//.] 

t = - 


w/.r fiy -j~ 


V 


(24) 


in which v, v, 7 t> may be interpreted as the components of the 
li^ht- vectors. 1 hen it follows from (20) and (21),^ usin^ the 
abbreviations 


C'i 


f , 6' 


: « -.j = 

iTtfC 
'' 7V,i’ 


C- : €, = 


(25) 

(26) 


(m which c denotes a mean value of Pj , 6,^) that the expres- 

* Tliis is more fully .Irvl., [.<•.! in Winkcl.nann's nninlliuch, Optik, p. 751. 
Tho normal surlacc ainl the ray surf.ua- arc more fully iliscusscil by O. Weder in 
Die Lichtbcwcum.i; in zwciaxii'cn Crystallcn, Diss.’ U'ipzig, 189O, Zeitschr. f. 

Krystalloi^r. 
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sion for the velocity V in terms of the direction My Uy p of 
wave normal takes the form : 

;^2(]y2 _ _ ^2) ^ ^2(f/2 _ ^2^( jy2 „ ^2) 

The introduction of the angles and g^ which the w 
normal makes with the optic axes gives, as on page 320, 

2 ^ ^ + {cP — cos g^ cos g^ 

+ sin'^ g^ sin^" g^ + ^jfy 

2 F/ = + ^ + (cP — c^) cos g^ cos g^ 

— — P'Y' g^ sin^ g^ -I- 47;^. ^ 

It appears from this that the two velocities and 
never identical, not even in the direction of the optic axes. 

Thus upon entering an active crystal a wave always div 
into two waves which have different velocities. These 
waves are elliptically polarized, and the vibration form oft 
is the same, but the ellipses lie oppositely and the directio 
rotation in them is opposite. The ratio h of the axes of 
ellipse is given by 

, , I YioP — sin‘^ g. sin'-^ g^ + Agf 

// + -r=- — ^ ^ • • < 

~ h V 

Hence in the direction of an optic axis {g^ or g^ = 
h= I, i.e. the polarization is circular. But when the v 
normal makes but a small angle with the direction of an c 
axis, the vibration, form is a very flat ellipse, since 277, eve 
the case of powerfully active crystals, is always small in c 
parison with the difference cY — * of the two velocities. 

Biaxial active crystals have not thus far been founc 
nature; but several uniaxial active crystals exist. Quart 
one of these. . It exists in two crystallographic forms, on 
which is the image of the other; hence one produces ri] 


perpendicular to the optic axis is given, as in the case o: 
isotropic media, by the equation 

f ^ 

d = — 7 z'). . . . (30 

Aq Aq 

When js = 1 mm. and yellow light (A^ = 0.000589 mm.) i‘ 
used, S = 2 i.y° = o.i 27 r radians. Hence in this case 

f ^ 

27 r ~ = 7/' — 77' = o. 12 • — = 0.000071 . . (31 

Aq -O 

In this n' and denote the two indices of refraction whicl 
quartz must have in the direction of its optic axis in conse 
quence of its optical activity. Now a double refraction n!' — n 
of the magnitude given in (31) has actually been observed ii 
quartz in the direction of its axis by V. v. Lang. This doubL 
refraction can be conveniently demonstrated by the methoc 
due to Fresnel, in which the light is successively passed throug] 
right- and left-handed quartz prisms whose refracting angle 
are turned in opposite directions. 

If a quartz plate of a few millimetres’ thickness, which i 
cut perpendicular to the axis, be observed between crosset 
Nicols in white light, it appears colored. For the plane c 
polarization of the incident light has been rotated a differen 
amount for each of the different colors, and all of those color 
must be cut off from the field of view whose planes of polariza 
tion arc perpendicular to that of the 
analyzer. Hence the color of the 
quartz plate changes upon rotation 
of the analyzer. In convergent 
white light the interference figure 
described on page 356 for uniaxial 
crystals when placed between 
crossed Nicols are observable only 
at considerable distance from' the 
centre of the field. Near the centre 
the circular polarization has the 
effect of nearly destroying the black Fig. 105. 

cross of the principal isogyre. Hence a quartz plate cut per 
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pendicular to the axis shows, between crossed Nicol 
vergent light, the interference figure represented in P 

Spiral interference patterns appear when the incic 
is circularly polarized. The calculation of the form 
spirals, which are known as Airy’s spirals, is : 
Neumann’s Vorlesungen fiber theoretische Optik, ” 
1885, page 244. 

5. Rotary Dispersion. — The rotation d of the 
polarization, which is produced by optically active su 
varies with the color. The law of dispersion can be 
from equations (6) and (19) by setting the thickne' 
plate z = I and introducing for , the wave length in 
A, the wave length in air,* thus 


d = 


^ ^ '^hfk 


in which k is a constant. 

If the natural periods of the active ions f are 
smaller than the period of the light used that : t' 
ligible in comparison with i , there results the simples 
the dispersion equation, namely, 





This equation, due to Biot, agrees approximately 
facts; yet it is not exact. If all the natural perioc 
active ions lie in the ultra-violet, (32) can be deve 
ascending powers of (r^ : t) 2 and put into the form 





Now in most cases the» first two terms of this 
(Boltzmann’s equation) are sufficient; nevertheless tl 


* In view of the small dispersion of air this is permissible. 


so for quartz, in which d has been measured over a large range 
of wave lengths, namely, from 1 = 2/i to X = o.2M- The 
constants , can have different signs, since the fl 

corresponding to the different kinds of active ions need not 
have the same sign. 

If some of the active ions have natural periods r in the 
ultra-red, then (32) must be developed in powers of (r : 

The equation then takes the form 

^ = + + - + ^'+ + X* . (35) 

If, as in the case of quartz, it is desired to represent the 
dispersion over a large range of colors, some of which have 
periods which are close to the natural periods, then it is better 
to avoid development in series and to write, in accordance 
with (32), 



Now in the case of quartz the wave lengths A;, of the natural 
periods which lie closest to those of light are known for the 
ordinary wave; they are (cf page 391) A^^ = 0.010627, 
Ag^nz: 78.22, A’3^ = 430.6. The unit of wave length is here 
taken, as =0.001 mm. But the conclusion has already 
been drawn from equation (30') that quartz has ions for which 
A;, is much smaller than the wave length of light. The activity 
coefficient k^ of ions of this kind, for which A/ may be neg- 
lected in (36} in comparison with A^ must be taken into con- 
sideration, so that the following dispersion equation is obtained 
for quartz : 



If this equation be applied to the dispersion of quartz, it is 
found from observation that k^ = k^ = o, i.e. that the kinds oj 
io 7 ts whose natural periods lie in the idtra-red are inactive, and 
that k^ and k' have different signs. Now it argues for the 
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correctness of the foundations of the theory here presented 
that, with the help of the equation 

k 


+ 


(38) 


p - V ‘ ■ ■ ' ■ 

v^hich contains but two constants, since is a constant which 
depends upon ordinary dispersion and not upon rotary disper- 
sion, the latter can be well represented, as is shown by the 
following table, in which the rotation is given in degrees per 
mm. of thickness : 


== 12.200, k ' = — 5.046. 


X (in n ). 

S obs. 

8 calc. 

2.140 

1.60 

1-57 

1.770 

2.28 

2.29 

1,450 

3-43 

3-43 

1.080 

6.18 

6.23 

0.67082 

16.54 

16.56 

0.65631 

17.31 

17-33 

0.58932* 

21.72 

21.70 

0.57905 

22.55 

22.53 

0.57695 

22.72 

22.70 

0.54610 

25-53 

25-51 

0.50861 

29.72 

29.67 

0.49164 

31-97 

31.92 

0.48001 

33-67 

33 -60 

0.43586 

41.55 

41.46 

0.40468 

48.93 

48.85 

0.34406 

70.59 

70.61 

0.27467 

121.06 

121.34 

0.21935 

220. 72 

220.57 


* The jDAine . 


It is possible that values of the constants and h! might 
have been chosen so as to give a somewhat better agreement 
with the observations. Nevertheless the important fact is that 
this two-constant equation is in satisfactory agreement with 
observation, while the three-constant equation, ivhich is 
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whose natural periods are extremely smally much smaller than 
those correspondmg to A^. 

As the table shows, S increases as A decreases. This is the 
course of normal dispersion. But, as appears from (38), this 
condition would be disturbed, i.e. anomalous rotary dispersion 
would take place, if the wave lengths were smaller than A^ , 
for then d would be negative. In general anomalous rotary 
dispersion is produced whenever A approaches the wave length 
A^ of a natural period. But even when A is much greater than 
A^, a change in the sign of d may take place, as is shown by 
the general equation (36), if two kinds of active ions are 
present which have activity coefficients of opposite sign. 
In this case maxima and minima in d for variations in A. can 


also appear. 

Cases of anomalous rotary dispersion have often been 
observed. (Cf. Landolt, Das optische Drehungsvermogen,” 
P- 135*) Wyss has produced anomalous rotary 

dispersion by mixing right- and left-handed turpentine (Wied. 
Ann. 33, p. 5S4, 1888). In general every active substance 
must show anomalous rotary dispersion in certain regions of 
vibration, but these regions do not necessarily lie within the 
limits of the vibrations which can be produced experimentally. 

6. Absorbing Active Substances. — If the wave length A 
lies close to the wave length A/, which corresponds to the natural 
period of an active ion, then, by (36), the rotation d of the plane 
of polarization is very large. But in this case the coefficient 
of friction a ^^ , which was neglected on page 388, must betaken 
into consideration, must also be taken into consideration 
when the substance shows a broad absorption band. In this 
case 6 as well as /becomes complex in equation (10); thus 


I + 




I + * 


■ft. f. 


(39) 
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The quantity / in equation (ii) must therefore also be 
taken as complex. If it be written in the form (cf. page 360) 

I — /at 

/ = y - (40) 

V represents the velocity and k the coefficient of absorption 
of the wave. Since there are two values of / obtained from 

(16) and (17), there must also be two different coefficients of 
absorption, k ' and one of which corresponds to a left- 
handed and the other to a right-handed circularly polarized 
wave. This has been experimentally verified by Cotton for 
solutions of the tartrates of copper and of chromium in caustic 
potash (C. R. 120, pp. 989, 1044, Ann. de chim. etde phys. 
(7) P- 347 > 1896.) That these solutions also showed 
anomalous rotary dispersion is easily understood from the 
foregoing, since the strong absorption which they produce 
is evidence that \ lies in the region which corresponds to the 
natural periods. 

If the two indices of refraction 71^ and n'^ for left- and right- 
handed circularly polarized waves be introduced into (16), 

(17) , and (18), there results 

— P') = — 71 - — t{n" — n' k ') = — = — ( 41 ) 

TC A 


If a sharp absorption band is present, which, according to the 
above, corresponds to a small value of , then the difference 
between k" and k' within the absorption band itself becomes 
very marked. For when it follows from (39) and 

(41) that 

= - ti'k' =r . . ( 42 ) 

If r is farther from the natural period , and if is sufficiently 
small, so that it is only necessary to retain terms of the first 
order in k or then, from (39) and (41), the law of dispersion 
for the difference of the coefficients of absorption takes the 
form 
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aries, a change in sign, and also maxima and minima 
k' , may occur, provided there are present several 
of ions which have activity coefficients of different 


reover the difference in the absorptions of the right- and 
't-handed circularly polarized waves is always small in 
rison with the total absorption. 

r if/- be neglected, and if only one absorption band is 
t, it is easy to deduce, from (i6) eind (17), 


27tfl 

ji k' X 


(44) 


:h n denotes the mean of 11 and n'A 
fc /;[ : A is always a small number. 

ireover it is to be observed that it is not necessary that 
xctive substance which shows an absorption band should 
: the phenomena here descri})ed. For, in order that this 
^ case, it is necessary that the ions which cause the 
tion should be optically active. It is easily conceivable 
bsorption and optical activity may be due to different 
Df ions. 


CHAPTER Vn 


MAGNETICALLY ACTIVE SUBSTANCES 

A. Hypothesis of Molecular Current 

I. General Considerations. — Peculiar optical p] 
are observed in all substances when they are broug 
strong magnetic field. Furthermore it is well kr 
the purely magnetic properties of different substance: 
different, i.e. the value of the permeability /x varies 
substance (cf. page 269). It is greater than i 
magnetic substances, less than i for diamag 7 ietic one* 
a magnetic field is said to produce a greater dens: 
lines of force in a paramagnetic substance than ii 
ether, and a less density in a diamagnetic substanc 
the free ether. Ampere and Weber have advanced 1 
that so-called molecular currents exist in paramag 
stances. According to the theory of dispersion ^ 
been here adopted, these currents are due to the ioni 
When an external magnetic force is applied, these 
currents are partially or wholly turned into a definib 
so that the magnetic lines due to them are superp 
the magnetic lines due to the external field. 

According to this theory, diamagnetic substai 
narily have no molecular currents. But as soon a 
brought into a magnetic field, molecular currents 
posed to be produced by induction. These currer 
constant so long as the external field does not char 
ionic charires must ho assumed fo rof-ate wifTiout fnVd 


no energy. The lines of force due to these induced molecula 
currents must oppose the lines of the external field, since 
according to Lenz’s law, induced currents always flow in sue] 
a direction that they tend to oppose a change in the externa 
magnetic field. 

If it is desired to determine the optical properties of a sub 
stance when placed in a strong magnetic field, it is alway 
necessary to bear in mind that both in para- and diamagnetii 
substances certain ions are supposed to be in rotation and t( 
produce molecular currents. If e be the charge of a rotating 
ion of kind i, and T its period of rotation, the strength of th 
molecular current produced by it is 

2 = ^ : T (i 

If now such an ion, rotating about a point 5)3, be struck b 
the electric force of a light-wave, its path must be changed. ] 
the period of rotation T is very small in comparison with th 
period of the light, the path of the ion remains unchanged i 
form and period, but the point about which it rotates is change 
from 5p to a point 5)3' distant ^ from 5)3 in the direction of th 
electrical force. The ion then oscillates back and fort 
between 5)3 and 5)3' in the period of the light-wave. The sam 
mean effect must be produced if the period of rotation is larg€ 
provided it is not a multiple of the period T of the light vibra 
tion. Any rotation of the plane of the path, which is produce 
by the magnetic force of the light-wave, may be neglected 
since this is always much smaller than the external magneti 
force. This displacement of the molecular current also pro 
duces a displacement of the magnetic lines of force which aris 
from it, so that a peculiar induction effect takes place, an effec 
which must be considered when a wave of light falls upon 
molecular current. 

This inductive effect can be at once calculated if th 
number of lines of force associated with a molecular current i 
known. 

Now this number can easily be found. Let the paths c 
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the molecular currents all be parallel to a plane which is per- 
pendicular to the direction R of the external magnetic field. 
Consider first a line of length I parallel to the direction R, 
Let W denote the number of molecular currents due to ions of 
kind I upon unit length; then I • 9 ^' denotes the number upon 
the length /. These currents may be looked upon as a 
solenoid of cross-section q being the area of the ionic orbit. 
The number of lines of force in this solenoid is 

M = \nSViq : c. 

If now there are 9 ?" such solenoids per unit area, then the 
number of magnetic lines per unit area due to these molecular 
currents is 


= 4;r- 


c 


. ^ 


in which 9i is the number of rotating ions of kind i in unit of 
volume. 

The components of in the direction of the coordinates 
are 


= ^iqSk cos {Kx), = ^^iq^ cos [Ky)^ 

= ^ 2 ^ 9 i cos {Kb). 


. ( 2 ) 


2. Deduction of the Differential Equations. — The discus- 
sion will be based upon equations (7) and (ii) (cf. pages 265 
and 267) of the Maxwell theory, namely, 


4^ . 8K 0/^ ^ 4^ 3F 

0^ ^ ^ — 0^ 


dy 


etc. 


( 3 ) 


But while in the extensions of the Maxwell theory which have 
thus far been made only the expression for the electric cur- 
rent density was modified by the hypothesis of the existence 
of ions, the magnetic current density retaining always the 


iTr-—, here, because of the introduction of the 

i^otating ions, must also assume another form, 
are defined by (12) on page 268 as the change 
of the electric and the magnetic lines of force in 


Order to calculate 47 ts^ it is necessary to take 
tile fact that it consists of several parts. The 
- H is produced directly by a light-wave in the flow 
force through the rectangle dy dz in the ether is 

f>y dydz-wr. But another quantity must be added 


Hctntity which is due to the motion, produced by 
tvo, of the point about which the ions rotate, 
of force move with the point P. 
to calculate the amount of this portion of s^, con- 
Liigjular element c/j' cfc perpendicular to the jr-axis, 
wliat number of lines of force cut 
OH of the rectangle because 

tin of the components of the 

f-r 4?, V, C- 

- first only the lines of force a-, 
ptxrallel to the .r-axis. In unit 
•l^'bcr of lines of force which pass into the rectangle 




side a is number which pass 

tlie side r is The subscripts a and c 

dv • . u 

ikta that the value of the expression to be 


long- these sides respectively. Hence 



i-it term O', is left under the sign of differentiation in 
Uidc the case of non-homogeneous media for which 
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A » Vi functions of the coordinates. In hom< 
substances are constant. The number of 

which in their motion • cut the sides a and r, incr 
number of lines which pass throu^di the rectangle 


amount — dj/ dz 


'by 




9 / 


Similarly the number of 


which in their motion cut the sides d and d of the ] 
add to the total flow through the rectangle the 



Because of the component B of the motion of "jp, 
of force which are parallel to the j^-axis, can cut 
sides a and c of the rectangle. Now the number of Ur 
pass through the rectangle changes only because of a 
of the lines [5^ about the ^-axis, this change being j: 
the lines rotate from the + direction ot'y to the + 
of ;ir. The effect of this rotation can be calculated by 

ing from the expression which gives the 

of lines which cut the side c in a second, the e; 



which represents the number which cii 


second. Since now 



the rotation of adds to the flow of lines through the 
the amount + dj> 

Similarly the rotation of the lines y^ about the j-i 
the amount + 
rectangle. 

The total flow through the rectangle, obtained I 


The change In unit time in the number of lines which pass 
through an element of unit area perpendicular to the ;r-axis is 
therefore, since for a constant external field are 

independent of the time /, 

^ I « + ^ (7i5 - "iC) - - M) I • (4) 

Strictly speaking, the current density is modified in a com- 
plicated way by the rotation of the ions. But if the I'atio of 
the period of rotation of the ion to the period of the light is 
not rational, it is only necessary, in order to find the mean 
effect, to take account of the motion ?/, ^ of the centre of 
rotation 

The current density may therefore be written as above 
[cf. equation (7), page 385] in the form 
. _ I 'bX 

\Tt 'dt ^ ( 5 ) 

For the motion of a point which is the mean position of a 
rotating ion of kind i, two equations will be assumed. The 
first is the same as that given above on page 383, namely, 

= • • • - (6) 

and corresponds to the case in which 5 j 5 can oscillate about a 
position of equilibrium (ions of a dielectric). The second 
is equation (34) on page 397, namely. 


~ 

and corresponds to the case in which 5)3 moves continually in 
the direction of the constant force X, i.e. the case in which e 
is the ion of a conductor, for example a metal, m denotes 
the ponderable mass of the ion. 

If the changes are periodic, so that every X and every ^ is 


proportional to <r*r, there results from (6) 


j __j_ 7 " 


47r bt * 
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while from (7) 


^ , 


+ 4^) 


. DA” 

ir 


Hence, setting as above 
rB 


47r ' 4.7rr ' i 


m 

"'a 


m , 




(5) gives, in case e is an ion of a non-conductor, 

• _ JL M f , 

47r ■()/■ 1 I -j- /<'/r — Yr 

But if e is the ion of a conductor, 

I DA” ( , 4?rr'J(' 

; = J I 4^ 

47r ’()/ ( ‘ ir — w j 

In any case it is possible to set 

e' T)-\' . 6' c)F . F bZ 

d\. 7 r ()/ ^ 




4;r ■()/ ’ 47r D/ ’ 


• (: 


(!' 


(I 




(*: 


in which e' is in general a complex' (juantity (lepending upon : 

Moreover from (i), (2), and (8) there results, for an ion 1 
a non-conductor, 




dU) 

I + /«/r 




(■< 


and from (9), for an ion of a conductor, 




ir 


47rr9^ 


^ cos (/ur) X 


(If 


In both cases it is possible to set 

= V cos (A'r) A", . . . . (i£ 

in which v is in general a complex quantity <lei)ending upon i 
A similar expression may be obtained for rqC. ‘■'tc. Settin 


then from (13), (4), and (16) the fundamental equations (3) 
become 


i 

c di 




X-r^Z)—^^{K.Y- 




'dz djy' 




) 0£__^ 

j 0.r 0^’ 

I =:^r_^ 

J 0j/ 0ur’ 


(18) 


e' dX_ dy __ 0i^ y_ 0^ _ 0K ^ _ ?i£ /- n 

t di~ 0J' S-’ 3 ^ ~ 9 -" 0ad ^ 0/ ~ ax’” 0j/' 

When several kinds of molecules are present the same 
equations (18) and (19) still hold, but the constants e' and v 
are sums ; thus 


6' = I + . 


I--/ 


. <h 


-|- 4xr^' 




r 

%A. 


h 

t“ 


tr. 


I -I- / 




(Ih , 4^r , 


9 ^. 


ir,.— 


_<lk 

-T* 


(20) 


(21) 


The index h refers to the ions of a dielectric, tlie index k 
to those of a conductor. is positive or negative according 
as the positively charged rotating ion strengthens or weakens 
the external magnetic field. In the case of a negatively 
charged ion 1';, is to be taken as negative when the lines of 
force of the molecular current lie in the same direction as those 
of the external magnetic field. In the case of paramagnetic 
substances T/^ is positive for the positively charged ions and 
negative for those charged negatively. For diamagnetic ions 
the case is the inverse. Further, is to be considered as 
dependent upon the strength of the outer magnetic field, for 
when the magnetization is not carried to saturation all of the 
molecular currents have not been made parallel to one another 
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— a fact that is most simply expressed by saying that the value 
of qf^ is then smaller, qj^ is therefore to be assumed propor- 
tional to the magnetization of the substance. From theii 
method of derivation (cf. page 422) it is evident that equations 
(18) and (19) are perfectly general, i.e. hold also in noii-komo- 
geneoiis bodies for which e' and v are functions of the coordi- 
nates. 

3. The Magnetic Rotation of the Plane of Polarization.— 

Assume that the direction of the beam of light is parallel tc 
the direction of magnetization, and let this direction coincide 
with the ^-axis. Then X, F, jS depend only upon z and /, 
provided plane waves are propagated along the >s’-axis. 
Furthermore, ^ = y = o, and 


Vy^ o, r, = r. 


Hence the fundamental equations (18) and (19) become 


* 

c dt 1 

|« + 

dz S 

- ll 

os ’ 

I 3 < 

I/J + 

3F[ 


1 

ICO 

1 ^0 

'^dz j 

ds 

e' ZX 


9 /? 

e' __ \ 

c 'dt 


dz’ 

c 'dt \ 


(22' 

(23: 


A differentiation of these equations with respect to t and z 

3 /? 


substitution in them of the values of 7^, ^5- taken from (22 

at at ^ • 

gives 

e' ■d'^X r 


e' 3*F 


0^F 


c 'dtd^' 
r d^X 


(24; 


d 'df 'd^ c 'dt'dz^' J 
For the sake of integration write, as above on page 404, 


Then there results from (24) 

e'M = fc\M + z~N), 


e'N = fc\N - i^M). 

These equations can be satisfied in two different ways, 
namely, if 

/v(i M=iN, . . . . (26; 

or if 

/v(i — — ) = €\ M = — iN. . . . (27; 

From the interpretation given on page 405 of the analogous 
equations (12) and (13) it appears that equations (26) and { 2 y 
represent right-handed and left-handed circularly polarized 
waves and that these waves travel with different velocities. 
The first (26) is a left-handed circularly polarized wave, and 
the value of p corresponding to it is 



The value of p corresponding to the right-handed circularl}^ 
polarized wave is 



ct 


In case e' and i.e. p' and are assumed to be real, a 
superposition of the two circularly polarized waves gives 
plane-polarized light whose plane of polarization rotates, while 
the wave travels a distance through the angle 



2 


(30) 
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If, as is generally the case, y : cr is small in comparison wi 
I, then, from (30), 


6 =^ 


y 

2c^r 


(3C 


When y is positive the direction of the rotation is from rig 
to left, i.e. counter-clockwise, to an observer looking opposi 
to the direction of propagation. The positive paramagnetic io; 
rotate in the same direction when the magnetization has tl 
direction of the positive .sr-axis. Hence when y is positive t 
rotation of the plane of polar izatioii is in the direction of t. 
molecular C2irrents in paramag7tetic substances. 

Since the direction of rotation depends only upon the directi 
of magnetization, for a given magnetization the rotation of tl 
plane of polarization is doubled if the light after passing throng 
the magnetized substance is reflected and made to traverse 
again in the opposite direction. By such a double passage 
light through a naturally active substance no rotation of tl 
plane of polarization is produced. For in an optically actr 
substance the direction of rotation of the plane of polarizatk 
is always the same to an observer looking in a direction opp< 
site to that of propagation, i.e. the rotation changes its absolu 
direction when the direction of propagation changes. 

Whether the rotation d is m the direction of the parama^ 
fietic moleadar currents or opposite to it cajinot be determim 
from the magnetic character of the substance (whether para- < 
diamagnetic), for the sign of y cannot be calculated from tl 
permeability of a substance when more than one kind 
rotating ions is present,* In accordance with (19) on pa^ 
270, the permeability p. is defined by setting the enti 
density of the lines of force in the direction of the .s^-ax 
equal to py. Now by (2), when the magnetization is in tl 

* ReifF called attention to this point in his book, “ Theorie molecularelektriscl 
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direction of the -s^-axis, the total number of lines in unit section 
(the so-called induction) is 

M, = /xy = = r (31) 

C C X. 


Hence the substance is para- or diamagnetic according as 


47r 

c 




o. 


• • (32) 


But no conclusion as to the sign of ‘y can be drawn from the 
sign of this sum. Take, for example, the simplest case, 
namely, that in which two different kinds, i and 2, of paramag- 
netic ions are present. Let — e.^ = e, 9?^ = fUg = 9?, 

Tj = - = T, = q^= q. Then, from (31), 

_ I) y = ^ I > O. 


But, from (21), when and are negligible, 

^ q ax 
~cT * 


Thus the sign of v depends upon the difference of the two 
dielectric constants and SZOg. 

Observation also shows that the magnetic character of a 
substance furnishes no criterion for determining the direction 
of the magnetic rotation of the plane of polarization. 

4. Dispersion in Magnetic Rotation of the Plane of 
Polarization. — If the wave length in vacuo = Tc of the 
light used be introduced into (30'), it becomes 


27t^y\/e^ ^Tt'^vn 




-z = 


1 2 

Aq 


(33) 


in which Ye' = n represents the index of refraction of the sub- 
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or 


f^2 — . 


a + 


b 




(36) 


In this case, from (35)) the dispersion equation must be 
written 




+ ^/ + ^3 — a ' ■ 


b'X^ 


( 37 ) 


i.e. the dispersion equation for the magnetic rotation 8 is, from 
(33), when 2 Tt ^3 is set equal to i, 

d 


b' 


( 


). . . 


(38) 


This is a two-constant dispersion equation, since \ is 
obtained from the equation for ordinary dispersion. The 
experimental results are in good agreement with (38), as is 
shown by the following table: * 


BISULPHIDE OF CARBON. 

= 0.212>w, X ^^ = 0.0450, 

a = 2.516, d = 0.0433, 

a ' = — 0.0136, r= ->(- o. 1530. 


Spectr. Line. 

n calc. 

« obs. 

(5 calc. 

6 obs. 

A 

B 

1.6115 

1.6179 

I. 6118 

I. 6181 



C 

1 .6210 

I .6214 

0.592 

0.592 

D 

1,6307 

1.6308 

0.762 

0.760 

E 

1-6439 

1.6438 

0.999 

1. 000 

F 

1.6560 

I-6SSS 

1.232 

1.234 

G 

II 

I . 6805 

1*7033 

1.6800 

1.7032 

1.704 

1.704 


* Poincar6 has published a collection of other single-constant dispersion 
equations which have been proposed in L’6clairage ^lectrique, XL p. 488, 1897. 
None of these equations agree well with the observations. 
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fact which will be discussed in the next paragraph leads to the 
same conclusion. 


5. Direction of Magnetization Perpendicular to the Rays. 
— Let the ^-axis be the direction of the magnetization, the 
^r-axis that of the ray. Then x and t are the only independent 
variables and -= Vy = O, = r. In the last of equations 


(18) the coefficient 7^ appears only in the term — • 


ax , , . 

but this 
dx 


term vanishes, because from the first of equations (19) X = o. 
Hence from the pi^cceding discussion the magnetization has no 
effect upon the optical relations zvhen the ray is pcrpendicidar 
to the direction of 7nagnetization. But as a matter of fact such 
an effect has recently been observed in the case of the vapors 
of metals. This is a second reason for seeking another 
hypothesis upon which to base the explanation of the optical 
behavior of substances in the magnetic field. 

The above theory might be extended by assuming that the 
structure of the magnetized substance becomes non-isotropic 
because of the mutual attractions of the molecular currents in 


the direction of the lines of force. Nevertheless another 


hypothesis leads more directly and completely to the end 
sought. This hypothesis also is suggested by certain observed 
properties of substances in a magnetic field. 


B. Hypothesis of the Hall Effect. 

I. General Considerations. — The assumption of rotating 
ions will now be dropped and the previous conception of 
movable ions again taken into consideration. Now a strong 
magnetic field must exert special forces upon the ions, because 
an ion in motion represents an electrical current, and every 
element of current experiences in a magnetic field a force which 
is perpendicular to the element and to the direction of mag- 
netization. Consequently the current lines in a magnetic field 
tend to move sideways in a direction at right angles to their 
direction. This phenomenon, known as the Hall effect, is 
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actually observed in all metals, particularly in bisr 
antimony. 

If an element of current of length dl and inten: 
electromagnetic units) lies perpendicular to a magr 
of intensity then the force ^ which acts upon the 
is 

^ = . . . . 

in which i represents the strength of the current in ele 
units. When the coordinate system is chosen as on i 
® lies in the direction of the ;r-axis if i and lie in i 
tions of the j/- and ^-axes respectively. 

If an ion carrying a charge e be displaced a dis 
along the j/-axis in the time dt, then, according to j 

the strength of current along dq is z == in wl 

the number of ions in unit length. Hence from (, 
dl — di'j y 


This is the force acting upon the whole number of i( 
the length dq. The number of these ions is "ISHdq, 
impelling a single ion along the ;ir-axis is therefore 




If in addition there is a magnetization in the directs 
jj/-axis, a displacement C would add a force 




£5C 


These two terms, (40) and (41), must’ be add« 
right-hand side of the equations of motion of the ions 


(7) on page 423. If it be assumed that the ions are dielectric 
ions, not conduction ions, an assumption which is permissible 
for the case of all substances which have small conductivity, 
then 


02 ^ 47re^ ^ ( dv ck 

and by a cyclical interchange of letters 


a"'? 


i a>; . ■! /ac « 3« . 


a’c , 

= 57 


ac , £ ^7 1 

37 r V 37 


2. Deduction of the Differential Equations. — The funda 
mental equations (3) on page 420 remain as always unchanged 
Since it has been assumed that there are no rotating ions, th( 
ions do not carry with them in their motion magnetic lines o 
force, hence the permeability /< = i, and the previous relatioi 
(cf. page 269) holds, namely, 

3^ 3^ 3r , 

4^^* = -37'’ 4’r7.= -. . . (43 


Furthermore, as above (page 384), 

~{Y+A‘^2e'Slri), - . . . , (44 

A^j. = |-^ (^ + ArrSe'StQ. 

Equations (3), (42), (43). and (44) contain the complet 
theory.* 

* The most general equations can he obtained from the theory of rotating ioi 
presented above in Section A in connection with equation (42). The system < 
equations thus obtained would cover all possible cases in which movable ions ai 
present in a strong magnetic field. For the sake of simplicity the two theori< 
are separately presented in Sections A and B. 
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When the conditions chan^^c periodically and t 
abbreviations are used, namely* 


rB wB , 

- = a, ,, 

47r ' 4;rr* 


(42) becomes 

/ , /A tB ^ 

‘'''V +'r- - W ~ 


If the 4T-axis be taken in the directioit of the nvd^ 
so that — o, .l\ =: .'p, tlicn, by use <^f the abl 

t') 

.. -- f-). 
r r* 

there results from (46) 


, .rt /' 

i + z ., = (-), ,<0 = <l>, 

4zr<'r<' • 


x') 


f/; . f) — i . cn • <i> =■- X 

4^^ 


ftl . f) -j.- /■ (/> r: r, 

4n- 


z-C • W 


f) 


4zr 


Z. 


If these ccjiKitioiis be solved with respect to 
there results 

4;rzvT(W* — </<») = 

47rz7/(wa— <i>^) v'’)(WK— f'/’-V), 

47reC • W — x'-lJ?'. 

Hence, from (44), 


11 
. H 


, .Vll'x' fl 

AKJy = 

(i 4 . V ^ - 

Bi' ' ' (-/ — <1>V 

. ItA' « 

— Z , > „ 

tV Zw t-/ 


TiZ / . -v \ 
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ax , , 

3F 

4 % = e' 


bt ’ 

ATtjy = e" 

3F . 

3Jlf 

-bt 

3^ ’ 


bZ 


= e' 




(50 


3. Rays Parallel to the Direction of Magnetization. — In 
this case 2 and t are the only independent variables, and equa- 
tions (3), (43). and (51) give 

c 'dt 

If a and /J be eliminated, there results 

iv c)*F 




. bV] 

b/S 

II, "SI _ iAIS] - 


bi ) 

~ b 2 ’ 

iT \ bt bt) 

b 2 

bV 


bX 



_ 

c bt 

1 

II 

N 

II 

p 



(52) 




(53) 


<r* 3?^ ~ 3? "*■ 3^ \ 

For the sake of integration set, as above on pages 404 and 


426, 


’At-pz) 


Ner 


it-pz) 


X= Mer 
Then there results, from (53), 

e''M = fc^M - ivN, e"N = fc^N + h'M, 
i.e. the two sets of equations 

— n' “( I — z’/c')* = e" -j- 


(54) 


-iK"f= e"- V, 


M = tN, 
M= - IN. 


(55) 


n'y k' correspond to left-handed, to right-handed cir- 

cularly polarized waves. From the meanings given to and 
in (50) and (51) it follows that 
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If r does not lie close to a natural period, then th 


imaginary term in ©, namely, i—y can be neglected, so the 

k' = k" = o, and since © is always small in comparison wit 
I, and therefore in comparison with ©, 

’'’=‘+2-©l' + 0H 

. ^mi r ■ ■ ■ ® 


«-= ■ (■ -D- J 

From (19) on page 407 the rotation of the plane c 


polarization is 


If the mean of n'' and n' be denoted by then 


2 


• (S^ 


S=:z- 


7t n"^ — n’’^ 


Hence, from (57), 


_n 


Thus the index of refraction n is given, to terms of the firs 
order in by 

«-=-+2:^ («' 


4. Dispersion in the Magnetic Rotation of the Plane c 
Polarization. — Upon introduction of the values of © and ' 
from (47) in the last equations they become 
. TT -S' d?ft 


n^z=z I 
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If can be represented with sufficient accuracy by the 
two-constant dispersion equation (cf. page 431) 


«= = -f- 


b 

P - 


(64: 


(A, the wave length in air, is written for then, from (62), i1 
must be possible to represent d by the two-constant dispersior 
equation 


6 


If a' b'X^ \ 

(A.2-A/)V‘ 


i^S] 


a' and must have different signs if but two different kinds o 
ions, one charged positively, the other negatively, are present 
This is the simplest assumption that can be made. 

The agreement between (65) and observations upon carboi 
bisulphide and creosote is shown in the following tables : 


BISULnilDE OF CARBON. 


= 0.0450, + 0.1167, // = + 0.2379. 


Spcclr. Line. 

8 calc. 

(5 obs. 

C 

0.592 

0.592 

Z> 

0.760 

0.760 

£ 

0.996 

1. 000 

F 

1.225 

1-234 

G 

1.704 

1.704 


CRKOSOTE. 

= 0.0340, — 0.070, // = + 0.380. 


Spectr. Inne. 

d calc. 

d t)bs. 

C 

<^•573 

0.573 

I) 

0.744 

0.758 

£ 

0.987 

I. 000 

F 

1.222 

I. 241 

G 

1.723 

1.723 
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I'hc a^'rccincnt between theor\’ ami el)servati(>n is almc: 
as as that ()l)tainetl by the h}'[u>thcsis ef molecular ci 

rents (cf. pai;e 43 I ). 

5. The Impressed Period Close to a Natural Period* 

When the period of the li[;ht lit'S close to a natural perie 

the friction term cannot be ne|.,»lcetc‘d. Assume that 7 ' 

close to the natural pericul /\ of the ions of kiml a 
write, therefore, r — i /^^{l [-.ch whicli 

small in comparison with i. 'Then in equatiem (56). sin 
is small, it is possible to write in all tlu‘ terms which r 
under the sij^n TS and do not corres|>ond to the ions of kind 


(4 </> 


I 


1 j. 


so that, using the abbreviations 
A mi 


+ y 


I 


, ...r 

A/ ’ 

C -- rJ 


r, 4^‘-r,<y ' ‘ 


(f 


it follows from (S^), if terms containing jf in powers higl 
than the first be neglected, and be also neglected 

comparison with or 0, that 




A -1- A'-\- 
A - J'-j- 


2 c- j /// - (/'’ ■ * 

/.* 

2X' I /// ■■J- 0’ * * 


The imaginary part of the right*»hand side of (68) reaches 
largest value, i.c. a left-handeil circularlv t)olarim! \m 


But the maximum absorption for a right-handed circularly 
polarized wave occurs when 


2^ = — 0, i.e. -^0). , . (71) 


TJms a S 7 ?iall abso 7 'ptitm bmul in vicidciii iiatw'al light is 
dcnibled by the pj-cscncc of the magnetic field zvhen the db'cction 
of the field is parallel to that of the light. In one of the bands 
the left-handed circitlarly polarized zvave is stro 7 igly absorbed 
so that the transmitted light is ziwakened and slums right- 
handed circnlar polarization; i)i the other band the right-handed 
circularly polarized light is zeanting. 

The same result would be reached from the hypothesis A 
of the molecular currents. 

If g is not small and if 2 g is numerically larger than 0 , so 
that h is negligible in comparison with 2^^ ± 0, then in (68) 
and (69) k' and k" can be placed equal to zero, provided the 
right-hand sides are positive. Hence at some distance from 
the absorption band 


==zA+A'-i- 


B 






B 


2g 0 * 


(In order that the right-hand sides may be positive, the 

numerical value of A must be greeiter than that of — -V 

± 0 / 

From equation (59) on page 438, the amount of the rotation 
of the plane of polarization is 


n A,. \ 


A' + B 


0 




in which 




B 

2 g — 0 ' 


B 


2g -[- 0y 


(72) 


From this it appears that the rotation 6 ^ has the same sign 
upon both sides of the absorption band, and is nearly sym- 
metrical with respect to this band, for, at least approximately, 
d depends only upon g'^. The same result follows from equa- 



442 


THEORY OF OPTICS 


tion (62). If d is positive, it appears from page 42^ 
rotation takes place in the direction of paramagnetic 
currents. Since the sign of d is not determined by t 
the small term A\ but by the much larger term ^0 : 
and since the numerical value of 2 g is to be large 
and since further B is always positive, the sign of 
only upon 0 , i.e. upon the charge When is 
i.e. when 0 > o, the direction of d is opposite to t 
molecular currents, and further, i.e. that 

whose direction of rotation is in the sense of the 
currents reaches its maximum absorption for a slo\^ 
T than the wave {r) whose direction of rotation is o 
that of the molecular currents. When is negative 
of polarization is rotated in the direction of the 
currents. Then < r*, i.e. in general that wa 
direction of rotation is the same as that of the rot 
the plane of polarization reaches its maximum absc 
a shorter period than the wave which rotates in tin 
direction. 

All these results have been verified by experim- 
sodium vapor. These experiments will be discus: 
For both absorption lines of this vapor (the two D 
found to be negative. The two D lines of sodium 
then produced by iiegatively charged ions. 

The absorption at a place where ^ = o may be s 
vided 0 is large in comparison with h. Then, by (68] 

n'^ = A^A'-^, n'^ = A-A' + ~ 

The right-hand sides of these equations must be ; 
they are to have any meaning, i.e. the numerical v 

B 

must be greater than that of ^ . The rotation $ of 

4 > 

of polarization is then proportional to 


is therefore large since <}> is small. If is positive, the 
rotation S is in the same direction as the molecular currents, 
i.e. within the absorption band the rotation is opposite to that 
just outside of the absorption band. Nevertheless the rotation 
^ need not pass through zero values, for at places where n' k' 
and n”K" have large but different values it is meaningless to 
speak of a rotation of the plane of polarization. 

6. Rays Perpendicular to the Direction of Magnetization. 
— Let the ^-axis be taken in the direction of the magnetization, 
the ;r-axis in that of the wave normal. Then ;ir and t are the 
independent variables and equations (3), (43), and (51) give 


a 


,8^ 

0/ 


4- iv 


dV 

dt 


= o, 


I 

c 



dV . 0X\ 


dy 

9;ir’ 


M 

c 'dt dx^ 


I _ 9^ 

c 'dt 'dx' c dt ^ dx' 


(74) 


Elimination of /3 and y gives 


e"X+ivY^O, 

4 0.4 ^ 04 

4 04 0jr^ ’ 


(75) 


If X be eliminated from the first two equations, there results 

*0^1" 


e" — 




e" ) 

' 04 


4- 


04^ • 


(76) 


Setting, for the sake of integration, 
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it follows from (75) and (76) that 

1/2 ‘ly 

e"~ = /'V, e' = M = . (7; 

The velocities of Z and V are then different, i.e. t/ie sui 
stance acts like a doubly refractmg medium. For -Z, i.e. for 
wave polarized at right angles to the direction of magnetizj 
tion, the index of refraction and the coefficient of absorptic 
are obtained from 

= . . (7i 


for a wave polarized parallel to the direction of magnetizatic 
the following holds : 



The difference between and 7 i is in general very smal 
since it is of the second order in ^ provided © is not smal 
Hence this magnetic double refraction can only be observed i 
the neighborhood of a natural period, since then © is ver 
small. 

7. The Impressed Period in the Neighborhood of 
Natural Period. — Set as above r = r^(i g) = 
and assume that g is small in comparison with i. 

Then in every term under the sign 2 , save that whic 
corresponds to ions of kind i, © is to be considered a re; 
quantity which is not very small. ^ is then negligible i 
comparison with ©2. 

Hence, using the abbreviations (67) on page 440, 

B 


— z/c'Y = A 


('op* 4- iAY — 
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n'\l — i/c'f = A -\- 


£[( 2 ^ + + £-] 


(8o) 


Now for a metallic vapor the index of refraction is always 
:arly equal to i, even when g is quite small. Hence it fol- 
ws (cf. equation for r? on page 441) that A is almost equal 
I and B must be very small, so that in the second term of 
e right-hand side of (80), which contains the small factor 
can be neglected in comparison with A. Therefore 


n^\l — f/c)^ ^ A -\-' 


S(2g + th) 

{2g 4- i/if — 


(81) 


The imaginary part, i.e. the absorption, will therefore be 
maximum, provided h is small, when 

Ag^ — (f)^ = o, i.e. 2g — ± cp. , . . (82) 

Hence when the plane of polarization of the wave is 
X7'’allel to the direction of magnetization, there are two absorp- 
ni bands, one on each side of the single band which appears 
hen the magnetic field is not present. 

For a wave whose plane of polarization is perpendicular to 
e direction of magnetization (78) gives 

n\i - iKf = A . . . (83) 

he absorption is a maximum at a place where g = o. Tints 
r a wave whose plane of polarization is perpendicular to the 
rection of ^nagnetization the absorptio 7 i is ?iot altered by the 
"esence of the field. 

If 2 g is large in comparison with h and 0 , k and k' are 
:ry small, and approximately 

B A-\§^ + B- 2 g 


B 
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or, since 4^2 large in comparison with 0^, approxir 
, ABcp^^ 

n' ^ n = - V - o 

i.e. the sign of — 7 i depends upon the sign of g, bu 
pendent both of the direction of magnetization and oi 
of 0. Voigt and Wiechert have succeeded in verif 
law of magnetic double refraction in the case of sodiur 
8. The Zeeman Effect. — Zeeman discovered that ' 
vapor of a metal, like sodium or cadmium, is br 
incandescence in a magnetic field, a narrow line in its 
spectrum is resolved into two or three lines (a dou1 
triplet) of slightly different periods. t The doublet is 
when the direction of the magnetic lines is the sam 
direction of emission, the triplet when these directio 
right angles to each other. These observations are e 
by the theoretical considerations given above X ii^ cc 
with the law, which will be presented later, that the 
lines of a gas correspond to the same periods of vih 
the absorption lines. § According to the preceding d 
the two separate lines of the doublet ought to show ri 
left-handed circular polarization, while* * * § in the triplet tl 
line ought to be polarized in a plane which is perpenc 
the direction of the magnetization, and the two oute 
a plane which is parallel to it. These conclusions are 
verified by the experiment. From measurements 
two triplets into which the two sodium lines (Z)^ an< 


* W. Voigt, Wied. Ann. 67, p. 360, 1899. 

f P. Zeeman, Phil. Mag. (5) 43, p. 226 ; 44, p. 255, 1897. 

J This method of explaining the Zeeman effect is due to Voigt (Wic 
p. 345, 1899). The differential equations upon which Voigt bases hi: 
the same as those deduced in § 2, but he refrains from giving any ph} 
ing to the coefficients in the differential equations. 

§ This law results both from experiment and from Kirchhoff’s 1 ; 
proportionality between the emission and absorption of heat-ravs. Tl 
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esolved, Zeeman obtained for the distance 2 g between the 
wo outer lines of the triplet, when the strength of the mag- 
ictic field was § = 22,400, the value 2^ = 2 : 17,800. 
^ow, from (82) and (67), 


2 g=: 


2 Ttcr^e^ 


•r since — and consequently, from (45) on page 436, 

>1 = 4^^'iV 


, it follows that 


2 g = 4 > 


^ cm^ 2 7t 


cm. 


(8s) 


f the values of zg, §, and for sodium light be introduced, 
here results 


= 1.6* lo^. 


This number represents the ratio of the charge of the ion, 
neasured in electromagnetic units, to its apparent mass (cf. 
lote on page 383). From observations upon a cadmium 
ine (A = o.48yu) this ratio is determined as 2.4- 10'^.* 

Michelson has shown from more accurate observations, 
nade both with the interferometer and with the echelon spec- 
roscope, that in general the emission lines are not resolved 
limply into doublets and triplets but into more complicated 
orms.t This is to be expected when, as is the case with 


* It is to be noted that Kaufmann obtained from the magnetic deflection of the 
:athode rays (Wied. Ann. 65, p. 439, 1898) almost the same number (1.86. lo^ 
or the ratio of the charge to the mass of the particles projected from the kathode. 
?'or the ions of electrolysis this ratio is much smaller (9.5-103 for hydrogen, 
l-.i-io^ for sodium). This can be accounted for either by assuming that an 
electrolytic ion contains a large number of positively and negatively charged par- 
icles (electrons) which are held firmly together in electrolysis but are free to move 
)y themselves in a high vacuum, or to vibrate so as to give out light ; or that the 
electrolytic ion consists of a combination of an electric charge of apparent mass 
with a large uncharged mass M, In a slowly changing electric field or in a 
ronstant current the electron clings fast to the mass M, But in a rapidly changing 
field, such as corresnonds to licrht vibrations, onlv the electron moves, and 
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Michelson’s experiments, the method of investigation is carried 
to such a degree of refinement that the emission lines are 
found, even in the absence of the magnetic field, to have a 
structure more complicated than is assumed in the above 
theoretical discussion, i.e. when an emission line is shown to 
be a close double. Furthermore, a theoretical extension of 
equation (46) is possible if the influence of the motion of neigh- 
boring ions is taken into account. In this case in that equation 
the second differential coefficient of the electric force with 
respect to the coordinates would appear, and the magnetic 
resolution of the absorption and emission lines would be more 
complicated.* 

A very powerful grating or pi'ism is necessary for observing 
the Zeeman effect directly. Hence it is more convenient to 
use a method of investigation described by Konig f in which a 
sodium flame in a magnetic field is observed through another 
such flame outside the field. If the line of sight is perpendic- 
ular to the field, the first flame appears bright and polarized. 
From KirchhofTs law as to the equality of emission and 
absorption, only those vibrations of the magnetized sodium 
flame whose period in the magnetic field is the same as with- 
out the field can be absorbed by the unmagnetized sodium 
flame. Perhaps the phenomenon observed by Egorofif and 
Georgiewsky,t that a sodium flame in a magnetic field emits 
partially polarized light in a direction perpendicular to the 
field, can also be explained in this way, i.e. by absorption 
in the outer layers of the flame, the field being non-homo- 
geneous. But even if the field were perfectly homogeneous, 
this phenomenon could be theoretically explained, since the 
total absorption 71' k ' for the waves polarized in the direction of 
magnetization, when calculated from equation (80) for all 


* Voigt (Wied. Ann. 68, p. 352) accounts for the anomalous Zeeman effects by 
longitudinal magnetic effects. What is the physical significance of such an effect 



possible values of g, is found to be somewhat different from 
the total absorption 7 ik of the waves polarized in a plane which 
is perpendicular to the magnetization when this is calculated 
from (83) for all possible values of 

9. The Magneto-optical Properties of Iron, Nickel, and 
Cobalt. — Although it has been shown above that in the case 
of metallic vapors the conception of molecular currents does 
not lead to a satisfactory explanation of the phenomena, yet 
this concept must be retained in order to account for the mag- 
neto-optical properties of the strongly magnetic metals. This is 
most easily proved by the fact that, in the case of these metals, 
the magneto-optical effects are proportional to the magnetiza- 
tion, and therefore reach a limiting value when the magneti- 
zation is carried to saturation, even though the outer mag- 
netic field is continuously increased. t The explanation based 
upon the Hall- effect would not lead to such a limiting value,:]: 
since the magneto-optical effects would then be proportional 
to the magnetic induction of the substance, i.e. proportional 
to the total density of the lines of force. It is true that, 
strictly speaking, the Hall effect is never entirely absent, even 
upon the hypothesis of molecular currents; nevertheless the 
experimental results show that, in the case of iron, nickel, and 
cobalt, the influence of the molecular currents is very much 
greater than that of the Hall effect, so that, for simplicity, the 
terms which represent the Hall effect will now be neglected. 


* Voigt (Wied. Ann. 69, p. 290, 1899) accounts for the phenomenon observed 
by Egoroff and Georgiewsky, as well as for the variations in intensity in the 
Zeeman effect, by the assumption that the friction coefficient r in equations (42) on 
page 435 depends upon the strength of the magnetic field in different ways for 
vibrations of different directions. This assumption cannot be simply and plausibly 
obtained from physical conceptions. 

*|*This is proved by observations of Kundt (Wied. Ann. 27, p. 191, i886) and 
DuBois (Wied. Ann. 39, p. 25, 1890). 

X This, together with the difference in form of the deduced laws of dispersion, 
is the difference between the two theories. They would be identical if the equa- 
tions deduced from the hypothesis of the Hall effect were developed only to the 
first order in the added magneto-optical terms. This is allowable because in the 
case of the metals no narrow absorption bands occur. 
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a, Tra 7 isniitted Light. — When a plane wave 
through a thin film of iron which is magnetized I'> 
to its surface, the equations in § 3 on page 426 
Denote by n and k the index of refraction and 
of absorption of the unmagnetized metal, by 
corresponding quantities for the left-handed circ'Li 
wave, by 11” and k" the same quantities for tDc: 
circularly polarized wave. Then from (28) 

427, retaining only terms of the first order in 

p'c = n' {\ - iK') = -»/? I^I _ , 

p"c= n"{i - iK") = (i + -^) , 
7 t{l — id) = V 6 . 

If V be supposed to have the form 

y =z a diy . 

in which a and b are real, then 

n' — d’ k" — n' d — 

The second of these equations asserts that: t 
left-handed circularly polarized waves are absorl^ 
amounts ; while the first one, in connection witli 
407 (provided the difference between id k" and 
so that the emergent light is approximately 
shows that the rotation of the plane of polar 
termined by 

6 = — d) = 2 —zn{a I? ^ 

2cr ^ ^ 

in which it is assumed that Aq = rT= 27tcr- 

The film of metal must be very thin (a rra< 


rotation is observable; for example, when z = 0.332AQ the 
rotation of red light (Aq = 0.00064 mm.) in the case of iron 
magnetized to saturation is d = 4.25°. T/izs would give for 
the rotation produced by a plate of irozi i cm, thick the ezior- 
mous value d = 200 000^, From these observations and (89) 
there results, for red light and for iron magnetized to satura- 
tion, the centimetre being the unit of length, 

n{a + bjc) = 0.758* lO"'® (90) 

The sign of ^ is positive since the rotation d takes 

place in the direction of the molecular currents in paramag- 
netic substances. 

The relation between the rotation d and the period r or 
the wave length is obtained from equations (20) and (21) 
on page 425, taken in connection with (87) and (89). It is a 
noteworthy fact that d decreases as A^^ decreases.”^ This result 
is seen from equation (89) to be probable, since n and zik 
actually decrease rapidly as Aq decreases, and since, from (21), 
it appears that a and b likewise decrease as A^ decreases, pro- 
vided only one kind of conduction ions is particularly effective 
in producing the magneto-optical phenomena. 

b. Reflected Light (^Kerr Effect). — In order that the proper- 
ties of the light reflected from a magnetized mirror may be 
calculated, the boundary conditions which hold at the surface 
of the mirror must be set up. These conditions can be 
obtained from the differential equations (18) and (19) on page 
425, and the consideration that the surface of the mirror is in 
reality a very thin non-homogeneous transition layer in which 
these differential equations also hold (cf. page 426). 

If the surface of the mirror is taken as the ;rj/-plane, the 
boundary conditions are found, by a method similar to that 
used on page 271, to be 

Continuity of 

^ - 7 ^ ~ ^ - 7^ (91) 

* Cf. experiments of Lobach, Wied. Ann. 39, p. 347, 1890. 
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From these conditions a theoretical explanation of the effect 
discovered by Kerr can be deduced.^' This effect t consists in 
a slight rotation of the plane of polarization of light reflected 
from a magnetized mirror, when the incident light is plane- 
polarized either in or perpendicular to the plane of incidence. 
This can only be due to some peculiar effect of magnetization, 
since without magnetization there is complete symmetry and 
no such effect would be possible. 

10. The Effects of the Magnetic Field of the Ray of 
Light. — It has been shown above that a powerful external 
magnetic field produces a change in the optical properties of a 
substance. Now the question arises whether, with delicate 
methods of observation, an effect due to the magnetic field of 
the light itself might not be detected in the absence of an 
external field. 

If, first, only the terms representing the Hall effect 
be taken into account, i.e. if it be assumed that there are no 
molecular currents (revolving ions), then the equations to be 
used are (cf. page 435) 



47rj^ __ dy 'dP 

c ~ Zjy ?iz’ ’ 

1 da _?)¥ gZ 
c di ~~ Bj’ 

(92) 


4 ^ 7 * ~ -g/ "h 

4>r2«|f 

■ (93) 


47te^ = — 

H-Z 4 ]). ■ ■ 

■ (94) 

if 

11 

+ 

,a b 

^ r 

■ (95) 


*This deduction was made by Drude, Wied. Ann. 46, p. 353, 1892. The 
constant d which appeared there and was assumed to be real must here be taken as 
complex, since from (21) on page 425 v is complex. This change makes the 
result of the theory identical with that given by Goldhammer, Wied. Ann. 46, p. 
71, 1892. The theory is in agreement with practically all of the facts. For the 
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(94) is the characteristic equation of this problem. This 
shows, since rj and C are approximately proportional to Y and 
Z, that the differential equations of the electromagnetic field 
are no longer linear in X, F, Z, or, y. This means that the 
optical prope 7 ^ties must depend upon the intensity of the light. 
Such a dependence has never yet been observed, and it can 
easily be shown that the correction terms in (94), which 
represent the departures from the equation heretofore used, 
namely, 


are so small that their effect could not be observed. Since the 


magnetic force a., /?, y is equal to, or at least of the same 
order of magnitude as, the electric force Jf, F, Z, it is neces- 


r t , 1 ^ I 3^7 I 35 

sary to find the value of ~ — , - — , 

c ^^t c ^jt 


i. e . to find the ratio of the 


velocity of the ion to the velocity of light. Now approximately, 
from (94), 

^ 

J^7ce& 


i.e., when 


X ^ A - sin 27 t 

^ ^ A 

c '^t cT" ti^neQ 




Now, according to page 436, the natural period of the 
ion is determined in the following way : 
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A substitution of this value in (96) shows that the lai 
I 0 ^ 

which — — can have as the time changes is 

C Ql 

c 'dt 27 tT@ * me 

'J'2 

If in this © be set equal to i a substitutioi 

permissible provided T is not close to , it follows 


c 'dt 2 7r * me ^ * 


e\mc has for sodium vapor the value 1.6 •10'^ 
447). This value will be used in what follows. I 
the visible spectrum r= 2 *iO “^5 approximately, 
(98) may be written 


I 0g 

c dt ^ 


7’2 

0 




7^2 

0 


. s 


lO- 


9 


It is first necessary to find a value for A, i. 
strength of field in an intense ray of light. A sqi 
on the surface of the earth receives from the sun 
kilogrammetres of energy in a second, i.e. 1.22* ic 
units (ergs) to the square centimeter. But from eqi 
on page 273, for a plane wave of natural light of am 
the energy flow dE in unit time through unit surface 
air or in vacuum is * 

Q 

dEilya I sec per cm.^) = • 


■^Without using Poynting’s equation, the result contained in ( 
deduced as follows : The electromagnetic energy which in unit 
through I cm.^ must be that contained in a volume of /^cm.®, J^bein 
of light. In air or vacuum V — c. Further, from page 272 the eL 



yrom which, if half of the energy of the sun’s radiation is 
ascribed to visible rays, the maximum strength of the electric 
field in sunlight is 

^ . o.6i . lo^ = 1.6- lo-^ = o.oi6.t. . (loi) 


Hence for intense sunlight 


c 0 / 


7"2 




7 ’ 2 - 

0 


( 102 ) 


This expression is always small provided T is not close 
to Tq. But even if, for example, T : = 6 o : 59 (sodium 

flame illuminated by light of wave length ;i = 0.0006 mm.), 
Tq^ : = 30, and the value of (lOi) is still very small. 

If the velocity of a plane wave be calculated from (94), it 
is easy to see that its dependence upon the magnetic correction 
terms is of the second order, i.e. the change in the velocity of 
light produced by an increase in intensity from zero to that of 
sunlight would be of the order Hence the conclusion 

may be drawn that an observable indgneto-optical effect due to 
the magnetic field of the light itself does not exist. There 
might be some question as to this conclusion in the case in 
which the period of the incident light very nearly coincides 
with the natural period (sodium vapor illuminated by sodium 
light). But the absorption which would then, take place would 
render impossible a decisive test as to whether or not in this 
case the index of refraction varies with the intensity. 

If now molecular currents (revolving ions) be assumed, 
equations (3), (4), (5) on page 420 sq. become applicable. 
If it were necessary to consider only one kind of revolving 
ion, then, from (31) on page 429, the density of the lines of 
force might be set equal to (yu — i)y, ji being the permeability 


* As a matter of fact tlii-s ratio is only about 

f The maximum strength of the magnetic field has the same value. This would 
therefore be about of the horizontal intensity of the earth's magnetic field in 
Germany. 
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of the substance. In this it is assumed that the magn< 
of the substance can follow instantaneously the rapid 
in y. If this should not be the case, it would be necc 
give y a value smaller than that which is obtained wit‘ 
stant field. Hence equations (3) and (4) take the ion 


I 3 




, ze , 


...) = 


'dz 






Now ^ is of the same order of map;nitude as - i 
dz ^ c ot ^ 


the two quantities are the same). Hence the magnate 
correction terms of (103) are very small even when 
as large a value as 1000, as is the case for iron; for tli 
terms are of the order of magnitude iooo-iO“^°= i 
that the magneto- optical effect due to the magnetic 
light itself coidd 7iever be de texted in iroieeven if the nur 
tion of the iron were able to follow completely the rap it/ 
of field which take place in a light-wave. This also ' 
why in a constant magnetic field the molecular curre 
rise to a permeability which is greater than unity, ir 


light-vibrations the same substance acts as though 


meability were equal to imity. Bnt this is not dice tt.^ 
magnetization, for the conclusions here cli 
independent of such lag. 


CHAPTER VIII 


BODIES IN MOTION 

1, General Considerations. — In what has preceded the 
optical properties of substances have been explained on the 
assumption of movable ionic charges. In this explanation the 
substance as a whole was considered to be at rest. But a 
motion of a substance as a whole produces a modification in its 
optical properties. In order to be able to develop a theory 
for this case, an hypothesis must be made as to whether the 
charged ions alone are carried along by the motion of the sub- 
stance, or whether the ether which lies between these ions is 
also carried along in whole or in part. The assumption which 
will be adopted here is that the ether akvays remains cofnpletely 
at rest. Ui)on this basis II. A. Lorentz'^' has developed a 
complete and elegant theory. It is essentially this theory 
which is here presented. The conception of an ether abso- 
lutely at rest is the most simple and the most natural, — at 
least if the ether is conceived to be not a substance but merely 
space endowed with certain physical properties. Moreover 
the explanation of aberration presents insuperable difficulties 
if the ether is not assumed to be at rest. Lorentz has shown 
that the theory of a stationary ether is essentially in agreement 
with all the observations which bear upon this point. This 
matter will be more fully discussed below. 

2. The Differential Equations of the Electromagnetic 
Field Referred to a Fixed System of Coordinates. — The 
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(7) and (ii) of the Maxwell electromagnetic the^ 
265 and 267), namely, 

4 ^ . ^ 4 ^ 'dY 

c 'by ^ c 'by 


It has already been shown [equation (7), page 3 
there is present only one kind of ion, whose cl 
whose number in unit volume is 9^, the comp 
electric current density are given by 




bt 


+ 


In this ^ denotes the ;ir-component of the displa 
ion from its position of equilibrium within the : 
the ions be given a constant velocity whose co 
v^, V,, then the above equations take the 
form: 


4 ^ 17 ;: = 
4^; = 
= 


"bt 

biY 

bt 

bZ 

bt 


dfi 

+ ^7te^— ~f- /\.7teytVy, 
+ 47r^9l^ + 4ne^v^. 


In these equations the differential coefficient 

to the time are purposely written in the two for 

The first means that the change with respect 1 
some quantity at a definite point in space is c 
second that the change in some quantity with i 
time at a definite point in the substaiice is under 
Hence, if the components of the velocity of the 
s v ^, , , then in the formation of the differen 


change in position alters the quantities to be differentiated by 

0 

when -r, j/, s are referred to a fixed 
system of coordinates, so that finally the relation holds 


^ 3 1 3 , a , 3 

^ + + + • • • ( 3 ) 


Now the terms 


dS 


etc., must appear in equations (2) because 

the entire velocity of the ions is composed of the velocity of 
translation of the substance, and the velocity of the ion with 

respect to the substance. This last is represented by -j-, not 

For the components of the magnetic current density the 
equations (13) on page 268 hold, namely. 


^TtS^ 


'boc 




'd/S 
7 )t ' 


dy 

m = 3 ^, 


( 4 ) 


since it is proposed to neglect the effect of any external 
magnetic field, and since, in accordance with page 456, the 
permeability y of all substances is equal to unity for optical 
periods. 

If the substance has no velocity of translation, i.e. if 
= Vy = o, then the equation of motion of an ion is 
(cf. page 383) 




-df 


-|- 


2 




5 = eX. 


Now it will be assumed that the influence of the substance 
upon the ion is not affected by the motion of the substance. 
Nevertheless the differential equation must be modified because 
of the fact that the ions share in the motion of the sustance, 
and a moving ion is equivalent to an electric current whose 
components are proportional to ev^. The magnetic 
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force a, jS, y acts upon this current. Hence the e 
motion of an ion is (cf. similar discussion on page 4- 



Here, too, it is to be observed that ^ appears, b 

since (5) expresses the relative motion of the ions w 
to the substance. 

When the changes in JT or 5* are periodic, it is ; 
write 

^ ^ ^ 1 

dt “■ dP ■- • • 

r is then equal to the period T' divided by 27 r. N( 
it is to be observed that this period T' is the relai 
with respect to the moving substance, and not tt 
period T referred to a fixed system of coordina 
important to distinguish between T and T' ; thus, foi 
T' > T when the substance moves in the direct 
propagation of the light. In the case of plane wave 
all the quantities are proportional to 

i-it — 

y, 

in which j/, and z refer to a fixed coordinat 
T = T: 27 t is proportional to the absolute period T, 


For the reasons discussed on page 455 the terms — etc., are 

c at 

the right-hand side of (4), for they are too small to be considered. I 
of the earth v\c-=z 10—*, i.e. it is of an entirely different order of m; 

^ : c. Also in Fizeau’s experiment with running water, which wil 

later, in which v : c has a still smaller value, it is only the terms ^ 


Now, from (3) and (6), 


t' r\ CO y 


i.e., if the velocity v is small in comparison with oo, 

^ = I + ^ 

t T ‘ CO ^ ’ • V j 


GO 


in which denotes the velocity of the substance in the direc- 
tion of the wave normal. 

If the abbreviations used on page 386, namely, 


b = 




,a> 


■ ( 8 ) 


r& 

~ 47Z ' 47re 

be introduced into (5), there results 

4 ^^^ (i 4 r t~- = . (9) 

In equations (2) means the charge present in unit 
volume. 

If the value of [cf. page 270, equation (20)] obtained 
from (the dielectric constant e of the ether is set equal to i) 


0 F 

4»W = ^+— + — 




(10) 


be substituted in (2), there results 


4 ^* 


di 


, f'dX I ?>¥ , 'dZ 
+ -^+ ^ 


) 


+ 


m 




(ii) 


I-ffVr Vr'« dt 

If several kinds of molecules are present, the first factor of 
the last term of this equation becomes, provided be neg- 
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lected, i.e, provided the substance has no appreciab 
tion, 




— m' — r . 


In this equation // is the index of refaction re/7 

/e ihe period f 27 rP when the substanci' is at ri^s 

tit>n (12) is derived from the theory of dispersion [cf 

(iS) on j/a^e 3H7]. If now in equation (n) the t 

. , d . o 

coefTilcient , be replaced by its value in terms of ^ t 
dt i '/ 

(3), aiul if the rcsultin*^ value for ,\nj^ l^e substitute^ 

difftn’cntial ecpiation is obtaiiual for the substance 

referred to a fixed system of c<H)rdi nates. I'his (* 

much simplified if only terms in tlu^ first order in e In 

It is always permissible to ne^tl^'^d: tlie other terms» s 

when V rc|>resents the vehant}" of the (*artli in space 

very small in comparison to the velocity of liyht. 

possible to replace those terms in (u) 

multiplied l)y ami also to ne|»lect, in the case 
|.^cncous substances, the second term of { n j winch is 
l)y 7'^, since approximately, i.e. fi)r o, for 
chan[.p^ of condititan in such substaiuars the ftdlowin 
Imltls (cf. page 275): 


()X 

ctr 


V)F 

'ey 


PZ 


Thus (n) becomes 

cbV . ^ 

47rj^ - //■' ,-- -1- («'■< — r) |r. , 

4 


1/ ,\y ]'fi 

C V‘‘'v , “■ 


hence A^nj^ may be written in the form 

ZX . -bX 




I / 2 

” V + 


■) 


\ { bX ^ bX ^ bX\ 


Hence, in view of (i) and (4), there result for a moving^ homo- 
geneous, isotropic medium whose points are referred to a fixed 
system of coordmates the following differential equations: 


Q) 

4 - M 

1 

Q)| 

+ ^ 1 


b 


bx 

7^ 3 y 


c zt 

+ - ( 


3 


by 

3-2^ 


^ 3^ 

+ . 1 


0 


bz 

I 0af ___ 


7 0/^ 

bz by ’ 


{ 0X 




, 3;^ , 

4 _ qj qj 

^ ^ *3. 

3X 




By3 




bV , h 


F 




\v. 


bZ 


-j- H 


bZ 


bx ' '^by 
v^X + z^j,F + 7v 

1 0/3 0Z bX 


by 


0FN 

1 

bz > 

1 

'da 

9k 


3;i^’ 

3Z> 

\ 

bz ‘ 

/ 

- ^ 

da 

d-^ 

~ 9r ’ J 

dy _ 

bX 0F 


h (15) 


'Qx 0^ ’ 0^ 0JV 0-^ 


Differentiation of equations (15) with respect to x, y, and 
z respectively and addition gives, with the use of the abbrevia- 
tion 

_j_ _|_ — F 

bx^ by ^ bz 


'^F . n* 

~7'~^ 


• + 


— I ( / 0/^ 

— 4- = o. (16) 



464 


THEORY OF OPTICS 


In the terms which are multiplied by etc., th< 
approximations may be used : 


JX = 


’ 


F= 0 , 

d~Y 


AY = 


dP ’ 


AZ = 


< 

?' 


Hence, from (16), 

„ , -dY 9Z 



I 3 


3/ 




This equation asserts that m the moving snhstan 
trical force cannot he propagated as a plane transv 
since F is not equal to zero. But the magnetic fo 
other handy can be so propagatedy since, from (i 50 > 



The differential equations (15) and (15') may 
transformed into equations each of wliich contains 
the quantities Xy Y, Z, cxy jB y, I'or example, if 

equations (15) be differentiated with respect to /, anc 

3/5 

— be replaced by their values taken from (15Q, th 


^^232^ , d( dX , , 9 X\ 






= AX- 


d l’^-^ ,c 
BiVaa- 


In consideration of (i 8 ) this becomes 




•nr — 




3 ( 9A 
^k'’‘'dx 




c).r 

?)y 
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3. The Velocity of Light in Moving Media. — From the 
last equation the velocity of light in a moving medium can be 
simply calculated. Setting 

J.(i — +M \ 

X=A-eA ), . . . (21) 

there results, from (20), 

^ _ J_ 

(? (? oa 00^ ’ 


or 


! 


2(«‘-^ — l)v„' 


:Ui_ 

/ 


(22) 

It" Gd! 00^' \ J 

in which 7'^ denotes the velocity of translation of the medium 
in the positive direction of the wave normal. Hence, to terms 
of the first order in , 

>2 / 2 { 71 ^ — i) 

QD . 


OO'^ 


= 4(, + ?feL-_L).ii), 

71 ^ \ ir 00 ! 


i.e. 



I 





If, in the term on the right-hand side which contains 7/^ , go he 
replaced by its approximate value c : ?i, 


GO 


- + 
71 


(23) 


This equation asserts that the 7 notio 7 i of a inediiim has the 
sa 7 ne effect upon the velocity of light as though it conmnmicated 

to. the ether a certain fraction ^namely, - — velocity 

of translation. 

This conclusion was drawn by Fresnel from the experiments 
of Fizeau in which the velocity of light in running water was 
measured. However, this interpretation of equation (23) is 

nntf-<a ricrnrrmc: fnt- of mo-l-inn nf 
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the coefficient of in the expression for was found by 
experiment to have the value 0.434 ± 0.02, while for water 
and the Fraunhofer line D equation (25) gives its value as 
0.451. The value of this coefficient given by the assumption 
of Fresnel is, for this case, — i : = 0.438. 

4. The Differential Equations and the Boundary Condi- 
tions Referred to a Moving System of Coordinates which is 
Fixed with Reference to the Moving Medium. — If y, z' 
represent the coordinates of a point referred to an origin within 
the moving medium, then 


X ^ x' y- t, y = y -yVy ^ t, (26) 

Since do not depend on ;r, y, z, the partial 

differentiation with respect to j/, z can be replaced by a 
partial differentiation with respect to x', y\ z\ i.e. in the equa- 
tions of the preceding paragraph the differential coefficients 
with respect to x, y, z may be considered as taken with 
respect to x\ y y z'. In what follows this will be done and 
Xy yy z will be understood to represent simply the coordinates 
referred to a point of the moving medium. But in place of the 


differential coefficients — , etc., 

Qt 


dX 

dt^ 


etc., must be introduced, 


since here the dependence of X upon the time is to be investi- 
gated, and hence X must be referred to a point whose position 
relative to other points in the moving medium is fixed. This 
change is made with the aid of equation (3) on page 459, so 
that, for example, 


dX ZX 'dX ZX 

— — ^ — qj — y 

0 / dt "" 'dx ^ dy * dz 


(27) 


If this equation be substituted in (2), then for any number 
of kinds of ions, in consideration of (9), (10), and (12), 




dX 

dt 


— V, 




-dX 

'dx 


V 


■bX 


" by 

bx 


— V. 


bX 
' bs 


bx by 


' dzl' 


(28) 





BODIES IN MOTION 469 


From this and (29) the following additional conditions are 
obtained, namely, that 






y be continuous at the boundary. (30') 


Since in (30), in the terms multiplied by the 

approximate values which are obtained when =1 v^ = o 

may be substituted, the boundary conditions may be put in the 
form 


VyZ vJZ ) must be continuous at) 

c ^ c \ the boundary. ) 


(3o'0 


For ^ homoge7ieous medium differential equations can easily 
be obtained each of which contains but one of the quantities 
X, F, Z^ a, /3, y. For it follows from (27), when terms of 
the first order only in are retained, that 

a^x d ( ?)X ^ ax , aA'x 


hence (20) becomes 


d^X 






= AX. 


(31) 


Equations of the same form may be obtained for F, X, a, 
/?, y. The preceding equations (i8) and (19) also hold here, 
i.e. the electric force is not propagated as a transverse wave; 
but the magnetic force is so propagated. 

Writing 

X=A-er[ a,' 


in which, since it is assumed that -h A/ ^ 

a/ denote the direction cosines of the wave normal, the 
velocity of light referred to the moving system of coordinates. 
Then, from (31), 




llir lujst -vidr !• 'I *#» lIlC .i]i|irti% 


thi-ir 


^ - -j ^ 


5. Th»? I>»*ti*rmin.»ti«m of tin* Dir»*ction of tho Ha 
PtiHcijtll'. 1 h. ... .<! tiu’ u.n«- .|!m! 

- :. -o , /, ■ -1 !h>- !U’ 

Jn '•$ 1 V , , S% . S‘, ■ *! 


■i f' . f . . it I f »!iVi 

‘ ^ ;!! . a^r i4' ^ r\ 


1 1'.. |‘5;n-i|4r tlir 

*I ihirr -i-ul I litri ililfrrr 


thr r.v-4t 


f, V, * / 


mull r ^ 

fr’ilUl r> 


' I '., I '*•^1!'^'' I * I . 




If |l|r*-ir llyrr ran.i* a-* *ii-t 
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But, from (33), p^x + p^^y + p^^ ~ od' \ i.e., in considera- 
:ion of (32), 2/= — c', n. Hence, from (34), the direction of 
:he ray is determined from the proportion 






X \ y \ z ^ • 
n 


)r 


1^1 • P2 * — A 






nc 


nc 


( 35 ) 


Thus the ray docs not comcide with the wave normal. 

Neglecting terms of the second order in (35) may be 
vritten 


/t' : A' • A' = 


(3S0 


6. The Absolute Time replaced by a Time which is a 
function of the Coordinates. — In place of the variables y, 
r, /, in which t denotes the absolute time and x, y, z the 
:oordinates referred to a point in the moving medium, the 
][uantities x, y, z, and 




4 - 


(36) 


vill be introduced as independent variables. 

t' may conveniently be called a sort of position '' time, 
;ince it depends upon the position of the point under considera- 
ion, i.e. upon Xy y, z. The partial differential coefficients 


vith respect to x, y, z will then be denoted 



r w 

— - , while — , etc., will be used as above to denote the 

oX 

)artial differential coefficients when x, y, z^ t are the inde- 
>endent variables . From (36), 


d d 3 l^\' d 3 /3 


f 


d 
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If the following abbreviations be used, 


= F+ ~ = y-, 




then the introduction of the values (37) in (29) gives, w 
terms in the first order only in v are retained, and when 


differentiation i^—j is again denoted simply by — , 



dX' 


b/ 3 ' 


dY' 


by' ' 

c 

dt' 

'by 

b^’ 

C 

dt' ~ 

bz 

bx' 




dZ' 


ba' 





c 

dt' ~ 


~ by- 



I 

da' 

_ dV' 

bZ 

I 

dji' 

bZ' 

bX' 

c 

dt' 

~ bs ~ 

by' 

c 


bx 

bz ’ 


c df djy 

According to (30) and (38) the boundary condith 
when the boundary is perpendicular to the -s'-axis, are that 

F', ol^ §' be continuous at the boundary. . ( 

Now equations (39) and (40) have the same form as 
differential equations and boundary conditions of the elec 
mag-netic field for the case of a medium at rest. Hence 
important conclusion: 

If , for a system at rest, X, Y, Z, ol, jS, y are cer 
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ofx, y, z, t — 


v^- + v^y + 74 ^ 


, and T; in which now x, y, z 


are the relative coordinates referred to a point of the medium, 
and T is the relative period with respect to a point of the moving 
medium. From (7) on page 461, the absolute period is in the 

/ V 

latter case to be assumed as T\i ~ 


7. The Configuration of the Rays Independent of the 
Motion* — The last proposition is capable of immediate applica- 
tion to the relative configuration of the rays. For, in a system 
at rest, let the space which is filled with light be bounded 
by a certain surface 5 so that outside of 5 both JT, F, Zy and 
ay fiy y vanish. Then when the system is in motion X\ 

Z\ and a', / 3 - y y' vanish for points outside of 5, i.e. m the 
movifig system also the surface S is the boimdary of the space 
which is filled with light. Now suppose that 5 * is the surface 
of a cylinder (a beam of light), an assumption which can be 
made if the cross-section of the cylinder is large in comparison 
with the wave length. The generating lines of this cylinder 
are called the light-rays. According to the above proposition, 
the boundary of the beam of light, even though it be frequently 
reflected and refracted, is unchanged by the common motion 
of the whole, i.e. in the moving system light-ivaves of the rela- 
tive period T are reflected and refracted according to the same 
laws as rays of the absohtte period T in the system at rest. 

The laws of lenses and mirrors need therefore no modifica- 
tion because of the motion. Likewise the motion has no 
influence upon interference phenomena. For these phenomena 
differ from the others only in that the form of the surface 5 
which bounds the light-space is more complicated, and, as 
above remarked, this form is not altered by the motion. 

For crystals'^ also the configuration of the rays is inde- 
pendent of the motion, for the differential equations and 
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boundary conditions applicable to these can be put in 
similar to (39) and (40), so that it is only necessary 
to the laws of refraction of the crystal at rest. 

8. The Earth as a Moving System. — The last cc 
tions are especially fruitful in discussing the motioi 
earth through space. For, according to what has b( 
the motion of the earth"^ can 7iever have a7i influe7ice of 
order in v upon the phe7i077iena which are prodticed wit, 
t7dal sources of light; for the periods emitted by suet 
are merely the relative periods of the above discuss 
they are wholly independent of the motion of the earth 
the configuration of the rays cannot be altered by this 
Now in fact numerous experiments by Respighi, t 
Ketteler,§ and Mascart || upon refraction and interferes 
of them upon crystals) have proved that the phenor 
independent of the orientation of the apparatus with n 
the direction of the earth's motion. On the other han 
celestial sources of light are used the effect of the 
motion can be detected, for in this case the relativ 
depends upon that motion. As a matter of fact the 
lines of some of the fixed stars appear somewhat di 
This is to be explained by the relative motion of the ( 
of the whole solar system, with respect to the fix( 
For the laws of refraction and interference are concer: 
relative periods, and from equation (7) these are g 

in which T is the absolute period. Thus 

with the magnitude and sign of , and hence also t 
tion of the spectral lines formed upon the moving < 


* Substances which show natural or magnetic optical activity 
neglected. 

f Mem. di Bologna (2) II, p. 279. 
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refraction or diffraction. This is known as Doppler' s Prin- 
ciple. 

Since the path of the earth about the sun is nearly a circle, 
is in this case equal to zero. Hence, as has been also 
experimentally shown by Mascart,t the motion of the earth 
causes no shifting in the Fraunhofer lines of the solar 
spectrum. J 

9. Aberration of Light. — Although, as was shown in § 7, 
the configuration of the rays is not influenced by the motion of 
the earth, yet the direction of the wave normal which corre- 
sponds to a given direction of the ray does depend upon that 
motion. This has already been shown on page 470; but it is 
worth while to here deduce directly the definition of the ray 
without using Huygens’ principle as was done above. Con- 
sider, for example, the case of a plane wave in a system at rest : 


all the quantities involved are functions of / — 


00 

cosines 


of 


In a system at rest p^., p^ are the direction 
both the wave normal and the ray. The physical criterion 
for the direction of the ray will be that the light pass through 


* In the above it is assumed that the source A is at rest and the point of obser- 
vation B in motion. The considerations also hold in case both A and B move. 
Vn is then the relative velocity of B with respect to A measured in the direction of 
tlie propagation of the light. In this case the rigorous calculation shows that the 
actual period T and the relative i^eriud T' observed at B stand to each other in 
the ratio T\ T' = qo — v' \ go — in which v' is the absolute velocity of B^ v that 
of A in the direction of the ray, and co that of the light in the medium between A 
and B. It is only when v' and v are both small in comparison with go that this 
rigorous equation reduces to that given in the text, i.e. to the customary form of 
Doppler’s principle. Now we know nothing whatever about the absolute velocities 
of the heavenly bodies ; hence in the ultimate analysis the application of the usual 
equation representing Doppler’s principle to the determination of the relative 
motion in the line of sight of the heavenly bodies with respect to the earth might 
lead to errors. Attention was first called to this point by Moessard (C. R. 114, 
p. 1471, 1892). 

f Ann. de I’ecole norm. (2) i, pp. 166, 190, 1872. 
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two small openings whose line of connection has the directi 
cosines /j, p^. If now the whole system moves with 

velocity Vy, there must always be one ray (called 
relative ray when referred to a moving system) whose directi 
cosines are p^, P^^ Pr according to page 473 this ray 

produced by waves which are periodic functions of 

v^x + V y -^-v^z P^x p^z 

t 2 • ' 

r OD ' 


This expression corresponds to plane waves for which t 
direction cosines of the wave normal p^^ p^, p^ are prop( 
tional to 


P^ , . A I . A 


jy ' . j, ' . -y- ■ -Ul A. 


QD 


CD 


Sjl 




This relation (42) makes possible the calculation of the dir( 
tion of the wave normal in the moving system from 1 
direction of the ray, and vice versa. This relation is a 
identical with that deduced on page 471 [cf. (35^)], fn 
Huygens’ principle, for the quantities there cor 

spond to Pij P21 Ps here, and approximately c : go = n. 

Hence if upon the moving earth a star appears to lie in 1 
direction p^^ p^y P%y referred to a coordinate system connect 
with the earth, its real direction is somewhat different, for t 
latter coincides with the direction of the normal to the ws 
from the star to the earth, i.e. the position of the star 
obtained from p^ p^ p^. 

The case in which the line of sight to the star and t 
motion of the earth are at right angles to each other will 
considered more in detail. Thus set p^= p^ — O, p^ = 
Vy = v^ z=z o, v^ — v\ then from (42), if the velocity in air 
be identified with c , — as is here permissible, — the position 
the star is given by 

* A' * /s' = ^ • O : . . . . (a 
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tan Z = V : c. This angle of aberration is not changed when 
the star is observed through a telescope whose tube is filled 
with water, since it has been shown that the relative configura- 
tion in any sort of a refracting system is not changed by the 
motion.* This conclusion maybe reached directly as follows: 
If 00 differs appreciably from c, as is the case when the obser- 
vation is made through water, then the wave normal in the 
water is no longer given by (43), but, in accordance with 
(42), by 

• A' • A' = ^ ‘ o : — Z/ : o : . . (44) 

from which the angle of aberration is determined by 
tan z=z V : cn. The corresponding wave normal in air or in 
vacuo makes, however, another angle Z with the ^-axis such 
that, since the boundary between air and water is to be 
assumed perpendicular to the direction of the ray, according 
to Snell’s law sin Z * sin Z' = Since now, on account of 
the smallness of Z the sin is equal to the tan, it follows 

that tan C = i-^* the angle of aberration is the same as 

though the position of the star had been observed directly in 
air. 

10, Fizeau^s Experiment with Polarized Light. — Although 
in accordance with the theory the motion of the earth should 
have no influence upon optical phenomena save those of aber- 
ration and the change in the period of vibration in accordance 
with Doppler’s principle, and although experiments designed to 
detect the existence of such an effect have in general given nega- 
tive results, nevertheless Fizeauf thought that he discovered 
in one case such an effect. When a beam of plane-polarized 
light passes obliquely through a plate of glass, the azimuth of 
polarization is altered (cf. p. 286). The apparatus used con- 
sisted of a polarizing prism, a bundle of glass plates, and an 
analyzer. At the time of the solstice, generally about noon, 
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a beam of sunlight was sent, by means of suit 
mirrors, through the apparatus from east to west, ai 
west to east. It was thought that a slight diffei 
positions of the analyzer in the two cases was dete 
According to the theory here given no such d; 
exist. For if in any position of the apparatus the 
set for extinction, then the light disturbance is ' 
space which does not extend behind the analyzer, 
to the discussion on page 473, the boundary of thi 
not change because of the motion of the earth, f 
configuration of the rays with respect to the appan 
fixed; and this is true even when crystalline mec 
for producing the bounding surface 5 of the 
Hence the position of extinction of the analyzer m 
pendent of the orientation of the apparatus with re 
earth’s motion. In any case it is to be lioped that 
ment of Fizeau’s will be repeated. Until this is c 
least doubtful whether there is in reality a contradi 
matter between experiment and the theory here pr 
II. Michelson^s Interference Experiment. - 
which light requires to pass between two stations 

/ 

and B whose distance apart is / is = — , where 

the velocity of light. It will be assumed that th( 
which the light is travelling is the ether, or, what 
the same thing, air. If the two points A and B hav 
velocity v in the direction of the ray, then the tim 
// of the light from ^ to 5 is somewhat differen 
light must travel in the time not only the dis 
also the distance over which the point B has move 
i.e. the total distance travelled by the light is 
that 

c = I — j— vt^ • ... 

If the light is reflected at B. in order to re 
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For this case differs from the preceding only in this, that now 
A moves in a direction opposite to that of the reflected light. 
Hence the time f required for the light to pass from A to B 
and back again to A is, from (45) and (46), 



provided the development be carried only to terms of the 

V 

second order in Now although the influence of the com- 
mon motion of the points A and B upon the time f is of the 
second order, it should be possible to detect it by a sensitive 
interference method. 

The experiment was performed by Michelsen in tho year 
1881.* The instrument used was a sort of an interferential 
refractor furnished with two horizontal arms P and Q set at 
right angles to each other and of equal length (cf Fig. 57, 
page 149). Two beams of light were brought to interference, 
one of which had travelled back and forth along P, the other 
along Q. The entire apparatus could be rotated about a 
vertical axis so that it could be brought into two positions such 
that first P, then Q coincided with the direction of the earth’s 
motion. Upon rotating the apparatus from one position to the 
other a displacement of the interference bands is to be 
expected. 

The amount of this displacement will now be more 
accurately calculated. Let the arm P coincide with the direc- 
tion V of the earth’s motion, the arm Q be perpendicular to it. 
Let A be the point in which P and Q intersect. The time T 
required for the light to pass the length of P and back is given 

'K’\r ( A>-!\ timA r^nnirf^'d for the liirhl: to 
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length of Q and back is not simply = 2/ : for it is neces- 
sary to remember that the point of intersection A of the two 
arms P and Q, from which the light starts and to which it 
returns after an interval of time T ^ has in this 
time changed its position in space. Thus the 
distance through which this point A has 
moved is vf (Fig. 107). The first position 
of the point will be denoted by A^ , the last 
by A^. In order that the light from A^ may 
return to A2 after reflection at the end of the 
arm Qy it is necessary that the reflecting 
mirror at Q be somewhat inclined to the wave 



Fig, 107. 

normal. The distance travelled by the light is 2 s and the 
relation holds, 


= /*+(' 


2j 


Also, 2 s \ c denotes the time which the light requires to 
travel the length of Q and back. Now, from (47), if terms of 
higher order than the second in v be neglected. 


hence 



If this difference in time were one whole period T, the 
interference fringes would be displaced just one fringe from the 
position which they would occupy if the earth were at rest, i.e. 
if z/ = o. Hence if the displacement 6 be expressed as a 
fractional part of a fringe, there results from (49) 


f t" I 


/ 

X 




. (so] 
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The displacement produced by turning the instrument 
from the position in which P coincides with the direction of 
the earth’s motion to that in which Q coincides with this 
direction should be 2 d, 

But no displacement of the interference fringes was 
observed. The sensitiveness of the method was afterwards 
increased by Michelson and Morley * by reflecting each beam 
of light several times back and forth by means of mirrors. 
The effect of this is to multiply several times the length of the 
arms P and Q. Each beam of light was in this way compelled 
to travel a distance of 22 metres, i.e. / was ii metres. The 
apparatus was mounted upon a heavy plate of stone which 
floated upon mercury and could therefore be easily rotated 
about a vertical axis. According to (50) this rotation ought 
to have produced a displacement of 2(5“ = 0.4 of a fringe, but 
the observed displacement was certainly not more than 0.02 
of a fringe, — a difference which might easily arise from errors 
of observation. 

This difficulty t may be explained by giving up the theory 
that the ether is in absolute rest and assuming that it shares in 
the earth’s motion. The explanation of aberration becomes 
then involved in insuperable difficulties. Another way of 
explaining the negative results of Michelson ’s experiment has 
been proposed by Lorentz and Fitzgerald. These men assume 
that 7/^^ length of a solid body depends tipon its absolute motio?i 
in space. 

As a matter of flict, if the arm which lies in the direction 
of the earth’s motion were shorter than the other by an amount 
'tP 

the difference in time as calculated in (49), would 


* Am. Jo. Sci. (3) 34, p. 333 , 18S7 ; Phil. Mag. (5) 24, p. 449, 1887. 
f Sutherland (Phil. Mag. (5) 45, p. 23, 1898) explains Michelson’s negative 
result by a lack of accuracy in the adjustment of the apparatus. But, according 
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be just compensated, i.e. no displacement of the fi 
be produced. 

However unlikely the hypothesis that the dim 
substance depend upon its absolute motion may 
seem to be, it is not so improbable if the ass 
made that the so-called molecular forces, which 
the molecules of a substance, are transmitted b 
like the electric and magnetic forces, and that 
motion of translation in the ether must have an 
them, just as the attraction or repulsion between 
charged bodies is modified by a motion of transl 

particles in the ether. Since has the valu 

diameter of the earth which lies in the direction c 
would be shortened only 6.5 cm. 


PART III 

RADIATION 


CHAPTER I 
ENERGY OF RADIATION 

I. Emissive Power. — The fundamental laws of photom- 
etry were deduced above (page 77) from certain definitions 
whose justification lay in the fact that intensities and bright- 
nesses calculated with the aid of these definitions agreed with 
observations made by the eye. But it is easy to replace this 
physiological, subjective method by a physical, objective 
means of measuring the effect of a source of light. Thus it is 
possible to measure the amount of heat developed in any sub- 
stance which absorbs the light-rays. To be sure this intro- 
duces into the photometric definition a new idea which was 
unnecessary so long as the physiological unit was used, name- 
ly, the idea of time, since the heat which is developed in an 
absorbing substance is proportional to the time. According 
to the principle of energy, the heat developed must be due to 
a certiiii quantity of energy which the source of light has 
transmitted to the absorbing substance. Therefore the emis- 
sion ii of a source Q is defined as the amount of energy which 
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tion of the rays under consideration, i will be called the 
inte 7 isity of radiation of the surface ds. 

If all parts of a curved radiating surface appear to the eye 
equally bright, then, as was shown on page 82, i must be 
constant, i.e. independent of the inclination 0. The discus- 
sion as to whether or not i is constant when considered from 
the energy standpoint will be reserved till later. If, for the 
present, i be assumed to be constant, then from (3) the energy 
flow which passes from ds into a finite circular cone whose 
generating lines make an angle U with the normal to ds is 
found to be [cf. (73) on page 83] 

L = Ttids sin^ U. (4) 

7t 

Setting C/ = — and dividing by ds^ the emissive power e of 
ds is obtained in the form 

^ « (5) 

Here again f, the total intensity of radiation, must be dis- 
tinguished from 4 , the intensity of radiation for wave 

length A.. If denote the emissive power for the wave length 
3 , then 

( 6 ) 

3. The Mechanical Equivalent of the Unit of Light. — On 

page 81 the flame of a Hefner lamp was assumed as the unit 
of light. Tumlirz'^’ has found the emission within a horizontal 
cone of unit solid angle from such a flame to be 0.1483 gram- 
calories a second; Angstrom’s t value for the same is 0.22 
gram-calories a second. If such a lamp be assumed to radiate 
uniformly in all directions, then its total emission, i.e, the 
energy which it emits in all directions (into the solid angle 
47r), is calculated from the value of Tumlirz as 


47r. 0.1483 


gr cal 


= 1.86 


gr cal 


sec 


sec 
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magnitude has about the same brightness as a Hefner lamp at 
a distance of 1 1 km. In this case the eye receives about 
I . IQ— 8 ergs per second. 

The so-called normal candle (a paraffine candle of 2 cm. 
diameter and 50 mm. flame) has an emission about 1.24 times 
that of the Hefner lamp. 

4. The Radiation from the Sun. — According to Langley 
about one third of the energy of the sun’s radiation is absorbed 
by the earth’s atmosphere when the sun is in the zenith. 
According to his measurements, if there v/ere no atmospheric 
absorption, the sun would radiate upon i cm.^ of the earth’s 
surface at perpendicular incidence about 3 gr. cal. (more 
accurately 2.84) per minute {solar constant). Angstrom 
obtained a value of 4 gr. cal. a minute. Hence, making 
allowance for the absorption of the earth’s atmosphere, the 
flow of energy to the earth’s surface is, according to Langley, 
about 2 gr. cal. a minute = 1.3 • 10® erg/sec. Pouillet’s value, 
which was given on page 454, is somewhat smaller. The 
energy of the visible light between the Fraunhofer lines A 
and amounts to about 35^ of the total radiation, i.e. the 
so-called intensity of illumination B of the sun, without allow- 
ing for the absorption in the air, is, from Langley’s measure- 
ments, 

erg 

i? = 6.9. = 46 300 candle-metres. . (ii) 

If the mean distance of the sun from the earth be taken as 
149.10® m., the candle-power of the sun is found to be 
1.02. 10^'^. 

5, The Efficiency of a Source of Light. — The efficiency g 
of a source of light is defined as the ratio of the energy of the 
light radiated per second to the energy required to maintain 
the source for the same time. 

Thus a Carcel lamp of 9.4 candle-power consumes 42 gm. 
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39.7. lO^o ergs. Now equation (8) gives the emission of ■ 
standard unit, hence the efficiency of the lamp is 


£' = 


9.4. 1.9* iqo 
1. 16- 10 39-7- 


0.4* 10“"^ =: 04^. 


Thus the efficiency is very small; only 0.4^ of the enei 
contained in the oil is used for illumination. 

The electric light is much more efficient. With the 
light I candle-power can be obtained with an expenditure 
^ watt, i.e. S-io® erg/sec. Hence for the arc light 


£- = 


1.9-106 
5 • 10® 


= 0.38 = 38^. 


For the incandescent lamp ^ has about the value S-S^- 
These figures show that it is more economical to use 
heat of combustion of oil to drive a motor which runs a dyna 
which in turn feeds an arc light, than to use the oil dire( 
for lighting purposes. A Diesel motor transforms about ; 
of the energy of the oil into mechanical energy, and 907 
this can be transformed into electrical energy by the dyna 
which feeds the arc light; hence the efficiency of the elec 
light, upon the basis of the energy of the oil used, may be 
creased to 

£• = 0.38-0.7.0.9 = 24^. 

In this calculation no account has been taken of the 
that the carbons in the lamp are also consumed. For 
incandescent lamp of the ordinary construction, which requ 
about 3^ watts per candle-power, ^ would be equal to 3 
calculated upon the basis of the fuel consumption of the mo 
For a Nernst incandescent lamp which requires i watt 
candle-power,*^ would be as high as 12^. 

61 The Pressure of Radiation. — Consider the case o 
plane wave from a constant source of light falling perpend 
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larly upon a perfectly black body. Such a body is defined as 
one which does not reflect at all, but completely absorbs all 
the rays which fall upon it, transmitting none.* According 
to the theory of reflection given above, an ideally black body 
must have the same index of refraction as the surrounding 
medium, otherwise reflection would take place. f Moreover it 
must have a coefficient of absorption, which must, however, 
be infinitely small, since otherwise reflection would take place 
(cf. chapter on Metallic Reflection), even though the index of 
refraction were equal to that of the surrounding medium . 
Hence, in order that no light may be transmitted by the body, 
it must be infinitely thick. An approximately black body can 
be realized by applying a coat of lamp-black or, since lamp- 
black is transparent to heat-rays, of platinum-black; likewise 
pitch or obsidian immersed in water, not in air, are nearly black 
bodies. The most perfect black body is a small hole in a 
hollow body. The rays which enter the hole are repeatedly 
reflected from the walls of the hollow body even though these 
walls are not perfectly black. Only a very small part of the 
rays are again reflected out of the hole. This part is smaller 
the smaller the hole in comparison with the surface of the 
body. 

Let plane waves, travelling along the positive -s'-axis, fall 
upon a black body SI. Conceive a cylindrical tube of light 
parallel to the z- 3 ,xis and of cross-section q. Let energy flow 
in at .S' = o. This energy will be completely absorbed, i.e. 
transformed into heat within the black body, which is supposed 
to extend from ^ = a to ^ = 00. The amount of energy thus 
absorbed in any time / is E-q-Vd, ME denote the radiant 
energy which is present in unit of volume of the medium in 
front of and V the velocity of the waves in this medium. 


* A perfectly black body can emit light if its temperature is sufficiently high. 
Hence it would be preferable to use the term “perfectly absorbing” instead of 
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If now the black body be displaced a distance dz in tl: 
direction of light, then the energy which falls upon the boc 
in the time t is less than before by the amount of the energ 
contained in the volume q^dz of the medium, i.e. by tl 
amount q-dz-E, Hence the amount of heat developed in tl 
body is smaller than before by the same amount (measured : 
mechanical units). But the same amount of radiant energ 
always enters the tube in the time t no matter whether tl 
body ^ is displaced or not. Further, the electromagnet 
energy contained in the volume q * dz^ which has been vacate 
by the motion of the body, is always the same, i.e. it is ind* 
pendent of whether this volume is occupied by ^ or not, sin( 
the index of refraction, and therefore also the dielectric coi 
stant, of ^ is to be identical with that of the surroundir 
medium, so that reflection does not occur, i.e. the electric ar 
magnetic forces at the surface of the body are the same in tl 
medium and in If, therefore, because of the displacemei 
of ^ a distance dz^ the same energy which has entered tl 
light-tube in the time t develops less heat than when ^ is n^ 
displaced, then, according to the principle of the conservatic 
of energy, this loss in heat must be represented by wo: 
gained in the displacement of If this work be expressed 
the form p-q-dz, p represents the pressure which is exerU 
upon ® by the radiation. Hence 


p-q-dz ^ q-dz-Ey 
i.e. 

/ = E (i 

Thus the pressure of radiation which is exerted by pla 
waves falling perpendicularly upon a perfectly black body 
equal to the amount of energy of the incident waves contained 
unit of volume of the medium outside. 
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)f energy contained in 3 • 10^® cm.^ of air. Hence the energy 
n I cm.^ is 

1.3 • 10® 

E = ^=4* 10 - 5 , 

3.1010 '+ 


rherefore the sun’s rays exert this pressure upon i cm.^ of a 
)lack body. This pressure is about equal to a weight of 
mgr., i.e. it is so small that it cannot be detected 
experimentally. Nevertheless this pressure is of great theoret- 
cal importance, as will be seen in the next chapter. 

7. Prevost’s Theory of Exchanges. — Every body, even 
vhen it is not self-luminous, radiates an amount of energy 
vhich is greater and contains more waves of short period the 
ligher the temperature of the body. If, therefore, two bodies 
i and B of different temperatures are placed opposite to each 
)ther, then each of them both radiates and receives energy, 
rhe temperatures of the two bodies become equal because 
he hotter one radiates more energy than it receives and 
tbsorbs from the colder, while the colder receives more than 
t radiates. This conception of the nature of the process of 
adiation was first brought forward by Prevost. 

If, therefore, the emission of a body A be determined by 
neasuring the rise in temperature produced in a black body 
vhich absorbs the rays from Aj the result obtained depends 
ipon the difference in temperature between the bodies A 
ind B. The rise in the temperature of B would be so much 
nore correct a measure of the entire emission of A the smaller 
he amount of energy which B itself radiates. Hence if it is 
iesired to measure the energy of the light-rays from a source 
4j whose ultra-red rays are all absorbed in a vessel of water, 
t can be done by measuring the absorption in a black body B 
vhich has the same temperature as the water. For at the 
emperature of a room the body B emits only long heat-rays, 
ind it receives from the water as many of these ravs as it 
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the absorption of the body B at the temperature of the room; 
nevertheless, in consideration of the greater temperature o] 
the source (the sun or a flame), the result of the measurements 
is practically independent of the variations in temperature ol 
the body B. But the temperature of B must be taken into 
account in measuring the emission of a body A which is not 
much hotter than B, This subject will be resumed in the next 
chapter. 


CHAPTER II 


application of the second law of thermo- 
dynamics TO PURE TEMPERATURE RADIATION 

!• The Two Laws of Thermodynamics. — The first law of 
thermodynamics is the principle of energy, according to which 
mechanical work is obtained only by the expenditure of a 
certain quantity of energy, i.e. by a change in the condition of 
the substance which feeds the machine. Although this law 
asserts that it is impossible to produce perpetual motion, i.e. 
to make a machine which accomplishes work without produc- 
ing a permanent change in the substance which feeds it, yet a 
machine which works without expense is conceivable. For 
there is energy in abundance all about us ; for example, con- 
sider the enormous quantity of it which is contained as heat in 
the water of the ocean. Now, so far as the first law is con- 
cerned, a machine is conceivable which continually does work 
at the expense of heat withdrawn from the water of the ocean. 
Now mankind has gained the conviction that such a machine, 
which would practically be a sort of perpetual motion, is 
impossible. In all motors which, like the steam-engine, 
transform heat into work, at least two reservoirs of heat of 
different temperatures must be at our disposal. These two 
reservoirs are the boiler and the condenser. This latter may 
be the air. In general heat can be transformed into work 
only when a certain quantity of heat Q is taken from the 
reservoir of higher temperature and a smaller quantity Q' is 
given up to a reservoir of lower temperature. 
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obtained at the expense of heat if only 07ie reservoir 
uniform temperature is at disposal. This idea is th' 
of the second law of thermodynamics. 

Only one consequence of this law will be here mai 
If a system of bodies, so protected that no exchanges 
loork can take place betzveen it and the external mediu 
any time the same temperature in all its parts, tk 
changes take place in the nature of any of the \ 
difference of temper attire can ever at'ise in the syst 
such a difference of temperature might be utilized fc 
a machine. If, then, this difference of temperature : 
equalized by the action of the machine, it would agai 
itself in such a system, and could again be used for 
duction of work, and so on indefinitely, although orig 
one source of heat at uniform temperature was at 
This would be in contradiction to the second la\ 
important to observe that heat originally of one tei 
could be used in this way for the continual productioi 
only if the nature of the bodies of the system remt 
changed. For if this nature changes, if, for exampl 
cal changes take place, then the capacity of the s] 
work ultimately comes to an end. A condition of 
can indeed be disturbed by chemical changes; thi 
however, in contradiction with the second law. 1 
nomenon can be observed in any case of combustion. 

2. Temperature Radiation and Luminescence, 
body radiates energy, at least in the form of long 1 
Now two cases are to be distinguished: either (i) tl 
of the body is not changed by this radiation, in whi< 
would radiate continuously in the same way if its tei 
were kept constant by the addition of heat. Thi 
will be called pure temperature radiatio7i. Or ( 2 ) 
changes because of the radiation, in which case, in 
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lie in the temperature of the system, but in some other source 
of energy. Thus the radiation due to chemical changes is 
called chemical luminescence. This occurs in the slow oxida- 
tion of phosphorus or of decaying wood. The phenomenon of 
phosphorescence which is shown by other substances, i.e. the 
radiation of light after exposure to a source of light, is called 
photo-luminescence. Here the source of energy of the radia- 
tion is the light to which the substance has been exposed, 
which has perhaps produced some change in the nature, for 
instance in the molecular structure, of the substance, which 
change then takes place in the opposite sense in producing 
phosphorescence. The radiation produced in Geissler tubes 
by high-tension currents is called electro-luminescence. 

From what was said in § i it is clear that the seco7id law of 
thermo dy7iamics leads to concbisions with respect to pure tem- 
perature radiations oidy. From the conception of heat 
exchanges mentioned on page 491 it follows, for example, 
that if an equilibrium of temperature has once been established 
in a closed system of bodies, it can 7tever be disturbed by pure 
temperature radiation. But a disturbance of the equilibrium 
might be produced by luminescence. 

In what follows only pure temperature radiations will be 
considered. 

3. The Emissive Power of a Perfect Reflector or of a 
Perfectly Transparent Body is Zero. — Consider a very large 
plate of any substance K enclosed between two plates of per- 
fectly reflecting substance 55. A perfectly reflecting body is 
understood to be one which reflects all of the radiant energy 
which falls upon it. Let K and have originally the same 

temperature. K and 55 may be thought of as parts of a large 
system of uniform temperature which is closed to outside influ- 
ences. If now K emits energy, it also receives the same 
amount back again by reflection from 55. Assume that the 
absorption coefficient of K is not equal to zero. The absorb- 
ing power ^ of a body * or of a surface may be defined as the 


* The absorl)ing power a must be carefully distinguished from the coefficient 
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ratio of the energy absorbed to the energy radiatec 
from without. If the incident energy is i, then the 
absorbed is a, the quantity reflected i — a, provided 
transmits no energy. Hence this quantity i — ^ is tl 
ing power ^ = i — provided the body is so thicl 
energy is transmitted ; otherwise r < i — a. 

The energy reflected to K from the mirrors .S5 is 
tially absorbed in K and partially reflected to S 
reflected part is again entirely reflected back to K 
and so on. It is easy to see, since 55 absorb no ene 
when a stationary condition has been reached, the 
reabsorbs all the energy which it emits. If, ther< 
mirrors 55 also emitted energy, the temperature of 
K would rise, since then K would absorb not onl 
energy which it itself sends out, but also a part of tl 
emitted by 55. On the other hand the temperatr 
mirrors would fall, since they radiate but do not abso 
since, according to the second law, the original equi 
temperature cannot be disturbed by pure temperature 
the conclusion is reached that the emissive power oj 
mirror is zero. If, therefore, a system of bodies is si 
on all sides by a perfect mirror, it is completely prote 
loss by radiation. In a similar way the conclusioi 
reached that the emissive power of a perfectly trmispc 
is zero. For conceive an absorbing body K surrou: 
transparent body, the whole being enclosed within a 
reflecting shell, then the temperature of the transpai 
must fall if it emits anything, since it does not absorl 
4. Kirchhoff^s Law of Emission and Absorptic 
sider a small surface element ds of an absorbing be 
centre of a hollow spherical reflector of radius i, wh 
opposite ends of a diameter two small equal ope 
(cf. Fig. 108). 
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Let ds be small in comparison with dD- ^Thc energy 
radiated by ds through each of the openings dD is, according 
to (3) on page 484, 

dL — ids cos <p d£ly (0 

in which 0 is the angle between the normal to ds and the line 
connecting the middle points of ds and dD. t is called the 
intensity of radiation from ds in the direction t/>. Whether or 



Fig. 108. 

not i depends upon 0 will not here be discussed. All the 
energy which ds emits in other directions it again receives and 
completely absorbs because of the repeated renections which 
take place at the surface of the hollow sphere. Suppose now 

that the hollow sphere is surrounded by a black bcnly K\ 

whose outer surface is a perfect reflector. K' then radiates 
towards the interior only. Part {dE'') of the energy emitted 
from K' passes through the two openings dll to tlic element 
ds and is there partially absorbed. The element ds subtends 
at a surface element ds^ of the black body a solid angle 

ds 

dOJ = cos 0 . . , • , , (2) 

if r denotes the distance between ds and ds\ The energy 
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in which P represents the intensity; of radiation of t 
surface at an angle (p' from its normal. The sum c 
surface elements ds' which radiate upon ds is 

^ds' = r^dTl : cos P' , , 

in which r and <p' are to be considered constant for th( 
elements of surface ds' . Hence the entire energy 
from K' through the opening d£l upon the element a 

dE' = '2dL' = i' •r^-d£'ld£l' ^ . 

or, from (2), 

dE' — i'd£l ds cos 0. . . . 

Similarly the energy which comes to ds from the oth' 
dE" — i" dflds cos 0, . . . 

in which i" and i' must be distinguished if they dep 
<p' and if cp' is different on the two sides of the ej 
black body. 

If there is originally equilibrium of temperature, 
be disturbed by the radiation. The energy 2dL sei 
ds through the two openings d£l must be compensate 
,energy a{dE' dE") absorbed, a being the absorbii 
of ds corresponding to the direction p. Accordir 
second law and (i), (6), and (7), 

2i = a{i' + 

This equation must remain unchanged when the ei 
black body K' changes its form, thus varying p\ 
i") must be independent of p' , i.e. the inte?isity 
- tion i' of a black body is indepefident of the direction 
tion. Hence, from (8), 

i z=z a- i' 

If different black bodies be taken for the surface - 
the substance ds remains unchanged, then, according 
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ilways the same fii7ictio7i p of the te^nperature."^ Hence (9) 
nay be stated as follows : 

The ratio betwee7i the e77iissio7i a7id the absorption of a 7 iy 
body at a give7i a7igle of mclmation depends ttpo7t the te77tpera- 
"nre 07ily : this ratio is eqital to the emissio7i of a black body at 

sa 77 te te 77 iperature. These laws are due to Kirchhoff.t 
riiey hold not only for the total intensity of emission, btU also 
for the e 77 iission of a 7 iy particular zvave length, thus 

4 = (9') 

For if a perfectly transparent dispersing prism be placed 
Dehind the opening dD outside of the hollow sphere (page 
then one particular wave length from ds can be made to 
hll upon the black body, the others being returned by perfect 
mirrors through the prism and the opening dD to ds. Then 
ivithin a small region of wave lengths which lie between A and 
\ dh the considerations which lead to equation (9) are 
applicable. 

Equations (9) and (9') must hold for each particular 
zshmith of polar izatio7i of the rays. For if a prism of a trans- 
parent doubly refracting crystal be introduced behind d£l, the 
waves of different directions of polarization will be separated’ 
into two groups. One of these groups may now be allowed 
to fall upon a black body while the other is returned by a suit- 
ably placed perfect mirror. The above considerations then 
lead to equation (9'), which therefore also holds for any par- 
ticular direction of polarization. 

5. Consequences of Kirchhoff^s Law. — If a black body is 
slowly heated, there is a particular temperature, namely, about 
525° C., at which it begins to send out light. This is at first 
light of long wave length (red) ; but as the temperature is 
raised smaller wave lengths appear in appreciable amount (at 


* This function can depend upon the index of refraction of the space through 
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about 1000° the body becomes yellow, at 120c 
Now equation (9') asserts that no body can begin to 
at a lower temperature than a black body, but that 
begin to emit red rays at the same temperature (abo 
{Draper s lazv).\ The intensity of the emitted ligh 
to be sure, upon the absorbing power of the b 
temperature considered. Polished metals, for exam 
keep their high reflecting power even at high te 
emit much less light than lamp-black. H,ence a 
lamp-black upon a metallic surface appears, when 
incandescence, as a bright streak upon a dark hi 
Likewise a transparent piece of glass emits very lit 
high temperature because its absorbing power is si 
hollow shell with a small hole in it be made of any 
hole acts like a nearly ideally black body (cf. page 
must therefore appear, at the temperature of incand' 
a bright spot upon the surface of the hollow shell 
metal has but a small absorbing power. 

In the case of all smooth bodies which are not 
reflecting power increases as the angle of incidence 
hence the absorbing power must decrease. Hence 
to (p'), the intensity of emission i of all bodies wh\ 
black is greater zvhen it takes place perpendicular to 
than when it is obliq^ie. Hence the cosine law of emi 
rigorously only for black surfaces. 

At oblique incidence, as was shown on pag^ 


^ The first light which can be perceived is not red but a ghostl 
can be explained by the fact that the retina of the human eye i 
organs sensitive to light, the rods and the cones. The former are 
to light, but cannot distinguish color. The yellow spot, i.e. the 
point of the retina, has many cones but few rods. Hence the first 
light is received from the peripheral portions of the retina. But as s 
is focussed upon the object, i.e. as soon as its image is formed u 
spot, the impression of light vanishes, hence the ghostliness of the p 
f Every exception to Draper’s law, as for example phosphor 
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reflecting power, and therefore the absorbing power, depends 
upon the condition of polarization of the incident rays. Hence 
the radiatio 7 i emitted obliquely by a body is partially polarized. 
That component of the radiation which is polarized in a plane 
perpendicular to the plane defined by the normal and the ray 
must be the stronger, because it is the component which is less 
powerfully reflected, and is therefore more strongly absorbed. 
In the case of crystals like tourmaline, the absorbing power, 
even at perpendicular incidence, depends upon the condition 
of polarization of the incident light. If, therefore, tourmaline 
retains this property at the temperature of incandescence, a 
glownng tourmaline plate must emit partially polarized light 
even in a direction normal to its surface. Kirchhoff has ex- 
perimentally confirmed this result. To be sure the depend- 
ence of the absorption upon the condition of polarization is 
much less at the temperature of incandescence than at ordi- 
nary temperatures. 

Kirchhoff made an important application of his law to the 
explanation of such inversion of spectral lines as is shown in the 
Fraunhofer lines in the solar spectrum. For if the light from 
a white-hot body (an electric arc) be passed through a sodium 
flame of lower temperature than the arc, the spectrum shows 
a dark DAine upon a bright ground. For at high tempera- 
tures sodium vapor emits strongly only the i?-line, conse- 
quently it must absorb strongly only light of this wave length. 
Hence the sodium flame absorbs from the arc light the light 
which has the same wave length as the Z)-line. To be sure it 
also emits the same wave length, but if the sodium flame is 
cooler than the arc, it emits that light in smaller intensity than 
the latter. Hence in the spectrum the intensity in the position 
of the jD-line is less than the intensities in the positions cor- 
responding to other wave lengths which are transmitted with- 
out absorption by the flame.* According to this view the 

TTrcjnnVirvfpr linpc; in rlip Qnprfrnm nrp pvnlin’nprl flip 
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absorption of the light which comes from the hot centre of the 
sun by the cooler metallic vapors and gases upon its surface. 
Nevertheless this application of Kirchhoff’s law assumes thai 
the incandescence of gases and vapors is a case of pure tem- 
perature radiation. According to experiments by Pringshein 
this does not seem to be in general the case. This point wil 
be further discussed in § i of Chapter III. 

6. The Dependence of the Intensity of Radiation upoi 
the Index of Refraction of the Surrounding Medium. — Con- 
sider two infinitely large plates PP' of two black substance* 
placed parallel to one another. Let the outer sides of PP' be 
coated with a layer of perfectly reflecting substance 55 ' sc 
that radiation can pass neither out of nor into the space PP' 
It has thus far been assumed that the space into which the 
radiation is to take place is absolutely empty, or filled with c 
homogeneous perfectly transparent medium like air. Insteac 
of this the assumption will now be made that an empty space 


F 



Fig. 109. 

adjoins P, while a perfectly transparent substance, whose inde: 
is n for any given wave length A, adjoins P\'^ Let the 
boundary of this medium be the infinitely large plane 1 
(cf. Fig. 109), which is assumed to be parallel to the plate 
PP^ in order that P may be everywhere adjacent to a vacuum 
Now, according to page 83, an element of surface ds upoi 
P radiates into a circular conical shell, whose generating line 
make the angles (p and 0 d(j> with the normal to ds^ th 
energy 

dL = 27 ttds sin 0 cos 0 d<py . . . (ic 
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1 which i denotes the intensity of radiation from P. Part of 
he emitted energy aL is reflected at the plane E and again 
.bsorbed by P. Let the amount thus reflected be 

dL^=^ 27 tids sin (f) cos cp • . . (li) 

a which denotes the factor of reflection at the boundary E 
Dr the angle of incidence (p. The rest of the energy, 
IL — dL^, reaches P' and is there absorbed. 

Similarly the energy emitted from an element of surface ds 
Lpon P' into a circular conical shell whose generating lines 
nake the angles x a-^d z + the normal to P' is 

dL' = 2 TtiUIs sin x cos x ^Xy 

n which P denotes the intensity of radiation from P' . There 
3 returned to P^ by reflection at E the energy 

dV^ = 2 ni'ds sin x cos x > 

lence the energy 

dD' = dU — dV^ == 27 tFds sin x cos x ^ ^x) 

eaches P and is there absorbed. 

Since the temperature of P is to remain constant, it follows 
hat 


JdL- fdL^+ J dIJ', 

.e. from (10), (ii), and (12), since, according to page 498, 
:he intensities of radiation i and i' are independent of the 
ingles p and x, 

ru r/^ 

■ / sin <p cos <jy d 4 ) — r^) = i' I sin cos x dx (i— ^x)- (^3) 

•l/ O ^ O 

Now it is to be noted that for angles x, for which 

5 in X > — > = L since in this case total reflection takes place 

n 

it E. Hence it is only necessary to extend the integral (13) 
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be assumed that ft is constant for all wave lengths. 
(13) 0 and X can be thought of as a correspondir 
angles of incidence and refraction for which the 
holds : 


sin 0 : sin x = 


and the integration can then be carried out with re* 
between the limits 0 = o and 0 = — . Now, from ( 


sin y cos j sin 0 cos 0 dcp. 

Moreover, according to equations (24) on page 282, 
direction of polarization, and hence also for natu 
For, according to those equations (disreg: 
sign, which need not here be considered), the refleci 
tude is always the same fraction of the incident a 
whence it is immaterial whether 0 is the angle of 
and X that of refraction or the inverse, i.e. the 
factors are the same whether the light is incident fi 
upon the plane E at the angle 0 or from below at 
X, so long as sin 0 : sin j = n. Hence from (13) 
when 

ri^ i' r/^ 

i J sin 0 cob 0(1 — r^)dcp = — sin 0 cos 0(i — 

Since the integral which appears upon both sides of 
tion is not equal to zero, there results at once 

i' \ i 

i.e. the intensities of radiation of two black surfaces a 
tional to the squares of the indices of refracti 
surrounding mediaJ^ 


* This law is also due to KirchhofF (Ostwald’s Klassiker, No. ic 
is often falsely ascribed to Clausius, who did not publish it till sever; 
Kirchhofifhad done so. The law has been experimentally tested by \ 

QrnrvT'an (C*. "R i-\ r\>i a 


This proof relates only to the total radiation, and the index 
n was assumed constant for all wave lengths. But equation 
{if) holds also for the partial radiations of any one particular 
period T, Let the intensity of emission of P for rays whose 
periods lie between T and T-f- ^Tbe denoted by ijdT. Simi- 
larly denote the intensity of radiation from P' for the same 


rays by i'^dT. 




Then, from (i6), 


dTii^ — 


sin 0 cos 0(i — r^)dp = o. . (i8) 


The 2 is to be extended over all periods between T = o and 
T = CO . 

Between the two bodies P and P' conceive a layer intro- 
duced which is transparent to a certain wave length A, but 
reflects other wave lengths. Equation (i8) must always hold, 
but the functional relation between r^ and T varies according 
to the thickness and nature of the layer. Now in order that 
(1 8) may hold as r^ is indefinitely varied, every term of the ^ 
in (i8) must vanish, i.e. for every value of 

i^ : ij. — 71 ^ (19) 


According to Kirchhoff’s law (9'), for a body which is not 
black the ratio of the emission 4 to the absorption a^^ is pro- 
portional to the square of the index 71 of the surrounding 
medium. Since the change of with 71 may be calculated 
from the reflection equations, the relation between 4 2tnd n is 
at once obtained. Pi aiiy case, the7i^ for bodies that are not 
black the intc7isity of radiatio7i is 7iot stidctly proportional to 71 ^. 

7. The Sine Law in the Formation of Optical Images of 
Surface Elements. — If ds' is the optical image of a surface 
element ds formed by a bundle of rays which are symmetrical 


* Equation (17) can also be obtained by the method employed on page 497 if 
the space outside of the hollow sphere be conceived as filled with a medium differ- 
ent from that inside the sphere, but the calculation is somewhat more complicated. 
Since in such an arrangement the waves of different periods T may be separated 
from one another by refraction and diffraction, (19) results at once from (17) in 
consideration of the conclusions upon page 497. 
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to the normal to ds and have an angle of aperti 
object space, ti' in the image space, then the wl 
emitted by ds within the bundle under consideratic 
upon ds' \ and inversely, ds' must radiate upon d. 
rays denote the path of the energy flow. Hence i 
be considered black surfaces of the same tempe 
coated on their remote sides by perfectly reflec 
then, since no difference in temperature between 
can arise because of the radiation, the energy dL s( 
ds must be equal to the energy dH received by it f 
now ds lies in a medium of refractive index ds' in < 
n' ^ and if the intensity of emission of a black body 
denoted by then, by (17), the intensity of emis: 
i = that of ds' ^ i' = Moreover, from 

485? 

dL = 7 t-ds'i'S\v^ dL' r=z. it-ds'-i'-^iv? 
Hence, since dL = dL' ^ 

ndsn\ sin^ u == Ttds'n'H^ sin^ u' ^ 

i.e. 

dsn^ sin^ u = ddn'^ sin^ u' . . 

This is the sine law deduced on page 61 [ 
(46)]. The deduction there given, which was pui 
rical, is more complicated than the above, which i; 
considerations of energy. 

8. Absolute Temperature. — As was noted oi 
work can be obtained, with the aid of a suitable 
withdrawing a certain quantity of heat from a 
and giving up a smaller quantity of heat to ai 
voir 2, which is colder than i. In this process 
may return to its original condition, i.e. it ma] 
so-called cycle. The principle of the conservatic 
then demands that the work A performed be ( 
difference between the quantities of heat at 
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Now compare two machines M and M’ , both of which 
withdraw in one cycle the same quantity of heat from reser- 
voir I. They may, however, give up different quantities 
and to reservoir 2. In that case the two quantities of 
work A and A' done by them are different, for from (21) 

A=W^-- H/, A' = W, - W’. 

Now consider M to be so constructed that it can be made 
to work backwards (i.e. let it describe a reversible cycle). In 
so doing it withdraws the quantity of heat from reservoir 
2, gives up the quantity to reservoir i, and performs the 
work — A. If now a cycle of machine M’ be combined with 
such an inverted cycle of machine the resultant work 
accomplished is 

A' - A^W^^W; (22) 

This process can be conceived to be repeated indefinitely. 
Hence according as •— is positive or negative heat is 
continually withdrawn from or added to reservoir 2, while on 
the whole heat is neither withdrawn from nor added to reser- 
voir I . Hence in this case reservoir i may be assumed to be 
finite and may be considered to be part of the machine which 
describes the cycle ; while reservoir 2 may be conceived to be 
the surrounding medium, for example the water of the ocean, 
whose heat capacity may be considered infinite. If now 
A' — A were greater than o, then a machine would have been 
constructed which, with the aid of 07 ie infinitely large heat- 
reservoir, would do an indefinite amount of work. But by the 
second law of thermodynamics this is impossible (cf. page 
493), hence* 

A' -- A <0, i.e. A > A', ... (23) 

i.e. of all machines which take up a quantity of heat at a 
definite temperature and give up heat to a colder reservoir, and 


* That in general the equality A ^ A' does not hold is evident from a con- 
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A multiplication of (25) by (26) gives 

r^)-(p{T^, T3). . . . (28) 

Hence from a comparison of (27) and (28) 

<*(’'1- ^3)= ^3)- • • • (29) 


In this equation can be looked upon as an arbitrary 
parameter whose value need not be considered. Thus the 
right-hand side of (29) represents the product of two factors 
one of which depends only upon , the other only upon r^. 

These factors will be denoted by and so that, from 

(29). 

^s) = = ^3 (30) 

Hence in (2 5) 0(r^ , r^) = and there results 




(31) 


-Sj and are functions of the two reservoir temperatures 
and measured upon any scale, and are called the 
absolute temperatures of the reservoirs. The ratio of the abso- 
lute temperatures of any two bodies means then the ratio of 
the quantities of heat which a machine working in a reversible 
cycle withdraws from one and gives up to the other of these 
bodies, provided the bodies may be considered infinitely large 
so that their temperatures are not appreciably changed by the 
gain or loss of the quantities of heat or W^. 

Since this merely defines the ratio of the absolute tempera- 
tures of the two bodies, it is necessary to establish a second 
relation in order to establish a scale of temperature. This 
relation is fixed by the following convention : The difference 
between the absolute temperatures of melting ice and boiling 
water, both at atmospheric pressure, shall be called 100. It 


♦ It is desirable to write the second factor A instead of because then the 

parameter disappears from (29), as can be seen at once by writing 
(pfx , Tg) = : ^2 and 




in which 5 represents a single-valued function of the state of 
the body, and dS the differential of this function. For then, 
according to (34), the right-hand side of (3S0 always reduces to 
zero as soon as a cycle is described in which the final condi- 
tion 2 of the substance is identical with the initial condition i . 
This function 5 of the state of a body or of a system of bodies 
is called the eiitropy of the body. 

The energy E is also a function of the state of the body. 
It is defined by means of the assertion of the first law of ther- 
modynamics, that in any change of the body the work 6 A 
done by the body plus the heat d PV given up (measured in 
mechanical units) is equal to the decrease ~ dK in the energy 
of the body, i.e. it is defined by the equation 

SA dW=: — (36) 

10. General Equations of Thermodynamics. — It is con- 
venient to choose as the independent variables which determine 
the state of a body or of a system, the absolute temperature tl) 
and some other variables x, whose meaning will for the pres- 
ent be left undetermined, x will be so chosen that when the 
temperature changes in such a way that .t' remains constant, 
no work is done by the body. Then, since A does not change 
when .ar remains constant, the following relations hold: 

SA = Mdx, dW=z Xdx + . . (37) 

dx and d-S represent any changes in ;t'' and O; dA and dWy the 
corresponding work done and heat given up by the body. 
The process will be assumed to be reversible, i.e. the equations 
(37) will be assumed to hold for either sign of dx and dd. 
Now from (35), (36), (37), 

- dS = = (M+ X)dx + Yd^. (38) 

Since in general 
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Again, if the temperature of the entire cylinder is increased an 
amount while x remains constant, the energy increases by 

(44) 

since the volume of the cylinder is ;r. No work is done so 
long as jt" remains constant. 

A comparison of (43) with (37) and of (44) with (38) shows, 
since by (38), when dx = o, — Fdfi, that 

(45) 


It follows, therefore, from (42), since ^ depends only upon 
^ and not upon ;ir, that 

TO BV I 9 , 

58 = *®w 




Integration of this equation with respect to d gives 


(4-6) 

An integration constant need not be added, because when 
= o the body contains no heat, and hence no radiation can 
take place. It follows from (46) that 


hence 


= 



i.e. 


4 


"S'"* 


dip 

Ip' 


4lg^ = Igxp -(- const.. 


or 

= (47) 

If now a small hole be made in the wall of this cylinder, 
radiation will take place from the hole as though it were a 
black body (cf. page 489).* The intensity of radiation z must 


* This also occurs if the walls of the cylinder are not perfectly black. Hence 
in this case also ^(•&) is the energy in unit volume for the condition of temperature 
equilibrium, and is the pressure on the wall of the cylinder. Only if the walls 
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evidently be proportional to the energy in unit volume ^ 
within the cylinder. Hence the intensity of radiation c 
black body is 

z = a^-&^y ( 

i.e. the total intensity of emission of a black body is proportu 
to the fourth power of its absolute temperature. 

This law, which Stefan^ first discovered experiment 
and Boltzmann deduced theoretically in a way similar to 
above, has been since frequently verified. The most accu 
work is that of Lummer and Pringsheim,*!* who found by b 
metric measurements that within the temperature interval ] 
to 1300° C. the radiation from a hole in a hollow shell folio 
the Stefan-Boltzmann law. It is of course necessary in i 
experiments to take account of the temperature of the bolo 
ter (cf. page 491). The radiation of the small surface ds x. 
the surface ds' at a distance r amounts, when ds and ds' 
perpendicular to r [cf. the definition of intensity of radiat 
equation (3), page 484], to 

,ds ds' 
dL = i — 5—. 


The radiation from ds' upon ds amounts, if i' denote 
intensity of radiation of ds' y to 


dU = i' 


ds ds' 
7^ 


of the cylinder had been perfect mirrors and no heat had been originally adr 
into the cylinder would the energy in unit volume ip = o. The energy ir 
volume would reach the normal value ip if the walls of the cylinder contaii 
spot, no matter how small, which was not a perfect mirror. If this spot wen 
fectly black, the pressure upon it would be ^ip. But in that case every part i 
cylinder wall, even that formed of perfect mirrors, would experience the 
pressure, since otherwise the cylinder would be set into continuous motion of i 
lation or rotation. 
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Hence if i and i' follow the law (48), the total quantity of heat 
transmitted in unit time to the element ds' is 


ds dY 

dW=zdL-- dU = . . (49) 

in which -Q' denotes the absolute temperature of dd . 

The constant a has recently been determined in absolute 
units by F. Kurlbaum * by means of bolometric measurements. 
In these experiments the temperature to which the bolometer 
was raised by the radiation was noted ; the radiation was then 
cut off, and the bolometer raised to the same temperature by 
a measured electric current. The radiation is thus measured 
in absolute units by means of the heat developed by the current. 
Kurlbaum found that the difference between the emissive power 
of unit surface of a black body between 100° and o®, i.e. the 
difference between the energy radiated in all directions, was 

^ gi'-cal 

^io«-^o=o-oi763- ■ (5°) 


Now [cf. equation (5), page 485] e '=z ni, in which 2 is the 
intensity of radiation. Further, I gm-cal = 419- 10® ergs, 
hence 


«( 373 * - 273') 


O.OI763-4I9- 10® 

7 t 


i.e. the radiation constant a for a black body in absohtte 
C. G, S, units is 

«= 1.71- 10-5 (SI) 

or, in gm-cal, 

« = 0.408-10-12 (jj/) 

12. The Temperature of the Sun Calculated from its 
Total Emission. — If the sun were a perfectly absorbing (i.e. a 
black) body which emitted only pure heat radiations, its tem- 


*Wied. Ann. 6<. d . 7 zl 6 . 1808. 
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of a black body can now be determined by means of the fol- 
lowing device, due to W. Wien.^ 

Conceive a cylinder of unit cross-section within which two 
pistons 5 and S'y provided with light-tight valves, move. 
Let K and be two black bodies of absolute temperatures ^ 



K' 

3 "+ 33 " 


and i& S-Q. Let the side walls of the cylinder, as well as the 
pistons 5 and S\ be perfect mirrors. Let also the outer sides 
of IC and be coated with perfect mirrors. Let there be a 
vacuum within the cylinder. 

At first let 5 ' be closed and S be open. Then IC radiates 
into the spaces i and 2, /C' into 3. The energy in unit volume 
is greater in 3 than in 2 because the temperature of is greater 
by than that of IC. Let now S be closed and moved a 
distance toward 5 ', until the energy in unit volume in 2 is 
equal to that in 3. The value which dx must have in order 
that this condition may be fulfilled will now be calculated. If 
(£ denote the original amount of radiant energy contained in 
space 2, then the original energy in unit volume in this space is 

(5 

a — x' 



Hence the change in energy in unit volume corresponding to 
a change in .i- is 


dij) = 


a — .r 



dx 

“^2- 


Now is the work which is done in pushing forward the 
piston .S. Hence, from page 512, d(S: =■ H^^x. Hence 

Sx , (£ \ dx 


A .1, 
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But, according to the second law, work A can never be 
gained by means of a cycle in which heat is withdrawn from 
Dnly one source K\ the heat being thus entirely transformed 
into work. Hence the conclusion that wheiz the two spaces 2 
and j contain the same quantity of e?iergy in unit volume, the 
distribution of energy in their spectra is always the same. 

But, according to Doppler's principle, the distribution of 
energy in the spectrum is changed by the motion of the 
piston 5. Let the total energy in unit volume in space 2 be 
given by 

.... (56) 

then the expression (p{X, S')dX represents the energy in unit 
v^olume of the waves whose lengths lie between X and ;i -{-dX. 
Consider the plane waves which are reflected back and forth 
at normal incidence between the pistons vS and S' in the 
space 2 . The wave length of these waves is changed by the 
motion of 5. Consider first a ray which starts from a point P 
and has been reflected but once upon 5. If the vibration at 
the point P due to the incident wave has the period T, then 
the vibration at P due to the wave reflected from 5 will have 
some other period For if a disturbance starts out from P 

at the time / = o, it returns to P after reflection upon 5 at a 
time t' 2 b^: c, in which c is the velocity of light in space 2 
(in vacuo), and b^ the distance of Pfrom the mirror at the time 
when the disturbance from P reached 5. 

If at the time t =: o the distance between P and S is b, 
then evidently b b^f s^, in which s^ denotes the distance 
travelled by the mirror 5 in the time ty If 5 moves with a 
velocity v with respect to P, then s^ = vt ^ , and b^ = ct ^ ; hence 
it follows from b = (c v)tj^ that t^ = b : c v, or 
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It will now be assumed that v is small in comparison 

with Then from (57), retaining only terms of the first 
order in v : 

T^n) ^ x{l - 2 n^) ; 
i.e., in consideration of (59), 

rw = t{i — —) 

\ a — xr 

The change in the period due to the motion of the piston 
5 amounts then to 

r = - T , 

a X 

and also the change in the wave length A, due to the 
motion of 5 is 



When dx is positive is negative, i.e. the wave length is 
shortened. 

Moreover, it must be remembered that only one third of 
that part of the energy which is represented by (56) and which 
corresponds to the wave length X can be looked upon as due 
to waves which travel at right angles to 5 (cf. page 512). 
The waves which travel parallel to 5 undergo no change in 
wave length because of the motion of S. If, therefore, that 
part of the energy which is originally present in space 2 and 
which corresponds to waves whose lengths lie between X and 
A “1“ dX is 

dL = ^{X, ^)dX^ (61) 

then, neglecting the increase of energy in unit volume due to 
the motion (cf. page 517), the energy dV which, after the 
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length due to the motion of the piston as worked out in (6o) 
Thus 

dU = [|0(A., -0) + - djA, 0)]^A, 

Now, from Taylor’s theorem, 

‘dclt 

d>(X - 0 ) = 4>{l, 0 ) - 


Hence 


dL = 0(1, 0) - 


3 


00 

01 ’ 


or again, from Taylor’s theorem, by setting ^d^l = dX, 

dU = 4>{X - dX, ^)dX (6: 


The energy which corresponds to the wave length 1 at tl 
temperature 0 d0, i.e. after the motion of the piston, is tl 

same as the energy corresponding to the wave length 1 — < 
at the temperature 0. But now, from (6o) and (S5)> 


dX = idil = 


I a — x’ la — X 


i.e. the relation holds 


<y0 , 8X 

0‘+T'-°’ 

which can be written as = o, i.e. 


-SA = const. 


. . (« 
• . 0 


Hence neglecting the increase in th e energy in unit volu: 
due to the motion of the piston, i.e. neglecting the increase 
energy due to rise in temperature, the same ene^^gy m u 
volume exists at a temperature 6 in waves of length X as exi 
at the lower temperature 0' in waves of length A.', provii 
= A'^'. 

But if the increase in the total energy in unit volur 
which is proportional to *0^, be taken into consideration, 
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The above law then asserts that for a black body one and 
the same curve expresses the functional relationship between 
Ip : and XQ at any temperature. Now, from (56), 


m 

.^4 


-i: 




Q5 


■d{Xd). 


Hence (p{X, ■&) : must be a function of thus 
<P{^> .s, 


( 65 ) 


( 66 ) 


If, therefore, for any temperature ^ the curve of the dis- 
tribution of energy be plotted using Ai& as abscissae and 
0(A, 18) : 55 as ordinates, then this curve holds for all tempera- 
tures, and it is easy to construct from this curve the actual 
distribution of energy for other temperatures, when the A’s are 
taken as abscissae and the p’s as ordinates. Hence the follow- 
ing theorem: 

If at a temperature ^ the maximum radiation of a black 
body corresponds to the wave length A^, then at the temperature 
%' it must correspond to a wave length A^ such that 

(67) 

Further, it follows from (66) and (67), if the function 0 
which corresponds to the wave length be denoted by , 
that 


= ( 68 ) 

i.e. ^ two black bodies have different temperatures^ the intensity 
of radiation of those wave lengths which correspond to the 
maxima of the intensity curves for the two bodies are propor- 
tional to the fifth power of the absolute temperatures of the 
bodies. 

14. The Temperature of the Sun Determined from the 
Distribution of Energy in the Solar Spectrum. — Equation 
(67) has been frequently verified by experiment.* The mean 
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value of as determined from a number of experimenti 
good agreement is = 2887, the unit of wave length be 
0.001 mm. Since now, according to Langley, the maxin 
energy of the sun’s radiation corresponds to the wave ler 
= 0.0005, would follow that the temperature of the 
is 

5774° = 5501° C. 

This result is of the same order of magnitude as that calculi 
on page 5 16. It is, however, questionable whether the sr 
a perfectly absorbing (black) body which emits only pure t 
perature radiation. If chemical luminescence exists in 
sun, its temperature may be wholly different. 

15. The Distribution of the Energy in the Spectrum 
Black Body. — The preceding discussion relates to the chs 
in the distribution of the energy in the spectrum of a b 
body with the, temperature; but nothing has been said a^ 
the distribution of the energy for a given temperature, 
order to determine the law of this distribution W. Wien 
ceeds as follows : * 

If the radiating black body be assumed to be a gas, t 
upon the assumption of the kinetic theory of gases, Maxw 
law of the distribution of velocity of the molecules would h 
According to this law the number of molecules whose ve 
ties lie between v and ^ is proportional to the qua: 

^ / l^^dvy 

in which is a constant which can be expressed in tern 
the mean velocity v as follows : 

^ 

eter cooled to — 20® C. he found that the maximum radiation of a blac 
copperplate at a temperature — 2°C. corresponded to Xnt = 0.0122 mm. 
Awt^ = 2887 it would follow that at — 2® C. = 0.0107. To be sure the < 
plate was not an ideal black body and it was only its maximum relativ( 
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According to the kinetic theory the absolute temperature is 
proportional to the mean kinetic energy of the molecules, i.e. 

•0 -- p ^ 

Now Wien makes the hypotheses: 

1. That the length \ of the waves which every molecule 
emits depends only upon the velocity v of the molecule. 
Hence v must also be a function of A. 

2. The intensity of the radiations whose wave lengths lie 
between A and \ dX is proportional to the number of 
molecules which emit vibrations of this period, i.e. propor- 
tional to the expression (69). If this intensity of radiation be 
written in the form 

0 (A, ^ 

then from (69), (70), and (71), since v is a function of A, 

/(A) 

d>(X, d) = F(A).^ ^ . . . (72) 

Since now, from (66), <p : must be a function of the argu- 
ment Ai&, it follows that F(\') = : X^ and /(X) =z : X, so 

that the following law of radiation results : 


<P(K = 


^ - C2 : Ai& 
—J5 ^ 


(73) 


and the total radiation is 



. . . (74) 


T^zs law of radiation must hold for all black bodies whether 
they be gases or not, since, as was shown on page 498, the law 
of radiation of a black body does not depend upon the nature 
of the body. 

This law has been frequently verified by experiment.t 


* Planck deduces the same radiation law from electromagnetic theory (BerL 
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That wave length, , at which the intensity o 

3 < 

maximum is determined from the equation 
from (73), 

hence 

^ 

ct>^X‘~‘ A* 

Hence the relation obtains, 

A^ • "O = ^2 • 5 * • • • 

Since has the value 2887 (cf. page 524), 

^ 2 = H43S • • • 

when the unit of wave length is 0,001 mm.* I 

^2 = 1 . 4435 - • • 

Writing j ^ ^ becomes 

i = — j 

But 

J f-e-^^'ydy — — (^r‘ + ^y‘ -\-^y ■ 


Hence 


and 


J’y>-e ‘^ydy = - 


6r, 6r, 

-FT = • 


* Acceding to Beckmann (Diss. Ttlbingen, iSgS) and 
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lis equation be compared with (48) on page 514, it 
that 

^ (78) 

:h a is the constant of the Boltzmann-Stefan law of 
n. Now from equation (51), page 515, 

a = I.7I -lO-S 

in consideration of (76') the constant has the value 
.S. units 

^ ^1 “ I-24-IO - 5 . . . (79^ 

e law of radiation (73), which is universal, furnishes a 
of establishing* a truly absolute system of units of 
, mass, time, and temperature — a system which is based 
universal properties of the ether and does not depend 
any particular properties of any body. Thus universal 
ution and the velocity of light represent two universal 
The absolute system is then obtained from the assump- 
lat the constant of gravitation, the velocity of light, and 
'■Q constants and in the law of radiation all have the 
I. 


* Planck, Berl. Ber, 1899, p. 479. 





CHAPTER III 

INCANDESCENT VAPORS AND GASES 

I. Distinction between Temperature Radiation an 
Luminescence. — The essential distinction between tempen 
ture radiation and luminescence has already been mentione 
on page 494. What is now the criterion by which it is poss 
ble to decide whether a luminous body shines by virtue > 
luminescence or by pure temperature radiation ? 

In the case of luminescence Kirchhofif's law as to the pn 
portionality between emission and absorption is not applicabl 
nevertheless even in this case the emission of sharp spectr 
lines is accompanied by selective absorption of these san 
lines, since both are closely connected with the existence 
but slightly damped natural periods of the ions. 

A criterion for the detection of luminescence can 1 
obtained from measurements of the absolute value of tJ 
emissive power or of the intensity of radiation. For if t] 
intensity of radiation of a body within any region of wa 
lengths is greater than that of a black body at the sar 
temperature, and within the same region of wave lengths, th< 
luminescence must be present. By means of this criteri 
E. Wiedemann,* F. Paschen,t and E. Pringsheim X have sho^ 
that the yellow light which is radiated when common salt 
burned in the flame of a Bunsen burner is due at least ps 
tially to chemical luminescence (according to Pringsheim t 


♦Wied. Ann. 37, p. 215, 1889. 
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reduction of the sodium from the salt). The latter concludes 
after many experiments, that in general, in all methods which 
are used for the production of the spectra of gases, the in- 
candescence is a result of electrical * or chemical t processes. 
Nevertheless at sufficiently high temperatures all gases and 
vapors must emit temperature radiations which correspond to 
Kirchhoff ’s law,:|: since otherwise the second law of thermo- 
dynamics would be violated. It is, to be sure, possible that 
the absorption, and hence also the temperature radiation, 
when chemical processes are excluded, is small, and gives 
possibly no sharp spectral lines because the absorbing power 
reaches an appreciable value only because of chemical pro- 
cesses. For example, it would be conceivable that the natural 
vibration of the ions, which occasion strong selective absorp- 
tion, become possible only upon a. change in the molecular 
structure of the molecule. 

2. The Ion-hypothesis. — According to the electromag- 
netic theory, the vibrations of the ions produce electromagnetic 
waves , of their own period, i.e. light-waves of a given color. 
The attempt will be made to find out whether this hypothesis 
can be carried to its conclusions without contradicting other 
results deduced from the kinetic theory of gases. 

Consider a stationary condition, in which the vibrations of 
the ionic charges have a constant amplitude. Since this 
amplitude would necessarily diminish because of radiation and 


* E. Wiedemann has shown that a low temperature exists in Geissler tubes 
(Wied. Ann. 6, p. 298, 1879). 

f Pringsheim (Wied. Ann. 45, p. 440) obtained photographic effects from CSg 
flame at a temperature of 150® C. Pure temperature radiation could in this case 
have produced no photographic effect. According to E. St. John (Wied. Ann. 56, 
p. 433, 1895) effectiveness of the Auer burner does not depend upon lumi- 
nescence, but is due to the use in the flame of a substance of little mass, small con- 
ducting power, large surface, and large emissive power. But according to Rubens 
(Wied. Ann. 69, p. 588, 1899) the Auer burner is probably chemically active for 
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friction, it is necessary to suppose that it is kept constant by 
continuous supply of energy. In the case of temperatui 
radiation this supply of energy comes from the impacts of tl 
molecules; in the case of luminescence, from chemical or elec 
trical energy. 

If the distance between two equal electric charges (mea^ 
ured in electrostatic units) of opposite sign (they may be \ 
rest or in motion) undergoes a periodic change of amplitude 
and period 7 ", then, according to Hertz,* the electromagnet 
energy emitted in a half-period is 






in which X denotes the wave length in vacuo. 

Hence the amount of energy radiated in unit time from 6 
oppositely charged ions is 


L = 


£6 /P _ 
3 





Now, according to measurements of E. Wiedemann, t t 
energy emitted in a second, in the two Z>-lines, by I gm. 
sodium is 


Zj = 32iogr-caL= 13.45 • lO^*^ ergs. 


The atomic weight of sodium is 23. It is next necessi 
to calculate the absolute weight of an atom of sodin 
According to Avogadro’s law, in every gas or vapor, a 
given temperature and pressure, there exists the same num 
of molecules in unit volume. This number, at a pressure 
I atmosphere and at 0° C., is calculated from the kirn 
theory:^ as iV'= in a cm.^. According to Regnault I e: 
of air at C. and atmospheric pressure weighs 0.001293 | 


♦Wied. Ann. 36, p. 12, 1889. A diJerent numerical factor is here 
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1 is 14.4 times lighter than air; hence the weighty 
Dlecule of hydrogen is given by 


0,001293 


14.4 


9. 10-^5 gr 


nolecule of hydrogen (H2) consists of two atoms, the 
f an atom of hydrogen is 4 . 5 *iO"“ 2 ^ gm. An atom 
a is 23 times heavier ; hence it weighs 1.03 • lo—^^ gm. 
im is a univalent atom. Each atom is connected with 
whose charge will be denoted by e. If, therefore, two 
ith charges db e are required to produce one vibrat- 
em, then in one gram of sodium there are present 
• 10”^^ = 4.85 • 10^ such systems. Hence, from (2) 


y 4.85- lO*» = 13.45 -lOW . • • (4) 

s a universal constant, since it represents the electrical 
which is connected with a univalent atom (it is the 
corresponding to a valence i); for since, according 
aday’s law of electrolysis, a given electrical current 
decomposes the same number of valences in unit time, 
irge corresponding to a valence i must be a universal 
it which does not depend upon the special nature of the 
Now an electric current of i ampere decomposes in 
:ond o. ii6o cm.® of hydrogen at 0° C. and atmospheric 
e. Now the quantity of electricity carried in a second 
h any cross-section of a conductor conveying i ampere 
•ent is yV electromagnetic units or 3-10® electrostatic 
Half of this flows as positive electricity in one direction, 
s negative in the other. Hence in o. 116 cm.® of 
jen at 0° C. and atmospheric pressure, the total positive 
j is 1.5-10® electrostatic units, the negative charge being 
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and a negative charge, the charge of a univalent ion | 
element of electric quantity) is 

e = 1.29- 10“"^^.* 

The introduction of this value into (4) gives, since c = 3 • 
and X = 0.000589, for the value of /, 

/ = 1.13*10--^^ cm 

The diameter of a molecule as calculated from the kih 
theory is about d= 2- io~® cm.t Since from (6) / is seal 
be considerably smaller than d, the relatively strong emisi 
of sodium vapor appears to be due to an oscillation of the i 
(the valence charge) within the molecule (sphere of actioi 
the molecule). 

On page 447 the ratio of the charge e to the mass m i 
negative ion of sodium vapor was calculated as 


Hence 


e : m z=z €• i.6* 10^. 


m = 2.7- io~28 


i.e. the mass of the ion is the 38000th part of the mass ol 
atom of sodium. 

On page 383 the equation of motion of an ion vibra 
under the influence of an electrical force X was written in 
form$ 


m 




'dP 




S denoting the displacement of the ion from its position of 1 
When r is small the natural period of the ion is given I 

y/2 TtlffB 


J. J. (PliiL Mag. (5) 46, p. 29, 1898) has calculated from « 

^ ^ as 6-7.10““^®, which is in good agreement with the value 1 


INCANDESCENT NAPORS AND GASES 533 

Since for sodium vapor 7 ' = 2-10- “ it follows from fO and 
(7) that ^ ^ 

■9 = 7.6- 10-23 (jo) 

Finally, in order to determine the constant r, it is possible 
to make use of the conclusion reached on page 387, namely, 
that the index of refraction n and the coefficient of absorption 
K are determined from the equation 

n\i - tKf = I + . . . (II) 

I “j— i — 2 


in which 9 ^ denotes the number of ions in a cm.®, and in which 
also 


X T \ 27 ty a 


^7t ^ ‘ 


( 12 ) 


Hence the value of r could be obtained from observations 
upon AT. Such measurements of k for sodium vapor have not 
been made and would be very difficult to make, since the 
absorption in the neighborhood of a natural period would vary 
rapidly with the period T. But an estimation of the value of 
r may be obtained in another way: From the sharpness of the 

absorption lines of sodium vapor it is evident that — must be 

very small. But when r = 7 "' : 27 r, 

d ! 

^z=zr-e\/ . . . (13) 

r must then in any case have an order of magnitude less than 
10^. There is also another way for obtaining an upper limit 
for r. 

If the ions, after being set into vibration, are cut off from 
external influences, they execute damped vibrations of the form 
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Hence, from (8), when r is small, 

y = - — T = r-o. 6 - .... 

in which is determined by (9). Now the damping i 
must be very small, since interference has been observed 
sodium light with a difference of path of 200 oooA. A 
t = 200 000 7 "', ^ cannot be very small. Hence 200 
must be less than i, i.e. 

r ^ 10^ 


In what^follows a lower limit for the value of r w: 
derived. 

3. The Damping of Ionic Vibrations because of Radh 
— If at the time / = o a negatively charged ion --eh 
distance I from a positively charged ion and if i 

course of the time 7 "' this distance has changed by dl^ 
the change < 7 ® in the electrostatic energy is 

d%=Y.-dl 


Now, from (14), in the course of the period of time j 
amplitude of the motion of the ion has changed by dl = 
provided y is small. Further, by (i) on page S30, the de< 
in energy in the time T' is 



3 

Now the decrease in energy must at least be eq 
the decrease which is due to radiation. Hence, fror 
and (18), there results, if dl is set equal to -- y/, 


. 16 


i.e. 


1 ^( 5 * 


Introducing the value of / from (6), 
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(is). 

1.6- lo-*, 

; shown below that r must be considerably above 
limit thus determined, and that, for the value of I 
damping of the ionic vibrations, because of their own 
would be altogether negligible. 

if I were assumed to be of the order of magnitude 
iameter of a molecule, i.e. if then 

8, it is probable that y is considerably larger, 

.e Radiation of the Ions under the Influence of 
Radiations. — Under the influence of an external 
>eriod T :=: 2 rtr and of amplitude A the ions take up 
of the same period whose amplitude may be written 
,nd the abbreviations (i2)] 



energy emitted in unit time by a layer of thickness dz 
rea i is, according to (2) on page 530, 

I 42,^2 

dL = —Tt^cNdz 
3 

the other hand the energy enters the layer in unit 

f. page 454; the electric energy is equal to the mag- 
c 

while the energy passes out, provided A' repre- 

le amplitude of the impressed electric force after it has 
through the layer dz^ Hence 
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The energy absorbed in unit time within the layer amc 
then to 

c c 

dSg = M2 — ^/3\ . . 

But now, from (ii) on page 533, in the neighborhood 
natural period 



In consideration of this equation the ratio of the emitt( 
the absorbed energy is 

dL 2n^ 47r^ n 

M ~ ~r ^ T "c)^' ■ ■ ; ' 

This ratio is larger the smaller the value of r, "For n 
and Xz=z 5.9. 10“ ® (24) gives 

dL __ 0.126 

"T~- 

Since in any case this ratio must be considerably less 
I, as otherwise a reversal of the sodium line (cf. page 
would be impossible, then, in consideration of the ineqi 
(16), the value of r must be about 

r = 10 to 100 

5. Fluorescence. — If r had the value i for sodium v; 
an appreciable radiation of light would of necessity take ; 
under the influence of radiation from without. This effec 
not as yet been observed, although no delicate experiu 
have been made to attempt to discover it. In the case c 
fluorescent bodies an appreciable radiation is actually proc 
by exposure to light. The attempt might be made to ex 
this phenomenon by assuming a small value of r. The < 
acter of the absorption of a body can in this way be made 
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be seen at once to be useless. For, according to that equa- 
tion, when a stationary condition has been reached, the 
vibrations of the ions must have the same period as that of the 
incident force X. But this will not explain one of the chief 
characteristics of fluorescence, namely this, that fluorescent 
light is of a different color from that of the light most strongly 
absorbed. 

Fluorescence is to be looked upon as a case of luminescence 
which is due to certain special (chemical) changes whose cause 
is to be found in the illumination to which the body is exposed. 
The mathematical equations thus far given would therefore 
need to be considerably extended.* 

6. The Broadening of the Spectral Lines due to Motion 
in the Line of Sight.t — If the natural vibrations of the ions 
were altogether undamped, they would nevertheless give sharp 
spectral lines only when their centres of vibration remained at 
rest. But since this centre is within the molecule, and since, 
according to the kinetic theory, the molecule is moving hither 
and thither with great velocity, the vibration produced by the 
ions must, according to Doppler’s principle, be of somewhat 
variable period, i.e. the spectral lines cannot be perfectly 
sharp. 

If an ion which has the period T moves toward the observer 
with the velocity v, then, according to Doppler’s principle, the 
light which comes to the observer has the period 

T'=t[i±'"-) (26) 

in which c is the velocity of light in the space between the ion 
and the observer. Since the index of refraction of gases differs 

♦No satisfactory theory has yet been brought forward. That of Lonimel 
(Wied. Ann. 3, p. 113, 1878) has been compared with experiment by G. C. 
Schmidt (Wied. Ann. 58, p, 117, 1896) and has been found faulty. 

f This question was first treated by Ebert (Wied. Ann. 36, p. 466, 1889). 
According to his calculations the difference of path over which interference can be 
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but slightly from i, c = 3.16^^ ^”^‘/sec.* If the assump- 
tion were made that all the molecules had the same velocit} 
V, the emitted wave lengths would all lie within the limitf 

± The width dX of the spectral line would therefor* 
be 


dX = X—. 
c 




Now, according to the kinetic theory,* the mean value oi 
the squaie of the velocities is given by 

248* 106 . -9 

.... ( 2 ^ 


Mean {v^) 


M 


in which M is the molecular weight of the gas, 0 its absolute 
temperature. Hence, setting 


, 

V = ymean = 15.8* lO^W . . 


the velocity of a hydrogen molecule, for example {M 2), al 
50° C. ( j ) = 323) would he V = 2010* lO^ ‘^"'/sec. = 2010 “'/sec/ 
Hence, from (27), the width of a spectral line would be 
dX = A- 1.34- iO“”^ According to (27) the lines in the red 
end of the spectrum should be broader than those in the blue. 
This corresponds to the facts, t 

The width of a spectral line is connected with the greatesi 
difference of path over which the light can be made to produce 
interference (cf. page 152). If a spectral line be decomposed 
into two parts and if these parts be brought together after 
having traversed paths which differ by d cm., then, according 
to equation (28) on page 153, these parts can produce inter- 
ference fringes whose visibility F, for the case in which the 
intensity of the light is constant throughout the whole width 
of the line, is given by 

sin A^nda 
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n this, according to equations (22) and (20) on page 15 1, the 
uantity a is connected with the width dX \ — \ of the 
pectral line in the following way: 


2 a = 


I 

% 




(3 0 


The visibility V of the fringes is defined by equation (26) 
n page 152. According to Rayleigh the interference fringes 
re still visible when the ratio ymin. • ^max. of the intensities 
t the positions of greatest darkness and of greatest bright- 
less is 0.95. In this case V would have the value 0.025. If 
his value be substituted in (30), then from (27) and (31) it 
ppears that the maximum difference in path d at which inter- 
srence could still be observed would be 


sin (47r^A* sin nx 

0.025 — nx ’ 


• (32) 


d V 

n which, for brevity, 4-- is replaced by x, 

A C 


Since the right- 


land side of (32) is small, the smallest root of x is to be 
ooked for in the neighborhood of i. Setting .sr z= i — e, (32) 
pves 


lence 


0.025 


ne __ 
^(l — e) “ 


‘L 

X 


c c 

z= X = 0.975 . 


(33) 


If account be taken of the fact that all the molecules have 
lot the same velocity Vy the value of d would be still greater, 
lamely, approximately* 

X = °-345^ (34) 

_ ,1 *1 j « r • *1 n 
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in a Geissler tube is 50° C., the ability of its spectral 
produce interference would vanish for a difference of pi 

d 

51 600. 

For sodium vapor in a Bunsen flame M=^ 2-2 
Assuming the temperature to be 1500° C., i.e. assumi 
1773, then from (29) it would follow that v = 98.2.] 

from (34) that ~ = 105 000. 

The ability to produce interference would be high( 
temperature were lower. As a matter of fact interfere 
be obtained over a longer difference of path if the sodh 
is produced by an electric discharge in a vacuum tube, 
electro-luminescence the temperature is much lower. 

d 

son estimates it in one case at 250° C. y would then h 

A 

d 

value 20$ 000. At 50° C. = 245 000. The abilitj 

A 

mercury lines to produce interference over a large di 
of path is accounted for by the large atomic weight of r 
(which, since the vapor is monatomic, is equal to the m< 
weight). For, according to (29), a large value of M 
a small velocity v of the molecule. For mercury M 

hence for ^ = 273 + 50° = 323, 2/ = 2* loS ^=5170 

The numbers calculated in this way agree approx 
with the results of Michelson's observations.* Mi 
could also directly observe the effect of temperature u] 
ability to produce interference when the source of ligh 
hydrogen tube placed in a copper box and heated to 3c 
Heating decreased the clearness of the fringes. This pi 
enon furnishes additional evidence that the temperatu 
vacuum tube is low, i.e. that the light emitted is due t 
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nescence rather than to a high temperature. For the heating 
of the gas to 300"^ C. could only appreciably change the mo- 
lecular velocity if the temperature it) were low, for example 
SO" C. 

Although the results of the above calculation are in good 
agreement with the facts, neveretheless the considerations here 
presented do not completely cover the case. For on the one 
hand, according to Ebert,* the distance between two lines in 
the solar spectrum which can still be resolved is smaller than 
is consistent with Doppler’s principle, and on the other hand, 
according to Lord Rayleigh, t the consideration of the rotation 
of the molecules would reduce the ability of the transmitted 
light to produce interference much more than the consideration 
of their motion of translation. To be sure the revolution of 
the molecules would have to be considered only in the case 
of molecules composed of more than one atom; hence the 
explanation given above of the great capacity for interference 
shown by the mercury lines would still stand. 

7. Other Causes of the Broadening of the Spectral Lines. 
— The motion of the molecules is not the only cause of the 
broadening of the spectral lines. The change in the period 
of the ionic vibrations due to damping must set a limit to the 
ability to produce interference, and hence must broaden the 
spectral line,J since the ability to produce interference and the 
homogeneity of the spectral lines are closely connected. 
When a stationary condition of emission has been reached the 
ions are continually set into vibration by the collisions of the 
molecules. The more frequently these collisions occur, the 
smaller becomes the ability of the emitted light to produce 
interference. Since now the number of collisions increases 


*Sitz.-Ber. d. phys. med. Soc. Erlangen, 1889. Wied. Beibl. 1889, p. 944. 
fPhil. Mag. (5) 34, p. 410, 1892. 
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with the density of a gas, an increase in density 
produce a broadening of the spectral lines. Experii 
this to be the case.* On the other hand a simple 
the thickness of the incandescent layer (within cei 
produces no broadening but only brightening of 
However, if the thickness of the incandescent layer 
that it possesses appreciable absorption for all wa^ 
then, if the case is one of pure temperature radiatio 
according to Kirchhoff ’s law, show broad emissioi 
in the limit, emit a continuous spectrum. J 


* Cf. Winkelmann's Handbuch, Optik, p. 419 sq. The broadeni 
tral lines because of the mutual electrodynamic effect of the ionic 
been theoretically investigated by Galitzine (Wied. Ann. 56, p. 5 
also Mebius, Wied. Beibl. 1899, p. 419. 

Cf. Paschen, Wied. Ann. 51, p. 33, 1894. 
jCf. Wanner, Wied. Ann. 68, p. 143, 1899; who observed 
reversal of the sodium line upon increasing the thickness of a sc 
repeated reflections. 
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33 ; surface, 9; systems, 58 
.rago, 247 

-rbes, anomalous dispersion, 394 
.stigmatism, 48; astigmatic difference, 

4.8 

.xes, of electric symmetry, 310; optic, 

3 *9 ; ray. 328 

^xis, principal crystallographic, 242 
^zimiitli, of plane of polarization, 286; 
of restored polarization, 363 

►abixiet, compensator, 257; theorem, 
221: 

ti axial crystals, 338 
miet, balf-lenses, 136 
S inocular, 112 


due to changes in temperature, 516; 
distribution of energy in spectrum of, 

524 

Bradley, 115 
Bravais, bi -plate, 348 
Brewster, 246; law, 283, 291 
Brightness, 86; of point sources, 90 
Broadening of spectral lines by motion 
in the line of sight, 537; by other 
causes, 541 
Brodhun, 79 
Brtlcke, 97 

Candle-power, 78; candle-metre, 486 
Carcel lamp, efficiency of, 487 
Chromatic aberration, 66 
Clausius, 59 

Coaxial surfaces, images formed by, 17 

Coherent sources, 134 

Collinear relationship, 16 

Colors, 5 

Condenser, 102 

Conductivity, 358 

Conjugate points, 15; construction of, 
24 

Convergent, 26 
Corbino, 432 

Crystals, absorbing, 368; biaxial, 338; 
boundary conditions for, 308; differ- 
ential equations for, 308; light vec- 
tors and rays in, 311; median lines 
of, 319; optic axes of, 319; principal 
position of, 324; uniaxial, 323 
Currents, conduction, 267 ; displacement, 
267; electric, 263; magnetic, 265 
Curves of equal inclination, 149; of 
equal thickness, 149 
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of index, 276; discrepancies ex- 
plained, 389; principal, of crystals, 
310 

Dielectrics, isotropic, 268; boundary 
conditions for, 271 

Diffraction, 185; grating, 222; narrow 
slit, 198, 217; narrow screen, 201 ; 
openings of like form and orientation, 
219; rectangular opening, 214; rhom- 
boid, 217 

Dioptric systems, 25 
Dispersion, anomalous, 392; normal, 
388; equations of, 389; rotary, 412 
Dispersive power, 67 
Dievrgent, 26 

Doppler, principle, 451, 475, 519, 537 
Draper, law of emission, 500 

Ebert, 541 
Echelon, 228 
Egoroff, 448 
Efficiency of source, 487 
Elastic theory, 259 
Electric field, 263; force, 262 
Electromagnetic system, 262; ratio to 
electrostatic, 265 
Electrostatic system, 262 
Ellipticity, coefficient of, 290 
Emission, 482 ; Kirchhoff’s law of, 496 
Emission theory, 125 
Emissive power, 483; of a perfect re- 
flector, 495; perfectly transparent 
body, 495 
Entropy, 510 
Ether, 267; drift of, 457 
Extreme path, law of, 6 
Eye-lens, 100 

Eyepiece, 99; Ramsden, 100 ; Huygens, 

lOI 

Faraday, electromagnetic theory, 260 
Fermat, principle of least time, ii 
Field lens, 100 
Field of view, 76 
Fitzgerald, etiier drift, 481 
Fizeau, 150; ether dri:^ 477 ; velocity 
of light in moving water, 466; velocity 
of light, 1 16, 12 1 
Fluorescence, 536 

Focal, plane, 17; length, determination 
of, 44 

Focometer, 46 

T? ; : 1 


Huygens* principle, l 
130 ; reflection equation 
298; theory, 260; wave 
320; zones, 164 

Georgiewsky, 448 
Grating, concave, 225; fo( 
of, 227; plane, 222; res 
227 

Hall effect, 434 
Hefner lamp, 81 ; emissior 
Helmholtz, 59 
Hertz, 530 
Hockin, sine law, 59 
Hoeck, 470 
Homocentric beam, 46 
Huygens, 125; double re 
eyepiece, loi ; princip! 
213 

Illumination, intensity of. 
Images, concept of, 14 
coaxial surfaces, 17 
Image space, 15 
Incidence, angle of, 3; 

principal angle of, 362 
Index of refraction, 3, 
temperature radiation, 
reflection, 301 
Interference, of light, 124 
light, 247; by crystals 
light, 341 ; in absorbing 
tals, 374; in absorbing 
tals, 380; in crystals i 
light, 349; with large 
path, 148. 
Interferometer, 144 
Ions, 382; hypothesis of, 
charge to mass, 447; 
535 ; vibrations of, dam 
Isochromatic curves, 352 
Isogyre, principal, 354 
Isogyric, curves, 352 

Jamin, 144 

Katoptric systems, 26 
Kerr effect, 45 1 
Ketteler, ether drift, 474 
Kirchhoff, 169; inversioj 
lines, 501; law of emi 
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.agrange, 321, 330 

^angley, solar constant, 487, 5 16 

>ast time, law of, 129; principle of, ii 

senses, 40; classification .of, 42; thin, 42 

..imit of resolution of microscopes, 106 

Jppmann, 157 

;/)ngitudinal waves, 259 

l^orentz, moving media, 457, 481 

l^uminescence, 494? 5^9 

Lummer, 79 

VTacaluso, 432 

Mach, 146; anomalous dispersion, 394 
Magnetically active substances, 418 
Magnetic field, 262; energy of, 272; 
force, 262; rotation of the plane of po- 
larization, 426; dispersion in rotation 
of the plane of polarization, 429, 438 
Magneto-optical properties of iron, 
nickel, and cobalt, 449 
Magnification, angular, 22; in depth, 
21; lateral, 19; of microscope, 104, 
106; normal, 90; of t(2lescopes, io8 
Magnifying-glass, 95 
Malus, 130; law of, n 
Mascart, ether drift, 474 
Maxwell, electromagnetic theory, 260; 
equations of electromagnetic field, 
264; fundamental assumption, 267 
Meridional beam, 50 
Metals, optical constants of, 366; dis- 
persion of, 396 

Michelson, echelon, 228; ether drift, 
478; interferometer, 149; limit of 
visibility, 540; velocity of light, 119; 
in water and carbon bisulphide, 120, 
123; in moving water, 446; visibility 
curves, 15 1; Zeeman effect, 447 
Microscope, 97 

Neuhauss, 158 

Neumann, elastic theory, 260; reflec- 
tion equations, 283 

Newton, 125; rings, 136, 144, 148; in- 
tensity of rings, 302 
Nicol prism, 244 
Nodal points, 22 
Normal surface, 317 
NOrremberg polariscope, 246 

Objective, microscope, 98 
Object space, 15 


Paramagnetic, 269 

Permeability, 269 ; equal to I for light- 
waves, 466 
Phase, 126 

Photographic systems, 93 
Photography in natural colors, 156 
Polariscope, NOrremberg, 246 
Polarization, 243; by diffraction, 205; 
circular, 249; elliptical, 249; ellipti- 
cal due to surface layer, 287 ; plane, 
250; by tourmaline, 247; by pile of 
plates, 285; rotary, 400 
Polarized light, partially, 253 
Polarizer, 286 
Polarizing angle, 246 
Pouillet, solar constant, 487 
Poynting, theorem, 273 
Pressure of radiation, 488 
Prevost, theory of exchanges, 491 
Pringsheim, temperature radiation, 
502 

Prism, resolving power, 233 
Pupils, entrance and exit, 64, 73 

Quarter wave plate, 255 

Radiation, dependence upon absolute 
temperature, 5 12 ; upon the index of 
surrounding medium, 502; intensity 
of, 82, 484 

Ramsden eyepiece, 100, 109 
Rays, curved, 306; extraordinary, 243 ; 
ordinary, 243; principal, 74; optical 
length of, 6 ; as lines of energy flow, 

273 

Ray surface, 326 

Rayleigh, 12 1; limit of visibility, 541 
Rectilinear propagation, 2 
Reflection, angle of, 3; diffuse, 6; law 
of, in isotropic media, 281; metallic, 
261; partial, 5; at spherical surface, 
36: total, 3, 295; polarization by, 246 
Reflecting power, 364 
Refraction, angle of, 3; at a spherical 
surface, 32; conical, 331 ; law of, in 
isotropic media, 281; index of, 3 
Respighi, 474 

Resolving power, of grating, 227; of 
microscope, 105 ; of prism, 233 
Resolution, limit of, human eye, 236; 

microscope, 236; telescope, 235 
ROiner, 114, 120, 123 
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Schmidt, curved rays, 307 
Schtitt, 157 

Separation of lenses, 28 
Sine law, 58, 505 
Sommerfeld, 203 
Solar constant, 487 
Soleil-Babinet compensator, 258 
Spectral lines, broadening by motion in 
line of sight, 537 

Spectrum, dispersion, 224; distribution 
of energy in, 524; normal, 224; of a 
black body, changes with tempera- 
ture, 516 

Stationary waves, 155,284; in polarized 
light, 251 . 

Steinheil, 97 

Sun, temperature of, 515, 523 

Telecentric systems, 75 
Telescope, astronomical, 107; reflect- 
ing, 1 13; terrestrial, 112 
Telescopic systems, 26 
Temperature, absolute, 506; radiation, 
493, 529 

Thermodynamics, application of the 
second law to temperature radiation, 
493; general equations, 511 
Thin plates, colors of, 136 
Transparent isotropic media, 271 
Transverse nature of waves, 278 


Tumlirz, 485 

Undulatory theory, 125 
Uniaxial crystals, directi' 
324; plates and prism 
cipal indices of refrad 
Unit charge, 262; of li^ 
equivalent of, 485 ; pla 

19 

Velocity of a group of 
light, 1 14, 261, 27 
media, 465; equal to 
276 

Visibility, 140 
Voigt, 169 

Wave length, 127; surf 
face, 326 

Weber, molecular currei 
Wedge, 140 
Weierstrass, refraction, 
White body, 205 
Wien, spectrum of a b 

Wiener, 155, 285 

Zeeman effect, 446 
Zehnder, 146 
Zeiss, 112 



